
THREE LECTURES ON SHIMURA CURVES
JOHN VOIGHT

Abstract. These notes are taken from a lecture series in three parts given atthe University of Sydney in April 2006. In the �rst part, we introduce Shimuracurves for the non-expert, avoiding technicalities. In the other two sections,we discuss the moduli interpretation of Shimura curves and treat some of thecomputational aspects.
Ever wondered what a Shimura curve is? They lie at the crossroads of manyareas of mathematics: complex analysis, number theory, Diophantine equations,group theory, noncommutative algebra, algebraic geometry, Lie theory|even cod-ing theory! The study of the �rst examples of these curves (the modular curves)can be traced back as far back as Gauss, and then later Klein and Fricke; recently,they have played an important role in the proof of Fermat's last theorem and inthe solution of other number theoretic problems. In the �rst section, we introduceShimura curves for the non-expert with an algebraic outlook and provide a briefexposition of their relationship to other areas of mathematics.In the second section, we switch gears to treat a much more technically involvedsubject, intended for the reader who wishes to know more details. Over the complexnumbers, a Shimura curve is simply a Riemann surface which is uniformized by anarithmetic Fuchsian group. Such curves in fact have a much richer structure: theyare (coarse) moduli spaces for certain abelian varieties with \extra endomorphisms".We present an abbreviated account of this theory which will focus on the cases ofcurves over the rational numbers.In the �nal section, we treat computational aspects of Shimura curves. The studyof the classical modular curves has long proved rewarding for number theoristsboth theoretically and computationally, and an expanding list of conjectures havebeen naturally generalized from this setting to that of Shimura curves. Recently,computational aspects of these curves been explored in more depth and we discusssome of the central algorithmic problems in this area.These notes are in rough form and are very underdeveloped, so comments andrequests are welcome!

1. Survey of Shimura curves
In this section, we provide an extended and hopefully well-motivated introduc-tion to Shimura curves. The expert reader should excuse a few white lies, whichare made for the purposes of exposition. We will start at the very beginning andat each stage see how Shimura curves arise as a natural generalization.

1.1. The j-line. The most \famous" Shimura curve is the j-line, which over thecomplex numbers C is just the complex plane, with coordinate j; by stereographic
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2 JOHN VOIGHT
projection, we see more properly that the j-line is the (punctured) Riemann sphere,so we add the point at 1 to compactify. So what makes this sphere so special?It all goes back to Gauss, who (in one formulation) was interested in quadraticforms Q = Ax2 + Bxy + Cy2 where A;B;C 2 Z with A > 0 and discriminantD = B2� 4AC < 0. He was interested in the set of forms up to equivalence, i.e. upto the action of SL2(Z), where�xy

� 7! �ax+ bycx+ dy
� ; for �a bc d

� 2 SL2(Z):
This action corresponds to an invertible change of variables in the quadratic form, soe.g. two equivalent forms represent the same primes, have the same discriminant,and so on. (We notice that �1 2 SL2(Z) acts trivially on the set of forms, soone should look at PSL2(Z) = SL2(Z)=f�1g; we will for the most part ignore thissubtletly, and freely associate an element  2 SL2(Z) with its class � 2 PSL2(Z),and vice versa.)Setting y = 1 in Q = Ax2 + Bxy + Cy2, we obtain the quadratic polynomialAx2 + Bx + C which has two complex conjugate roots, hence a unique root � inthe upper half plane H = fx+ yi 2 C : y > 0g. The action of the group SL2(Z) onthe set of forms corresponds to an action on this root � by

� 7! a� + bc� + d :Thus, in order to choose a distinguished representative Q within an equivalenceclass of forms, we need to choose a distinguished � 2 H in the orbit of SL2(Z).One then proves that in each SL2(Z)-orbit, there is at least one � such thatjRe � j � 1=2 and j� j � 1, and exactly one away from the boundary of this region,
known as a fundamental domain. The element S = �0 �11 0

� 2 SL2(Z) identi�es
the circular arcs on either side of the �xed point i, and the element T = �1 10 1

�
identi�es the vertical lines; and under these gluing relations, we obtain exactly a(punctured) Riemann sphere! (Near the points i and � = e2�i=3, one has to takethe appropriate neighborhoods to account for the nontrivial stabilizers, but we willsweep this under the rug for now.) It is known as the j-line for reasons we willdiscuss later.That gives one solution to Gauss' problem. But what is really going on here?What more general phenomena are evident in this example?
1.2. Fuchsian groups. To begin with, the upper half-plane H has geometry: ithas a metric given by

ds2 = dx2 + dy2y2 ;
which gives a notion of distance and angle, and an area (or volume) given byd� = (1=y2) dx dy. (This hyperbolic metric has been featured in the lithographs ofM.C. Escher, where often he instead considers the Poincar�e unit disc, to which onecan map H conformally.)Given this metrized real topological space, we are then led to consider the groupof orientation-preserving isometries of H, which is the group PSL2(R). In Gauss'problem we considered PSL2(Z) � PSL2(R), which is a discrete subgroup|indeed,the action of PSL2(R) on H is transitive. But the group of one element is also
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discrete, so in fact we had something more. Stepping back, we had a discretesubgroup � � PSL2(R) such that the orbit space X = �nH has �nite volume; sucha group is known as a Fuchsian group.So what are some other famous Fuchsian groups? It is natural to start by lookingat subgroups of SL2(Z). For example, for each N 2 Z>0, we have the subgroup

