Lab 4 Solutions

% Question 2

% See Tutorial 1 for formulation.
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% Min z = 8x1 + 12%2

% subject to: xl1 + x2 »>= 7

% 2xl + =2 >= 10
% with x1,x%x2 »>= 0.
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% Maximise: zhat = -z.

% Declsion variables: x1,x2.

% Introduce surplus variables: x3,x4,
% Problem becomes
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% Max zhat = - 8x1 ~ 122 + O0x3 + Ox4
% subject to: =1 + x2 - =3 = 7
% 2x1l + x2 - x4 = 10
% with x1,%2,%3,%x4 >= 0.

BEEEEELLLIIELLRIRIRL LS BIRLLERE%%

% Enter problem in terms of decision variables and surplus variables.
% Matlab will introduce artificial variables x5,%6.
zhat={-8,-12,0,01;

A=[1,1,-1,0;2,1,0,-11;

b=[7;10];

w=[0,0,0,0,-1,-11;

% w contains a 0 for each decision, surplus and slack variable,
% and a -1 for each artifical variable. First the decision and
% surplus variables are treated in the order in which they are
% labelled. Then the slack and artifical variables are treated
% in the order of their constraints in A.
t0=tableau? (A,Db, zhat,w);

W 7 | x1 ®2 x3 x4 1 x5 x6 | RHS
1.00 .00 | 0.00 0.00 0.00 0.00C } 1.00 1.00 | 0.00
G.0o0 1.00 | 8.00 12.00 0.00 G.00 | 0.00 0.00 | 0.00
¢.C0 6.00 | 1.00 1.60 -1.00 0.00 | 1.00 G.00 | 7.00
0.060 0.00 | 2.00 1.G0 6.00 -1.00 | 0.00 1.00 | 10.00

€01, :)=t0(1l, :)~-£0(3,:}~-t0(4,:);
digplaytableau2 (t0)

W z | x1 %2 x3 x4 | %5 x6 | RHS
1.00 0.00 1 ~3.00 -2.00 1.00 1.00 | 0.00 0.060 | ~17.00
0.00 1.00 | 8.60 12.00 0.0G 0.00 | 0.00 0.00 | 0.00
0.00  0.00 | 1.00 1.00 -1.00 0.00 | 1.00 0.00 | 7.00
0.00 0.00 | 2.00 1.00 0.00 -1.00 | 0.0¢ 1.00 i 1G6.00

ratios2{(3,t0);
Ratios of RHS to column 3:

W z | x1 %2 %3 x4 | x5 x6 | RHS | Ratio
1.00 0.00 | -3.00 -2.00 1.00 1.00 | ©0.00 0.00 | ~17.00 | -
.00 1.00 | 8.00 12.00 0.00 0.00 | 6.C0 0.90 | 0.00 -
G.00 0.06 | 1.00 1.06 -1.00 0.00 | 1.00 0.00 | 7.00 7.00
6.00 0.00 | 2.00 1.00 0.00 ~1.00 | 0.00 1.00 | 10.00 | 5.00

tlepivot2{4,3,t0);

W z | =1 x2 x3 x4 | x5 %6 | RHS
1.60  6.00 | 0.00 ~0.50 1.00 -0.50 | .00 1.50 | ~2.00
¢.00 1.00 } 0.00 8.00 0.00 4.00 | 0.00 -4.00 | -40.00
G.G0 0.00 | 0.00 0.50 -1.00 0.50 | 1.00 -0.50 | 2.00
0.00 0.06 | 1.00 ©0.50 0.00 -0.50 | 0.00 0.50 | 5.00



;;afiosz(a,tl):

Ratios of RHS to column 4:

0.00 | ©.00 0.00 0.00 0.00 | 1.00 1.00 | 0.00
6.06 1.00 | 0.00 0.00 16,00 -4.00 | -16.00 4.00 | -72.00
0.00  0.00 | 0.00 1.00 -2.00 1.00 | 2.00 -1.00 | 4.00
0.00 0.00 | 1.00 0.00 1.00 -1.00 | =-1.00 1.00 | 3.00

,%‘Tébleau t2 is optimal for w and w*=0. Phase 1 successful.
% Begin phase 2.
tBthaseZ(tZ),

2 I x1 x2 ®3 x4 i RHS
1.00 | 0.40 0.00 16.00 -4.00 | ~72.00
.00 | 0.00 1.00 -2.00 1.00 | 4.00

; 0.:00 | 1.00 0.60 1.00 ~1.00 | 3.00
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;at105(5,t3),

Ratlos of RHS to column

% Tableau t4 is optimal.
% Optimal solution: x1*=7,x2%=(,x3*=0,x4*=4,z*=-zhat*=56,

% Question 3
% See Tutorial 1 for formulation.
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Min 2z = 10%xl + 12x2 {units=k$)
subject to: 8xl + Bx2 <= 48

100x1 + 200%x2 = 1000
with x®1L,x2 »>= 0.

