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1∗ An investor is confronted with three investment opportunities as indicated in
the following table:

Investment A Investment B Investment C
probability return probability return probability return
1/2 -$10 1/8 -$10 1/2 $0
1/4 $20 1/2 $20 3/8 $10
1/4 $30 3/8 $40 1/8 $20

(a) Which investment will be chosen according to the Principle of Expected
Return?

(b) Which will be chosen using the Principle of Expected Utility given the
following two alternative utility functions U1(x) and U2(x):

return x U1(x) U2(x)
-$10 -100 -100
$0 0 0
$10 86 120
$20 150 260
$30 200 440
$40 232 660

Which utility function corresponds to a risk-averter and which to a risk-
lover?

2∗A

Consider the cubic function

U(x) = x + bx2 + cx3

with b < 0. Show that U(x) is an acceptable utility function if and only if
b2 < 3c.



3∗ An investor has utility function U(x) = a − ae−x/2, where a is a positive
constant, and x (which represents a possible change in total wealth) is measured
in units of $1,000.

(a) Find the price such an investor would pay for an investment which paid
$1,000 with probability 1/3 and $2,000 with probability 2/3.

(b) Find the fair price of the investment in Part (a).

(c) What is the risk premium for the investment?

4∗ Mary’s investment decisions are governed by the utility function

U(x) = 2 ln[1 + (x/W )]

where W is the amount she currently has available for investment and x denotes
a hypothetical increase in her wealth.

Mary plans to buy some shares in a mining company today and to sell them
again next week after an important announcement by the company directors.

The current market price is S per share, but this price will immediately double if
the announcement is favourable. On the other hand, the price will immediately
halve if the announcement is unfavourable. These are the only possibilities, and
are equally probable. (Thus, there is a probability of 1/2 that the new share
price will be 2S, and a probability of 1/2 that it will be S/2.)

(a) Calculate the fair price of the shares according to the Principle of Ex-
pected Return. Why do you think this might differ from the market
price?

(b) Suppose that Mary buys n shares. Show that her expected utility of
increase in wealth is

ln

[
1 +

nS

2W
− n2S2

2W 2

]
.

(You can assume that there are no interest charges, taxes or transaction
fees.) What is her increase in utility of wealth?

(c) Hence, show that the investment is worthwhile if 0 < nS < W .

(d) Suppose that W/S = 1000. Determine how many shares Mary should
purchase in order to maximise her expected utility.

5A Jane’s investment decisions are governed by the utility function U(x) = b −
be−ax, where a and b are positive constants and x denotes a hypothetical in-
crease in her wealth (in dollars). She is invited to play a game in which a coin
is tossed repeatedly until it shows heads, and she receives $Y each time it is
tossed. Thus, if the first head appears on the nth toss, she will receive a total
of nY dollars.

Show that, according to the Principle of Expected Utility, the maximum amount
Jane should pay to play this game is

C =
ln(2eaY − 1)

a
.


