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1. For n € N\ {0}, we define ¢, as follows

1 1 1
cn::f—|—§—i—...+g—lnn.

1
(a) Show that (c,) is a decreasing sequence of positive numbers.
(b) For n € N\ {0}, we also define
1 1 1
bp==—=+-—...——
S "3 2n
Prove that b,, = co,, — ¢, +In 2.
& (71 n+1
(c) Using (a) and (b), show that the alternating harmonic series Z ———— converges
n
n=1
with the limit equal to In 2.
o
2. (a) If the complex power series Z apz" has radius of convergence R, what is the radius
I
of convergence of the series Z anz®? Justify your answer.
n=0

(b) For n € N\ {0}, we define a,, = 1/n for n even and a,, = 1/n? for n odd. Prove

that the series Z(—l)”an diverges although a,, > 0 for every n > 1 and a,, — 0
n=1
as n — 00. Does this contradict Leibniz test? Justify your answer.

(c) Consider the series

I3

>, cos(™m)
=

(i) Prove or disprove that this series is absolutely convergent.

(ii) Using the sequence of partial sums, prove that the series converges.
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3. Let (zp)n>0 be a non-zero sequence in R. Assume that the following limit

Tn+1
Tn

n—oo

G := lim n<1—

> exists in (1, 00]. (1)

Let a be fixed with 1 < a < .
(a) Prove that there exists n, > 1 such that

Tn+1
Tn

«
<1— — forevery n > ng.
n

(b) Using (a), show that

(k= 1)|zk| — k|lzgs1] > (o — 1)|xg| for every k > ng,.

o
(c) Using (b), prove that the series Z x, is absolutely convergent.
n=0
(d) Assume that none of the numbers A, B and C' is a negative integer or zero. Using
the conclusion of (c), prove that the hypergeometric series

AB  AA+1)BB+1) A(A+1)(A+2)B(B+1)(B+2)

11C 21C(C +1) 31C(C + 1)(C +2)

is absolutely convergent for C' > A + B.

Remark 1. The harmonic series is known to diverge, but the convergence of the sequence ¢,
(defined in Question 1) was observed by Euler. The limit of the sequence, v := lim,_c ¢p,
is called Euler’s constant and v =~ 0.5772156649... Although computers have calculated over
two trillion decimal places, it is a famous unsolved problem whether « is a rational or irrational
number. The prevailing opinion is that ~y is irrational, but no proof has yet been found.

Remark 2. Question 3 is the limiting form of Raabe’s Test, which is frequently useful when

x
the ratio test cannot be applied such as when lim "+l = 1. Note that (1) is automatically
n—oo | Iy
satisfied with 8 = oo if limsup Zntll o and, in this case, the absolute convergence of the
- T
o n oo n
series g T, can be obtained from the ratio test.
n=0
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