A more general formulation would be to
replace the second constraint by:
100x1 + 200x2 »>= 1000,
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% Maximige: zhat = -z,

% Decision variables: x1,x2.

% Problem becomesg

EETET LR R L L P LR TR LR S E R LR TR

% Max zhat = - 10x1 - 12x2 (units=gk)
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% subject to: axl + 8x2 <= 48

% 100x1 + 200%x2 = 1000

% with x1,%2 »= 0.
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% Enter problem in terms of decision variables (no surplus variables).
% Matlab will introduce slack variable x3 and artificial variable x4.
zhat=[-10,-121;

A=[8,8;100,200);

b=[48;1000G];

w:[Ofoforwl];

t0=tableauZ (A,b,zhat,w);

W z 7 %l ®2 | %3 x4 | RHS
1.00  0.00 | 0.00  0.00 | ¢.00  1.00 | 0.00
0.00 1.00 | 10.00 12.00 | 0.00  0.00 | 0.00
0.0¢ 0.00 | 8.00 8.00 | 1.00  0.00 | 48.00
0.00  0.00 | 1060.00 200.90 | 0.00 1.00 | 1000.00
£O(1, :)=t0(1,:)~£0(4,:);
displaytableau2 (£0)
W p i x1 x2 | %3 x4 | RHS
1.00 0.00 | ~100.00 ~200.00 | .00 ©6.00 | -1000.00
0.00 1.00 | 10.00 12.00 | 0.00  0.00 | 0.00
0.06  0.00 | 8.00 8.00 | 1.00  0.00 } 48.00
0.00 ©0.00 | 100.00 200.00 | 0.00  1.00 | 1000.00
ratios2(4,t0};
Ratios of RHS to column 4:
W z | x1 x2 | x3 x4 | RHS | Ratio
1.00  0.00 | -100.00 -200.00 | C.06  0.60 | -1000.00 | -
0.00 1.00 | 10.00 12.00 | 0.00  0.00 | 0.00 | -
0.00 0.00 | 8§.00 8.00 | 1.00  0.00 | 48.00 | 6.00
0.00 0.00 | 100.00 200.00 | 0.00 1.00 | 1000.00 | 5.00
tl=pivot2{4,4,t0);
W z | xl x2 | =3 x| RHS
1.00  0.00 | 0.00  0.00 | 0.00 1.00 | 0.00
0.00  1.00 | 4.00  9.00 | 0.00 =-0.06 | -60.00
0.0¢ 0.00 | 4.00 0.00 | 1.00 -0.04 | 8.00
0.00 0.00 | 0.50 1.00 | ©.00 0.01 |j 5.00

% Tableau t2 is optimal for w and w*=0. Phase 1 successful.
% Begin phase 2.
t2=phase? (t1);

V4 | =1 x2 x3 | RHS
1.00 |  4.060 0.00 0.00 |  -60.00
0.00 4.00 0.00 1.00 | 8.00
0.00 | ©0.50 1.00 0.00 | 5.00

% Tableau £2 is optimal.
% Optimal solution: xl*=0,x2*%=5,x3%=8,z*=-zhat*=560k.

% Question 4
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% Max z = - 2x1 - 6x2 + 7x3 - 2x4 - 4x5

% subject to: 4xl - 3x2 + Bx3 - x4 = 12
% - %2 + 12%3 - 3x4 + 4x5 = 20
% with ®1,%2,%3,%4,%5 >= 0.
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% Decilsion variables: xl,x2,x3,x4,x%5.

% Enter problem in terms of decision variables.

% Matlab will introduce artificial variables x6,x7.
z=[{-2,-6,7,-2,-41]1;

A={4,-3,8,-1,0;0,~1,12,~3,41%;

p=112;20];

w=[0,0,0,0,0,-1,-11;

tO0=tableau2 (A, b, z,w);

X

W Z | ®1 X2 ®3 x4 x5 | %6 7 | RHS
1.00 0.00 | 6.00 6.00 0.00 0.00 0.00 | 1.00 1.00 | 0.00
0.00C 1.00 | 2.00 6£.00 -7.00 2.00 4.00 | 0.00C 0.00 | 0.00
0.0G 0.00 | 4.06 ~3.00 8.00 -1.00 0.00 | 1.00 Q.00 | 12.00
¢.00 0.00 | .00 -1.00 12.00 -3.00 4.00 | 0.0C 1.00 | 20.00