�(N) = � 2 SL2(Z) :  = �a bc d
� � �1 00 1

� (mod N)� :
We again obtain quotientsX(N) = �(N)nH (after compacti�cation); a fundamentaldomain for the action of �(N) is a union of SL2(Z)-translates of the triangles fromPSL2(Z). For N = 1; 2; 3; 4; 5 (and these values only), we obtain Riemann spheres;for N = 3; 4; 5, the triangular tesselations of the sphere yield the tetrahedron, theoctahedron, and the icosahedron, respectively. (It is certainly reassuring that alongour merry generalizing way, we encounter the classical Platonic solids!)Similarly, the congruence subgroups

�0(N) = � 2 SL2(Z) :  = �a bc d
� � �� �0 �

� (mod N)�
give the modular curves X0(N). Modular curves are quite famous in their ownright, but they are also just examples of Shimura curves!We have seen then to get interesting (\arithmetic") curves, we went from PSL2(R)all the way down to the subgroup PSL2(Z). There is certainly a lot of room inbetween! What about others? For any ring Z ( R � R, we might try PSL2(R),but this group is unfortunately never discrete. So we need to try something else.We look again at the group SL2(Z); it generates the Q-algebra M2(Q), and werecover SL2(Z) as the group of the elements of determinant 1 in M2(Q). So weshould look for other algebras B which are similar to M2(Q).
1.3. Quaternion algebras. So what about the matrix ring is special? A ringtheorist will tell you that B = M2(Q) is a central simple algebra over Q: centralbecause the center of B is Q; simple because any B has no nontrivial two-sidedideals, so that any ring homomorphism B ! C is either the zero map or injective,like for simple groups.So let F be a �eld. We de�ne a quaternion algebra over F to be a centralsimple F -algebra of dimension 4. Equivalently, if charF 6= 2, an F -algebra B is aquaternion algebra if and only if there exist �; � 2 B which generate B such that

�2 = a; �2 = b; �� = ���
for some a; b 2 F �. We denote this algebra �a; bF

�.
We recover the matrix ring M2(F ) �= �1; 1F

�, via � 7! �1 00 �1
�, � 7! �0 11 0

�.
Over the real numbers R, we have the ring of real Hamiltonians H = ��1;�1R

�,
more traditionally generated by elements i; j with i2 = j2 = (ij)2 = �1. Over R,there are only two quaternion algebras up to isomorphism, namely, H and M2(R).(In fact, H is the only (associative) noncommutative division algebra over R, a factwhich is originally due to Frobenius.)Now let B be a quaternion algebra over a �eld F , and let � : F ,! R be anembedding. Then extending scalars, we obtain B 
F R which is now a quaternion
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algebra over R; we say B is split at � if B 
F R �= M2(R), and otherwise B isrami�ed.For our considerations, there is no loss in restricting to �elds F which are �nite-dimensional over Q, so let F be a number �eld. A quaternion algebra B over F hasa maximal order O � B, analogous to Z � Q and M2(Z) � M2(Q). There existsalso a multiplicative norm map nrd : B ! F which is analogous to the determinantdet :M2(Q)! Q.
1.4. Finally, Shimura curves. We then consider the group analogous to SL2(Z),namely the group of units of norm 1 in O:

O�1 = f 2 O : nrd() = 1g:
Suppose now that F has a real embedding � : F ,! R, and that B is split at �;then we have a map O�1 ,! SL2(R); let �B(1) denote its image.It turns out that the group �B(1) is a Fuchsian group if and only if F is totallyreal (i.e. every embedding of F ,! C has image in R) and B is rami�ed at all otherreal embeddings � 6= �. (For F totally real, in the other cases we obtain varietiesof higher-dimension.) A quaternion algebra B is said to be inde�nite if B has asplit real place.We de�ne an arithmetic Fuchsian group � � PSL2(R) to be any subgroup whichis commensurable with a group �B(1) for some quaternion algebra B over a totallyreal �eld which is split at exactly one real place. (Groups G;G0 are commensurableif G \G0 is of �nite index in G;G0.)Finally, a Shimura curve is a quotient �nH where � is an arithmetic Fuchsiangroup.The 19th century pioneers who studied the congruence subgroups of SL2(Z)investigated these groups as enthusiastically as the regular modular curves. Someinroads proved much harder to pursue, however; see the sections that follow forsome of the reasons why.We now conclude this section with some examples and applications, with fewdetails.
1.5. More famous Shimura curves. The next most \famous" Shimura curve isthe Klein quartic C, given by the a�ne equation y7 = x3�x2, or more symmetricallyby the projective equation u3v + v3w +w3u = 0. It can be obtained in our settingin two di�erent ways. We �rst have it as a modular curve C �= X(7). But Cis also a Shimura curve X! We take the �eld F = Q(�), where � = 2 cos(2�=7)(otherwise known as the the totally real sub�eld of Q(�7)), the quaternion algebra
B = ��; �F

