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*5.
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0,1,1,2,3,5,8,13,21,34,55,89,144,233,377,610,987,1597,2584,4181,6765,10946,17711,28657

Tutorial 3

The Fibonacci sequence is defined by Fy =0, F; =1 and F; = F; o+ F;_; for all 7 > 2.
(In Question 3 last week we investigated the sequence (F;) modulo a prime p.)

(i) Suppose that a Fibonacci number F,, is divisible by some positive integer d, and
write F, 1 = k. Show that F,, = kFy (mod d) and F, 11 = kF; (mod d), and use
induction on i to prove that F,; = kF; (mod d) for all integers i > 0.

(74) Use Part (4) and induction on j to prove that if d|F,, then d|F}, for all natural
numbers j.

Let F,, be as in Question 1. Use induction on n to prove that for all natural numbers n,
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Hence show that F,(F,,—1 4+ Fy41) = Fay,, and F2 + F2 | = Fy,41. Verify this for n <5
by direct calculation.

For each prime p, define the Fibonacci entry point of p to be the least integer n such that
p|F,, (where F,, is as in Questions 1 and 2). The following table shows the Fibonacci
entry points of all the primes up to 61.
235 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61
345810 7 9 18 24 14 30 19 20 44 16 27 58 15

Use this table and Question 1 above to verify that for p < 61 the following is true: if
p = %1 (mod 5) then p|F,_;, and if p = +2 (mod 5) then p|F),4;. Find all primes p for
which p # +1 and p # £+2 (mod 5), and find their Fibonacci entry points.

(i) Let p be a prime number, and let t; = 1. Now define ¢; recursively, for ¢ > 1, as
follows: if t; # 0, choose a number s; such that s;t; = 1 (mod p) and let ¢;11 be
the residue of 1 + s; (mod p). That is to say, ¢;+1 is the unique integer satisfying
0<tiy1 <pand (t;31 —1)t; =1 (mod p). The sequence (t1,ts,...) stops as soon
as we find an integer ¢ such that ¢, = 0. Work out the value of ¢ for the first few
prime numbers p, and compare with the table in Question 3. What relationship do
you observe? MATH2988 students: prove it.

(ii) Assuming the relationship you observed persists, show that the Fibonacci entry
point of a prime number p can never exceed p + 1. (Hint: Show that the sequence
(t;) in (i) cannot have any repeated terms, by considering the first repeated term.)

Find a closed formula for »~>° , F,,z™ (ignoring questions of convergence).

Prove that for every n € Z* there exists an r € Z™ and integers k; for 1 < i < r with
ki1 > 2 and kjy1 > k; + 2 for 1 < i < r, such that n = 22:1 Fy,. Prove, furthermore,
that the k; are uniquely determined by n.



