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1∗ Find the eigenvalues of the matrix A by hand, where

A =

 7 −2 1
−2 10 −2
1 −2 7

 .
2∗ Let Q be the quadratic form

Q = 7x21 + 4x1x2 + 4x22 − 4x2x3 + 7x23 − 8x1x3.

Rewrite the quadratic form Q as xTBx, where B is a symmetric matrix and
x = (x1, x2, x3). Is B positive definite? Check your answer by completing the
square in the quadratic form.

3∗ Consider the function

f(x, y) = 6x2 + 8y3 + 3(2x+ y − 1)2.

Show analytically that this function has two critical points. By considering the
Hessian matrix at each of these critical points, show that at one the function
attains a local minimum, with f(x, y) = 11/16, and that at the other the
function has a saddle point.

4. Consider the function

f(x, y) = (x− 2)4 + x2 + 4y2 − 4xy

Show analytically that this function has one critical point. Show that the
Hessian matrix is only positive semi-definite at this critical point (and the test
for a local minimum fails). Show that the critical point is a global minimum
of f by rearranging the last three terms to demonstrate that f has a minimum
value of zero.

5A For the function
f(x, y) = sinxy − cos(x− y)

show that a global minimum is attained at x = y =
√

3π/2. Is this minimum
unique?



6A (L2 or Least Squares Approximation) A common method to find a best approx-
imate solution to an inconsistent set of m equations in n unknowns,

n∑
j=1

aijxj = bi , i = 1, . . . , n.

is to minimise the sum of the squares of the errors,

E =
m∑
i=1

(
bi −

n∑
j=1

aijxj

)2

,

with respect to xk, k = 1, . . . , n.

(a) Show that

∂

∂xk

n∑
j=1

aijxj = aik .

(b) By differentiating E with respect to xk, show analytically that the mini-
mum of E with respect to xk, k = 1, . . . , n is given by the solution of the
linear system of equations,

n∑
j=1

{ m∑
i=1

aikaij

}
xj =

m∑
i=1

aikbi .

What is the matrix form of these equations?

7A The force exerted by the wind on the sail of a yacht is proportional to the
square of the wind velocity and to the sine of the angle made by the direction
of the wind with the sail. Assuming that the drag on the boat is proportional
to the square of its velocity, calculate the course which must be steered and
the setting of the sail if the component of the yacht’s velocity in the upwind
direction is to be made a maximum.

θ is the angle made by the axis of the yacht and φ is the angle made by the
plane of the sail with the upward wind direction. The magnitude of the force
F exerted by the wind on the sail is then given by

F = cW 2 sinφ,

where W is the magnitude of the wind velocity and c is a constant. If D
is the magnitude of the drag force opposing the yacht’s motion and V is the
magnitude of its velocity, then D = kV 2. Assuming uniform motion, the force
components along the boat axis must balance. Hence show that

kV 2 = cW 2 sinφ sin(θ − φ).

It is required to choose φ and θ so that V cos θ, i.e. the velocity in the upwind
direction, is a maximum. We therefore have to maximize

V 2 cos2 θ =
c

k
W 2 sinφ sin(θ − φ) cos2 θ.

Show that there is a critical point at cos θ = 2
3 , find the corresponding value

of φ and show that this corresponds to a local maximum (it is in fact a global
maximum).