�, and the group
� = f 2 O�1 :  � 1 (mod p7)gwhere p7 is the unique prime of the ring of integers ZF of F above 7. ThenC �= X(�).In this case, we have an abstract presentation
O�1 �= hx; y j x2 = y3 = (xy)7 = 1i

so that O�1 is known as the (2; 3; 7)-triangle group. This name comes from the factthat a fundamental domain for O�1 (embedded in PSL2(R)) is the union of twohyperbolic triangles with angles �=2; �=3; �=7.
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In fact, it is a theorem of Hurwitz that over a �eld of characteristic zero, a curveC of genus g > 2 has at most 84(g� 1) automorphisms. Any curve that meets thisupper bound is called a Hurwitz curve. The Klein curve C is such an example: Ithas automorphism group PSL2(F7) of order 168, the second smallest nonabeliansimple group. In fact, it follows that a complex curve is a Hurwitz curve if andonly if it is uniformized by a group commensurable with the (2; 3; 7)-triangle group.(This leads to many interesting questions in group theory!)

1.6. Moduli spaces and Fermat's last theorem. Shimura curves have foundwide-ranging applications in number theory, including a dual role in the proof ofFermat's last theorem.Recall we began with the j-line, SL2(Z)nH; this parametrizes elliptic curves overC by their j-invariant, hence the name. An elliptic curve E = C=� is a complextorus, where � = Z � Z� is a lattice with � 2 H; two elements �; � 0 2 H give thesame lattice (and hence the same elliptic curve) if and only if �; � 0 are in the sameSL2(Z)-orbit. In a similar way, the modular curves X0(N) and X(N) parametrizeelliptic curves equipped with a cyclic subgroup of order N and with full N -torsion,respectively.It follows from this description as moduli spaces that these curves are not justRiemann surfaces|they actually arise as the complex points of a curve de�nedover Q. Secretly, Shimura curves are also moduli spaces! Namely, they parametrizecertain abelian varieties with endomorphism algebra B. (In x2, we will give a moreprecise formulation of these notions.) Shimura (and Deligne) proved that for everysuch quaternion algebra B over a totally real �eld F , there is a �eld F 0 called thereex �eld such that the corresponding Shimura curve X is canonically de�ned overF 0. For example, when F has narrow class number one, e.g. F = Q, and � = �B(1),then F 0 = F .The Shimura-Taniyama conjecture, now a theorem proved by Wiles et al., claimsthat every elliptic curve E over Q is modular, meaning there is a nonconstantmorphism � : X0(N)! E where N is the conductor of E. Ribet proved that thisconjecture (in the semistable case) implies Fermat's last theorem. He does thisby proving a particular case of the epsilon conjecture of Serre, interrelating thereductions of the N�eron model of the Jacobian of a Shimura curve and a modularcurve!More generally, many theorems (and conjectures) for modular curves can benaturally generalized to the setting of Shimura curves.
1.7. Other applications. Meromorphic functions on H which \transform well"under a Fuchsian group � are known as automorphic functions, ormodular functionswhen � is commensurable with SL2(Z). For example, the j-function is a modularfunction since it is invariant under SL2(Z). Such functions which are holomorphicare called automorphic (or modular) forms.The Langlands philosophy predicts that the L-functions obtained from Shimuracurves should cover a very large and important class of the good (algebraic auto-morphic) L-functions. Higher dimensional analogues of Shimura curves, known asShimura varieties, are used in the proof of the local Langlands conjecture for GLnby Harris and Taylor.



