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Tutorial 3

The Fibonacci sequence is defined by Fy =0, F} =1 and F; = F;_5 + F;_1 for
all ¢ > 2. (In Question 3 last week we investigated the sequence (F;) modulo a
prime p.)

(i) Suppose that a Fibonacci number Fj, is divisible by some positive integer d,
and write F,, 41 = k. Show that F,, = kFy (mod d) and F,41 = kF}
(mod d), and use induction on i to prove that F,; = kF; (mod d) for all
integers 7 > 0.

(#4) Use Part (i) and induction on j to prove that if d|F,, then d|F}, for all
natural numbers j.

Solution.

(i) Observe that kFy = 0. But F, = 0 (mod d), since d|F,, by hypoth-
esis. Thus kFy = F, (mod d). And kFy = k = F,41; so certainly
kF) = F,y1 (mod d). This shows that the statement “kF;_1 = F, 1)
and kF; = F,,4; (mod d)” is true for ¢ = 1. Assume now that ¢ > 1, and
the statement holds with ¢ — 1 in place of ¢. Thus

kFi—o = Fpy(i—2) (mod d)
kFi—1=F, 1) (modd)

and adding these congruences we deduce that
kF; =k(Fio+ Fi1) =kF; o+ kF;i 1 = Fop—9) + Foy-1) = Faga

Since also kF;_1 = F,4(;—1) (mod d) it follows that the statement holds
for i, and hence for all positive integers, by induction. In particular
kF; = F,,4; for all natural numbers 4, as required.

(it) Since we are given that d|F),, Part (¢) tells us that F,,; = kF; (mod d) for
all i, where k = F,,;1. In particular, if F; =0 (mod d) then F,; = k0 =0
(mod d). That is, for all 4, if d|F; then d|F, ;.

Since Fy = 0 we see that d\an is true when 57 = 0. This starts the
induction. Now suppose that j > 0 and that d|F(j,1)n. By what we have
just shown, it follows that d|F,, (;_1),; that is, d|Fjn, as required.

2. Let F,, be as in Question 1. Use induction on n to prove that for all natural

numbers n,
(1) - (% £)
11 F, Fu)'
Hence show that F,(F,_1 + Fy41) = Fop,, and F? + Fgﬂ = F5,41. Verify this

for n < 5 by direct calculation.

Solution.

Since we did not define F_1, the statement does not actually make sense for
n = 0. But a moment’s consideration will show that F_; ought to be defined to
equal F; — Fy = 1, and this definition would make the statement true at n = 0.

However, we may as well start the induction off at n = 1, in which case the

statement is L
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which is true. Now let n > 1. The inductive hypothesis is that
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and thus

as required.
We have that
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giving the desired relations when the product on the right hand side is expanded.

Fi(Fo+F)=1=F F? 4+ Fi=2=F;
Fy(Fy + F3) =3=F, F} +F}=5=F;
F3(Fy + Fy) = 8 = Fp F} 4+ F}=13=F
Fy(F3+ F5) = 21 = Fy F} + F? =34 =F,

F5(Fy + Fs) = 55 = Fig F2 4+ F2=89=Fy,
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For each prime p, define the Fibonacci entry point of p to be the least integer n
such that p|F,, (where F), is as in Questions 1 and 2). The following table shows
the Fibonacci entry points of all the primes up to 61.
2357 11 13 17 19 23 29 31 37 41 43 47 53 59 61
345810 7 9 18 24 14 30 19 20 44 16 27 58 15
Use this table and Question 1 above to verify that for p < 61 the following is
true: if p = +1 (mod 5) then p|F,_1, and if p = £2 (mod 5) then p|Fp4;1. Find
all primes p for which p # +1 and p # £2 (mod 5), and find their Fibonacci
entry points.

Solution.

The following table lists the primes p that are congruent to +2 (mod 5), their
Fibonacci entry points, and p + 1:

P 2 3 7 13 17 23 37 43 47 53
entry point 3 4 8 7 9 24 19 44 16 27
p+1 3 4 8 14 18 24 38 44 48 b54.

The crucial fact to observe is that each number n in the second row is a divisor
of the number below it (namely, p+1). By the definition of the Fibonacci entry
point, p|F,, in each case, by inspection of the table n|p + 1 in each case, and so
by Question 1 it follows that p|Fj,11 in each case.

The next table gives the corresponding information for the primes congruent to
+1 (mod 5):

entry point 10 18 14 30 20 58 15

P 11 19 29 31 41 59 61
p—1 10 18 28 30 40 58 60.

The same argument applies in this case.

Since {—2,—-1,0,1,2} is a complete system modulo 5, any number that is not
congruent to £1 or £2 (mod 5) must be congruent to 0 — that is, divisible by 5.
Obviously the only prime with this property is 5 itself. The Fibonacci entry
point of 5 is easily checked to be 5.

(i) Let p be a prime number, and let ¢; = 1. Now define ¢; recursively, for
i > 1, as follows: if ¢; # 0, choose a number s; such that s;t; =1 (mod p)
and let t;41 be the residue of 1 4 s; (mod p). That is to say, ;11 is the
unique integer satisfying 0 < ¢;41 < p and (¢;41 — 1)t; = 1 (mod p). The
sequence (t1,ta,...) stops as soon as we find an integer ¢ such that t, = 0.
Work out the value of ¢ for the first few prime numbers p, and compare
with the table in Question 3. What relationship do you observe?

(ii) Assuming the relationship you observed persists, show that the Fibonacci
entry point of a prime number p can never exceed p + 1.

Solution.

(i) Taking the primes in increasing order (starting at 2) we find that the se-
quences (t;) are as follows.

2: 10
3: 120
5: 1240

7: 1254360

11: 1279635100

13: 1286120

17: 12101358160

19: 1211813461710314167129180

23: 121317201614651521123919181084 711220
29: 121621192715311914280

31: 12171214214985267 102916322256 2724 23 28 11 18 20
15300

37: 122014934132131717254292418360
41: 1222291817302739213151225241320400

43: 12231636 7381813115279 253240 1524 10 14 41 22 3 30 34
2029412193517 3933312663782821420

47: 122533113145243 17371523460
53: 122837444822 42 251844123 3113503629 12326 10 17 26 520

59: 12314137947 5545225243126 11 44 56 40 32 25 27 36 42 53 50
14 39 57 30 3 21 46 10 7 18 24 33 3528 20 4 16 49 54 48 17 8 38 15
51351231929 580

61: 123222265511517364030600

In each case the length of the sequence is one less than the Fibonacci entry point
as shown on the table. It is actually not hard to prove this; the key fact is that
Fit; = Fi41 (mod p) for all ¢ less than the entry point. When you find that
t; = 0, it means that F;; is divisible by p.

(ii) The sequence (t;) cannot contain any repeated terms. To see this, let us
first prove that t; = 1 only when k& = 1. Indeed, since t;11 = 1+ s; (mod p),
t;+1 = 1 would mean that s; = 0 (mod p), and this is impossible since t;s; = 1
(mod p). Now suppose that there are repeated terms, and let ¢; be the first term
that occurs again later. Then ¢ > 1, since we know that 1 is never repeated.
Now t; = t; for some j > 4, and the rule for calculating ¢; and ¢; tells us that
1+s;1=t; =t; = 1+s;_1. Thus s,_1 = s;_1. But thismeans that t;_; =1;_1,
contradicting the fact that ¢; is the first term to be later repeated. Since the
sequence (t;) has no repeated terms, its length is at most p. So the Fibonacci
entry point is at most p + 1.