£O{L, :)=t0(1,:)-t0(3,:)-t0(4,:);
displaytableau2 (t0)

W 2 | plall x2 %3 x4 x5 | %6 X7 I RHS
1:00 0.00 | -4.00 4.00 -20.00 4.00 -4.00 | .00 0.00 | ~32.00
0.00 1.00 | 2.00 6.06 -7.060 2.00 4.00 | G.00 0.00 | 0.00
0:00 0.00 | 4.00 ~3.00 8.00 -1.00 ¢.00 | 1.00 0.00 | 12.00
0.00 0.00 | 0.00 ~1.00 12.00 -3.00 4.00 | G.00 1.00 | 20.00

Fatios2(s,t0);

Ratibs of RHS to column 5:

tatios2(7,t1);

Ratios of RHS to column 7:

W Z | x1 x2 x3 x4 x5 |  x6 x7 | RHS | Ratio
1.00  0.00 | 6.00 ~3.50 0.00 1.50 -4.00 | 2.50 0.00 | -2.00 | -
0.00 1.00 | 5.50 3.38 0.00 1.13 4.00 | 0.88  0.00 | 16.50 | -
0.00 0.00 | 0.50 -0.38 1.00 -0.13 0.00 | ©0.13  ©.00 | 1.50 | -
0.00 0.00 | -6.00 3.50 0.00 -1.50 4.00 | -1.50 1.00 | 2.00 | 0.50
t2=pivot2{4,7,tl);
W z | xi %2 %3 x4 x5 | x6 x7 | RHS
1.00  0.00 | 0.00 0.00 0.00 6.00 0.00 1.00  1.00 | 0.00
0.00  1.00 | 11.50 -0.13 0.00 2.63  0.00 2.38 -1.00 | 8.50
0.00 0.00 | 0.50 -0.38 1.00 -0.13 0.00 | 0.13  0.00 | 1.50
6.0¢ 0.00 ] -1.56 0.88 0.00 -0.38 1.00 | -0.38 0.25 | 0.50

% Tableau t2 is optimal for w and w*=0. Phase 1 successful.
% Begin phase 2.
t3=phage (£2);




1.00 1 11.50 -0.13 0.00 2.63 6.00 | 8.50
0.60 | 0.50 ~0.38 1.00 -0.13 0.00 | 1.50
0.00 | -1.50 0.88 0.60 ~0.38 1.60 | 0.50

ratlos(3,t3);

Ratiog of RHS to column 3:

z | =1 ®x2 %3 w4 x5 f RHS | Ratio
1.00 | 11i.50 -0.13 0.060 2.63 0.00 | 8.50 | -
0.00 | 0.50 -06.38 1.00 ~0.13 0.00 | 1.50 | -
6.0G ! -1.50 C.88 0.00 -0.38 1.00 | 0.50 | 0.57

z I o=l x2 %3 x4 x5 l RHS
1.00 | 1t.29 0.00 0.00 2.57 0.14 | 8.57
0.00 | ~0.14 0.00 1.00 -0.29 0.43 | 1.71
0.00 | ~1.7% 1.00 0.00 ~0.43 1.14 | 0.57

% Tableau t4 is optimal.
% Optimal solution: ®1*=0,x2*=0.87,x3*=1,71,x4*=0,%5*%=0,2*=8 .57,

% Question 5

% (a)
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% Min z = 8xl + 12x2

% subject to: x1 + %2 »>= 7

% 2x1 + x2 »= 10

% with ®x1,%2 >= 0.
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% There 1s no restriction on the sign
% of b, so make all constraints

% less-than-or-egual-to A*x <= b:

% Min z = 8x1 + 12x2

% sgubject to: - w1l - x2 <= -7

% m2¥L - X2 <= -10

%
%

with x1,%2 »= 0.
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z=[8 127:
A=[-1 -1 ; -2 -1];
b=[-7;-101;

lb=[0 0] % x1,x2 >= 0,
g=linprog{z,. A, b, []1,[]1.1b,]]}
Optimization terminated successfully.
b -

7.0000

0.0000
A 4
ans =

56.0000
%Optimal solution:
SxlL*=T, w2*=0, z*=56,

% ____________________________________________________________
% (b)
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% Max z = - 2x1 -~ 6%x2 + Tx3 ~ 2x4 -~ 4x5

% subject to: 4xl - 3x2 + 8x3 - x4 = 12

% - x2 4+ 12%3 - 3x4 + &x5 = 20

% with ®1,%2,x3,x4,%5 »= (.,
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% Problem must be minimisation form, Max -z.