6 JOHN VOIGHT
Lie theorists arrive at the study of quaternion algebras and Shimura curves aswell: after all, Fuchsian groups are discrete subgroups (hence a lattice) inside thesemisimple Lie group PSL2(R).Further careful analysis of the moduli interpretation for Shimura curves gives anintegral model for these curves, so we can reduce a Shimura curve modulo a primeideal of the ring of integers ZF of F . This gives rise to prime powers q and towers ofShimura curves de�ned over Fq which have (q� 1+ o(1))g points de�ned over Fq2 ,where the genus g !1 in the tower. This is the largest possible number of pointsasymptotically, by a theorem of Drinfeld-Vl�adut�. Via a construction of Goppathis tower of curves gives rise to explicit error-correcting codes of surprisingly highquality, surpassing the so-called Varshamov-Gilbert bound.The rami�cation data and Galois group G of a cover X 0 ! X of Shimura curvescan be determined from the arithmetic data; when X �= P1, this gives rise tobranched covers of the projective line. When X;X 0 are de�ned over Q, by spe-cialization, one may obtain in�nitely many linearly disjoint extensions of Q withGalois group G, by a theorem of Hilbert. For example, this gives realizations of thegroup PSL2(Fq) for certain prime powers q.Finally, when X arises from a triangle group, then certain special points (CMpoints) give rise to triples of coprime A;B;C 2 ZF with many repeated factors andsuch that A+B = C. For example, for F = Q, we obtain in a geometric way

1072 + 215 = 32173:
There are many other surpising appearances and amusing applications of Shimuracurves in mathematics!

2. Shimura curves as moduli spaces
We have seen in x1 a whirlwind survey of Shimura curevs. We started with the j-line, and at a certain moment we went from a Shimura curve, given just as Riemannsurface, to a curve de�ned over a number �eld; we did that by claiming that theShimura curve can be given a moduli interpretation. In this section, we explainbits of that claim; our attempt is to provide as \quick and dirty" an approach aspossible: it surely is a long way to go, from C to a number �eld|and eventually, intheory, to a ring of integers|so we are contented just to give an overview, leavingthe details to the many technical treatments in the literature.

2.1. Moduli over C: Abelian surfaces. The set of elliptic curves E over C upto isomorphism is in bijection with the set of lattices fZ + Z� : � 2 Hg up to theaction of SL2(Z), hence in bijection with the set SL2(Z)nH = Y (1)C, which can begiven the structure of (compacti�ed) Riemann surface. Similarly, for N 2 Z>0,�= nf(E;C) : E=C an elliptic curve, C � E[N ] cyclic of order Ng
is in bijection with �0(N)nH = Y0(N)C, and

�= nf(E;�) : E=C an elliptic curve, � : (Z=NZ)2 ��! E[N ]g
is in bijection with �(N)nH = Y (N)C.In the next higher dimension, we encounter (principally polarized) abelian sur-faces. Although every abelian surface A=C is given as C2=� for � � C2 a lattice,
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the quotient must carry su�ciently many meromorphic functions, so not every lat-tice gives rise to an abelian surface. Therefore, we consider the Siegel upper-halfspace

H2 = f� 2M2(C) : � t = �; Im(�) > 0g;and to any � 2 H2, we associate the lattice �� = Z2 � �Z2 � C2 and hence thesurface A� = C2=�� . Every complex abliean surface arises in this way, and anytwo �; � 0 give rise to isomorphic abelian surfaces if and only if they are in the sameorbit under the group
Sp(2;Z) = fU 2M4(Z) : U tJU = Jg; where J = � 0 I�I 0

�;
where � 7! (a� + b)(c� + d)�1 for �a bc d

� 2 Sp(2;Z):
These are known as the Riemann relations.(For the experts, we choose the principal polarization L� , which maps under theChern class map to the Riemann form

E� (�; �) = hx1; y2i � hx2; y1ifor � = �x1+x2, � = �y1+y2. This extends to an R-bilinear form C2�C2 ! R byE(i�; i�) = E(�; �), which gives a (Hermitian) Riemann form H(�; �) = E(i�; �)+iE(�; �).)Therefore the parameter space for abelian surfaces is the quotient
A2 = Sp(2;Z)nH2;the complex space A2 is a quasi-projective variety over C of dimension 3 known asIgusa's threefold. (The Satake compacti�cation is a quotient of P3 by a �nite groupof order 46080.) Unlike the j-line of dimension 1, the new feature of A2 is thatthere are many subvarieties. In a similar way to elliptic curves, we can add levelstructure, but let us �rst cut down on the dimension!