% Enter less-than-or-egual-to constraints A*x <= D
% and equal-to constraints Aed*x = beq separately:
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z={~2,-6,7,-2,-41;

Aeg=[4,-3,8,-1,0;0,~1,12,-3,41%;

beg=[12;201];

1b={0 0 0 0 01;

x=linprog(-z,[], {]1,Aeq, beq,1b, ]}

Optimization terminated gsuccessfully.

x:

T 0.0000
0.5714
1.7143
0.0G00

‘ ¢.00600

Z*x

ans =

’ g.5714

% Optimal solution: x1*=0,x2*=0.57,x3*=1.71,x4*=0,x5%=0,2z*=8.57,

% Question 6

% See Tutorial 1 for formulation.
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% Min z = x1 + 1.5x2

% subject to: 4xl + 10%2 >= 100

% 4xl + 2x2 »= 860

% with ®1,%x2 »= 0,
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%" Introduce surplus variables: x3,x4. Problem becomes:

%

% Max zhat = - x1 - 1.5%x2

% subject to: 4x1 + 10x2 - x3 = 100
% dxl + 22 - x4 = 60
% with x1,x2,x3,x4 >= 0,
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Introduce artificial variables x5,%6 and a new chiective function

Max Z = zhat + M*w = zhat - Mx5 - Mx6

"If M is large enough the 1 phase simpliex method will force the
artificial variables x5,%x6 with cost coefficients M to go to zero
‘first. The difficulty with the numerical big-M method, as in Matlab,
“ig that M must be given a large numerical value and it is often

not clear how big '"kig’' should be. By hand M can be left as a symbol,
which is bigger than any other number. We choose M=100 and hope it works.
5"Enter A, b in terms of decision and surplus variables:
A=[4,10,-1,0;4,2,0,-1];

b=[100;60];

% Enter zhat in terms of all variables, including artificial:

Mz100;

Zhat={~-1,-1.5,90,0,-M, -M];

tl=tableau(A, b, zhat};

Big M method:

zZ | x1 %2 %3 x4 x5 x6 | RHS3

1.00 | 1.00 1.50 0.00 0.00 100.00 100.00 | 0.00
0.G0 | 4.00 10.00 -1.00 0.00 1.00 0.00 | 100.C0
0.60 | 4.00 2.00 0.00 -1.00 0.00 1.00 | 60.00

% Express obhjective in termg of non-basic variables:
£0 (L, :)=t0 (L, :)-M {0 (2, :)+t0(3,:));
digplayvtablesu (t0);

7 Pooxl %2 %3 x4 x5 x6 | RHS

1.00 | -799.00 -1198.50 100.00 100.00 0.00 0.00 | -16000.00
0.00 | 4.00 10.00 -1.00 0.00 1.00 0.60 | 100.00
0.00 | 4.00 2.00 ¢.00 ~1.00 0.00 1.00 | 60,00

ratios(3,10);

Ratios of RHS to column 3:



1.00 | -799.00 ~1198.50 100.00 100.00 0.00 0.00 | ~16000.00 | -
0.00 | 4.60 10.00 -1.00 0.00 1.00 G.00 | 100.00 | 10.00
0.00 | 4,00 2.00 0,60 -1.00C 0.40 1.00 | 60.00 | 30.00

Z | =1 x2 x3 x4 x5 %6 | RHS
1.00 | -319.60 0.00 ~19.85 100.00 119.85 0.00 | -4015.00
0.00 | 0.40 1.00 -0.10 0.00 G.10 0.00 10.00
0.00 | 3.20 0.00 0.20 -1.00 -0.20 1.00 40.00

ratios(2,tl);

Ratios of RHS to column 2:

z | =1 %2 x3 x4 x5 %6 | RHS | Ratio
1.00 | -319.60 0.00 -19.85 100.60 119.85 0.60 | -4015.00 | -
0.00 | 0.40 1.0¢ -0.10 .00 0.10 0.0C 10.60 | 25.00
0.00 | 3.20 0.00 0.20 ~1.00 ~0.20 1.00 40.00 | 12.50

z | =1 %2 %3 %4 %5 x6 | RHS
1.00 | .00 0.00 0.12 0.13 99.88 §9.87 | ~-20.00
0.¢0 | G.00 1.00 -0.13 0.13 0.13 -0.13 | 5.00
0.00 | 1.00 0.00 G.06 -0.31 -0.06 0.31 | 12.50

% Tableau t2 is optimal with the artifical variables x5*=x6%=0.
% Optimal sgolution: X1*=12.5,x%x2%=5,%x3*%=0,xd*=0, z*=—zhat*=20.