2.2. Special subvarieties over C. We look for certain special subvarieties of A2.For example, if E=C is an elliptic curve, then A = E � E is an abelian surface;together these give a subvariety
�= n��� 00 �

� : � 2 H� ,! A2
which is isomorphic to the complex a�ne line. Note that

End(A) =M2(End(E)) �M2(Z):Therefore, this subvariety is distinguished by the fact that the corresponding latticeshave extra symmetries, or equivalently the abelian surfaces have extra endomor-phisms. What possibilities may occur?
Theorem (Albert). Let A be a complex abelian surface. Then End(A)
ZQ is oneof the following:(i) Q;(ii) A real quadratic �eld K;(iii) An inde�nite quaternion algebra B over Q;(iv) A quartic CM �eld K;(v) M2(K), where K is an imaginary quadratic �eld.
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The dimension of the corresponding subvarieties of A2 is 3; 2; 1; 0; 0, respectively.Notice that our embedded j-line corresponds to case (iii) with B =M2(Q).Let B be an inde�nite quaternion algebra over Q. A complex abelian surface Aas in (iii) is said to have quaternionic multiplication (QM) by B. There exists aunique maximal order O � B up to conjugation in B, and we have a map

�1 : B ,! B 
Q R �=M2(R):
We de�ne as in x1 the group O�1 = f 2 O : nrd() = 1g, and let

�B(1) = �1(O�1)=f�1g � PSL2(R):
Now we consider the set

�= nf(A; �) : A=C an abelian surface, � : O ,! End(A)g:
(The order O has a distinguished involution called conjugation; similarly, the ringEnd(A) has the Rosati involution. We therefore view the embedding � as an embed-ding of involutive rings, so that � respects the involution: Speci�cally, �(�)� = �(�).)We now claim that this set can be made in natural bijection with �B(1)nH =XB(1)C as follows. We may extend �1 to a map B ,! B
QC!M2(C). To � 2 H,
we associate the lattice �� = �1(O)��1

� � C2 (and the abelian surface A� =
C2=�� ); two such lattices, associated to �; � 0, yield isomorphic abelian varieties ifand only if � = � 0 for some  2 O�1 .The \forgetful" map which forgets the embedding � gives a map of modulifrom the above set to A2 which is not an embedding (due to the presence ofisomorphisms); it is of degree 2 in all but �nitely many cases. An explicit mapXB(1)C ! A2 depends on a choice of � 2 O with �2 2 Z<0, a fact we will seeexplained immediately below, as it corresponds to a choice of \complex structure"on the O-module End(A).The above moduli description for Shimura curves works well over C, but we wantmodels over Q! There are two ways to precede from here, an adelic approach andan approach using representable functors.
2.3. Adelic description. To introduce the adelic description, we �rst give itsderivation for the space Y (1)C. We have seen that Y (1)C is in bijection with the setof lattices in C up to isomorphism, which we denote �= nLat(C). But in fact a latticein C is really a lattice in R2 together with a complex structure  : C! EndR(R2),
and these are in bijection with CnR = H� as follows: chooseM = �a bc d

� 2M2(R)
such that M � 0 1�1 0

�M�1 =  (i); then we take � = ai+ bci+ d 2 H�. Therefore
Y (1)C is in bijection with

�= n(H� � Lat(R2)) = GL2(R)n(H� � Lat(R2)):
And for every lattice � 2 Lat(R2), we can �nd an M 2 GL2(R) such that M� �Q2 � R2, so this set is also in bijection with GL2(Q)n(H� � Lat(Q2)).
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Next, we introduce the adeles. For a Z-module S, we de�ne bS = S 
Z bZ, wherebZ = lim �Z=nZ. We then see that the map

Lat(Q2)! Lat(bQ2)
� 7! b�

is a bijection, with inverse b� 7! b� \ Q2. Now since GL2(bQ) acts transitively onLat(bQ2), with stabilizer of a lattice b� given by GL2(bZ), we have in sum a bijection
Y (1)(C)$ GL2(Q)n(H� �GL2(bQ)=GL2(bZ)):

This gives a description for the quaternion algebra B =M2(Q). For any inde�-nite quaternion algebra B over Q with maximal order O, we have in a similar waythe set
B�n(H� � bB�= bO�):

This description can be seen exactly as the set of (real) lattices inside B 
Q Rtogether with a complex structure, up to isomorphism.One then proves that this set has the structure of a complex manifold, and wehave:
Theorem (Deligne). There exists a curve XB

Q de�ned over Q, and an analyticisomorphism
XB
Q (C) ��! B�n(H� � bB�= bO�):

2.4. Geometric description. As a second approach, we attempt to extend themoduli description from C to other domains. This extension can be problematic:for example, every elliptic curves E=Q is distinguished up to isomorphism over Qby its j-invariant, so A1Q describes this moduli, but it fails when the isomorphismsare restricted over Q, due to the presence of \twists". Moreover, when we add levelstructure, the curves X0(N)Q and X(N)Q may have only �nitely many Q-rationalpoints!So we need something to allow us to describe elliptic curves not just over Q,but over extensions of Q, in families, in \deformation", etc. In other words, weneed a notion of an elliptic curve over an arbitrary base S, which for us may bethought of as just a family of elliptic curves parametrized by S, or S-family forshort. We also need a way to package together the isomorphism classes of ellipticcurves over S, so we de�ne a functor which associates to each Q-scheme S the setof isomorphism classes of elliptic curves (perhaps with level structure) over S. Anyscheme X over Q also de�nes a functor S 7! Hom(S;X), and we hope that theisomorphism classes of elliptic curves correspond as closely as possible to the pointsX(S) of some variety X over Q.We now make this notion precise. Let SchQ denote the category of schemes overQ with morphisms of schemes, and let Set denote the category of sets.
De�nition. Let F : SchQ ! Set be a contravariant functor. Then X 2 SchQ is acoarse moduli space for F (or X coarsely represents F ) if there exists a natural map� : F (�)! Hom(�; X) which satis�es:

(i) � : F (k) ��! Hom(k;X) is bijective if k is algebraically closed;
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(ii) [� is universal ] If (Z;	) is any other such, then there is a unique commu-tative diagram

F (�) //

%%LL
LLL

LLL
LL

Hom(�; Z)
9!
���
�
�

Hom(�; X)
By Yoneda's lemma, condition (ii) is equivalent to a unique (commuting) mor-phism X ! Z.Y (N) are coarse moduli spaces for the functor S 7! FN (S) where FN (S) is theset of isomorphism classes of pairs (E;�) where E is an S-family of elliptic curvesequipped with a map � : (Z=NZ)2S ��! E[N ]. If N � 3, then in fact Y (N) is a �nemoduli space, meaning that � is bijective for all S.Now we return to our abelian surfaces. We de�ne a functor O : SchQ ! Setwhich associates to S the set of isomorphism classes of abelian schemes A over S(which can be thought of families of abelian surfaces parametrized by S) togetherwith a map � : O ,! EndS(A).

Theorem (Shimura, Deligne). The functor FO is coarsely representable by a curveXB
Q de�ned over Q.
By uniqueness and the solution to the moduli problem over Q, we have a mapXB
Q (C) ��! �B(1)nH which is in fact an analytic isomorphism.

2.5. Moduli of abelian varieties. We are now prepared to make the leap toabelian varieties of arbitrary dimension. Let [F : Q] = h be a totally real �eld andB=F a quaternion algebra such that B 
Q R ��! M2(R) � Hh�1. (We saw in x1that this describes the class of all quaternion algebras which give rise to Shimuracurves.) We also choose a maximal order O � B, which is again unique up toconjugation.By general theory, if A is an abelian variety with dim(A) = g such that A hasQM by B, then 4h j 2g, so we take g = 2h. In other words, we must considerabelian varieties of twice the dimension of the ground �eld F .With similar de�nitions, we have Ag = Sp(2g;Z)nHg which is a quasiprojectivecomplex variety of dimension g(g + 1)=2. Now, End(A) does not come with thestructure of a ZF -algebra, so we must now �x with our data the choice of an element� 2 O such that �2 2 ZF is totally negative.We de�ne a functor which associates to a scheme S the set of isomorphism classesof (A; �) where A ! S is an S-family of abelian g-folds and � : O ,! EndS(A) isan embedding which is compatible with our choice of � in the sense that �(�)� =�(��1��). It is again a theorem of Shimura and Deligne that this functor is coarselyrepresentable by a curve XB
F (1) de�ned over F (1), where F (1) denotes the narrowHilbert class �eld of F .

2.6. CM points. On the j-line, there are distinguished points which correspondto elliptic curves with extra endomorphisms. Let K be a quadratic imaginary �eldwith disc(K) = d < 0, and let OD � K be an order with disc(OD) = D = df2 withf 2 Z�1. Then the set of elliptic curves E=C with CM by OD up to isomorphismis a �nite set of cardinality #Cl(OD), the size of the class group of OD. From this
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description it follows that each such E is in fact de�ned over the ring class �eld Rfof K of conductor f .In a similar way, on the one-dimensional shimura curve XB we have points whichcorrespond to abelian varieties with extra endomorphisms. Let K=F be a totallyimaginary quadratic extension with disc(K) = d, and let OD � K be an orderwith discriminant disc(OD) = D = df2. Now, the set of isomorphism classes of(A; �) where A=C is an abelian g-fold and � : M2(OD) ,! End(A) is again �nite ofcardinality #Cl(OD), and each such A is de�ned over the ring class �eld Rf of K.These points on XB are known as CM points.

3. Computational aspects
In the previous sections, we have seen how Shimura curves come equipped witha description as moduli space, which allows them to be de�ned over number �eld inaddition to their complex uniformization by a Fuchsian group. What is more, theycome equipped a battery of CM points, which are de�ned over abelian extensions.In this section, we discuss the computational questions which arise from this theory.

3.1. The �rst example. We begin by giving the \smallest" example of a Shimuracurve which does not arise from a subgroup of SL2(Z). This example has been seena great deal of treatment by various authors (Ihara, Alsina, Kohel, Elkies, etc.).
We take the quaternion algebra B = ��1; 3Q

� with disc(B) = 6, and maximal
order O = Z � Z� � Z� � Z� where � = (1 + � + � + ��)=2. We then have apresentation

O�1=f�1g �= h1; : : : 4j21 = 22 = 33 = 34 = 1234 = 1i
where 1 = ��; 2 = 2�+ ��; 3 = � � 1 + �; 4 = � � 2�� �:
We then have the embedding

�1 : A!M2(R)
�; � 7! �0 �11 0

� ;�p3 00 �p3
� :

With respect to this embedding, we can de�ne a fundamental domain for the actionof �B(1) = �1(O�1=f�1g) as in Figure 1.We again denote XB(1) = �B(1)nH. The area of XB(1) is
�(XB(1)) = (6� 2)� � (1 + 1=4 + 2=3 + 1=2 + 2=3 + 1=4)� = 2�=3;

which can also be obtained by the formula
�(XB(1)) = �3

Y
pjdisc(B)(p� 1);

hence the genus g of the corresponding Shimura curve is
2g � 2 = 12��(XB(1))�X

q
eq(1� 1=q)
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Figure 1. Fundamental domain for XB(1)
where eq is the number of (conjugacy classes of) elliptic points of order q; we seedirectly from the description of O�1 that e2 = 2 and e3 = 3 (and indeed the ellipticvertices v5; v6 are conjugate to v2) hence

2g � 2 = 1=3� 2(1� 1=2)� 2(1� 1=3) = �2
so g = 0. Thus we have a map

XB(1) = �B(1) n H! P1C:From the moduli description, we saw that XB(1) in fact has a model over Q, anda result of Ihara is that XB(1) is the conic
XB(1) : x2 + y2 + 3z2 = 0;

and indeed, XB(1)(R) = ;.Alternately, we can add certain level structure (see Hashimoto and Murabashi),we obtain an (a�ne) curve
(XB)0 : 4s2 � s2 + t2 + 2 = 0;

and then the universal abelian surface A with QM by B is the Jacobian of the curve
CB : y2 = x(x4 + Px3 +Qx2 +Rx+ 1)

over (XB)0, where
P = 2s+ 2t; R = 2s� 2t; Q = (1 + 2t2)(11� 28t2 + 8t4)3(1� t2)(1� 4t2) :
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3.2. Computational problems for fundamental domains. From now on, Bwill denote a quaternion algebra over a totally real �eld F of degree h which is splitat exactly one real place with the embedding B ,!M2(R), and O � B will denotea maximal order.Given B, we can compute the hyperbolic volume by the formula12��(XB(1)) = (�1)h �F (�1)2h�2

Y
pjdisc(B)(Np� 1):

From the preceding example, we see that a �rst problem for Shimura curves isthe following.
Problem ((FundDom)). Given B, compute a fundamental domain for �B(1).

We specify a fundamental domain by a convex hyperbolic polygon, given by anordered set of vertices, including the gluing relations between the sides given byelements of O�1 .From a fundamental domain, we should be able to compute the set of conjugacyclasses of elliptic points and hence the genus.
Problem ((Units)). Given O, compute a minimal set of generators and relationsfor O�1.

Such a minimal set of generators is speci�ed by the usual presentation for aFuchsian group �, namely, if  has signature (g; e1; : : : ; er) then� �= h�1; �1; : : : ; �g; �g; 1; : : : ; rje11 = � � � = err = 1 � � � r[�1; �1] � � � [�r; �r] = 1i
where [�; �] = ����1��1 is the commutator.A solution to (Units) should yield a solution to (FundDom), and vice versa, butwe do not know of a result in this direction.The work in this direction includes Alsina-Bayer and Kohel-Verrill over Q, whichdo several examples, and Johansson who reduces the problem to a �nite computa-tion for any F .
3.3. Level structure, tables. We may also ask for a solution to these problemswith level structure: givenN � ZF which is prime to disc(B), we have an embedding

�N : O ,! O
ZF ZF;N �=M2(ZF;N);where ZF;N denotes the completion at the ideal N. Thus we can de�ne �0(N) to bethe subgroup of O�1 which map to upper triangular matrices modulo N, and thuswe de�ne XB0 (N) = �0(N)nH. We may similarly de�ne �1(N) and �(N).
Problem ((BndGen)). Given h 2 Z�1 and g 2 Z�0, list all pairs (B=F;N) whereB=F is a quaternion algebra with [F : Q] � h and N is an ideal of ZF , such thatg(XB0 (N)) � g.

It should be clear that this list will always be �nite, but we have not seen anexplicit result of this sort in the literature. For F = Q and N = 1, explicit formulasgive g(XB(1)) = 0 if and only if disc(B) = 6; 10; 22, and g(XB(1)) = 1 if and onlyif disc(B) = 14; 15; 21; 33; 34. See Ihara (and others) for some other small examples,and Johansson for a solution to this problem with h = 1; 2 and g = 2.
Question. Is h bounded by g, in the sense the set of (BndGen) is still �nite if wetake h =1?
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It seems likely that the answer to this question is yes, which would be veryinteresting: one could then list all Shimura curves of bounded genus. If the answeris no, this would also be very interesting!

Problem. Given X = XB0 (N) with genus \not too big", compute an equation forX.
Problem. Make a Cremona-like table of elliptic curves (or optimal quotients) ofJacobians J(X).

An application of this is to have tables of small examples of elliptic curves, whichhave found great utility for the modular group SL2(Z).
Problem. If M j N, compute the map XB0 (N)! XB0 (M).

An application of this problem would be a solution to the inverse Galois problem.
Problem. Compute an equation for the \universal curve" C over X.

By reduction, from a solution to this problem we would obtain families of abelianvarieties over �nite �elds with interesting endomorphism rings!
3.4. Triangle groups. We also have normalizers of these groups, which are analogsof Atkin-Lehner involutions.
Problem. Given XB0 (N) of genus g � 2, compute Aut(X).

See very recent work of Aristides-Rotger for a partial answer over Q.For the example given above, the normalizer N(O�1) of O�1 in A �ts in an exactsequence 1! O�1 ! N(O�1)! (Z=2Z)2 ! 0where N(O�1)=O�1 is generated by elements of norm 1; 2; 3; 6 j disc(B). Now
N(O�1) �= hs2; s4; s6js22 = s44 = s66 = s2s4s6 = 1i

and so letting XB�(1) = �1(N(O�1))nH, we have �(XB�(1)) = � � (1=2 + 1=4 +1=6)� = �=2 so g(XB�(1)) = 0. Now, XB�(1) �= P1Q, since the elliptic points areQ-rational.We can see this at work with the group SL2(Z) as well. The usual fundamentaldomain is the union of two hyperbolic triangles with angles 0; �=2; �=3 reectedabout the imaginary axis; the vertices i; � are elliptic points with stabilizers�S = �0 �11 0
�� �= Z=2Z

and �ST = � 1 1�1 0
�� �= Z=3Z

and SL2(Z) �= hS; T jS2 = (ST )3 = 1i.More generally, if p; q; r 2 Z�2 [ f1g with p � q � r, we de�ne the (p; q; r)-triangle group
�p;q;r = hsp; sq; srjspp = sqq = srr = spsqsr = 1i:

Thus SL2(Z) is a (2; 3;1)-triangle group. Now there exists a hyperbolic trianglewith angles �=p; �=q; �=r if and only if 1=p + 1=q + 1=r < 1, and in this case wehave �p;q;r ,! � � PSL2(R)
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given by the reections about the edges of this triangle. And similarly we have amap j : �nH! P1C.Proposition (Takeuchi). �p;q;r is an arithmetic Fuchsian group if and only if(p; q; r) is one of 85 possibilities, if and only if �p;q;r is commensurable with �B(1)where B is one of 19 possibilities.

One of these is (p; q; r) = (2; 3;1), which yields the triangle groups commensu-rable with SL2(Z). Triangle groups are the simplest class of Shimura curves andcontain many interesting examples. For example, the Hurwitz curves arise fromthe (2; 3; 7)-triangle group. We assume from now on that r 6= 1, so that �p;q;r iscocompact.As a further example, we note from Takeuchi's list that the (2; 3; r)-trianglegroup is arithmetic if and only if r 2 f7; 9; 11g, and in this case F = Q(�r)+ and Bis rami�ed at all but one real place and no �nite place. Then O�1 �= �2;3;r.By the theorem of Shimura and the fact that each such F has narrow classnumber 1, we have a map j : �p;q;rnH ��! P1F , which is unique if we take the imagesof the elliptic points of order p; q; r to be 0; 1;1.
3.5. CM points and modular forms. We conclude with the computational prob-lem of computing CM points.
Problem. Given X = XB(N) over F , a totally imaginary quadratic extensionK=F and an order OD � K, compute the set of CM points on X for OD.

See the work of Elkies and V for many computational examples. As an appli-cation, we can compute (nontorsion) CM points on elliptic curves over F , givingresults in a direction of a generalized Gross-Zagier formula as well as ABC examples.Finally:
Problem. Given � � PSL2(R) a cocompact Fuchsian group and k 2 Z�0, \com-pute" the set of modular forms of weight k for �,

Mk(�) = ff : H! C : f(z) = det()�kf(z) for all  2 �g:
We may consider them by series expansion at an elliptic point or Fourier expan-sion along a geodesic (given say on a fundamental domain).There are many other problems which naturally arise from this, but we end here!
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