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1. For n ∈ N \ {0}, we define cn as follows

cn :=
1
1

+
1
2

+ . . .+
1
n
− lnn.

(a) Show that (cn) is a decreasing sequence of positive numbers. 2 Marks

(b) For n ∈ N \ {0}, we also define 1 Mark

bn :=
1
1
− 1

2
+

1
3
− . . .− 1

2n
.

Prove that bn = c2n − cn + ln 2.

(c) Using (a) and (b), show that the alternating harmonic series
∞∑
n=1

(−1)n+1

n
converges 1 Mark

with the limit equal to ln 2.

2. (a) If the complex power series
∞∑
n=0

anz
n has radius of convergence R, what is the radius 1 Mark

of convergence of the series
∞∑
n=0

anz
2n? Justify your answer.

(b) For n ∈ N \ {0}, we define an = 1/n for n even and an = 1/n2 for n odd. Prove 2 Marks

that the series
∞∑
n=1

(−1)nan diverges although an > 0 for every n ≥ 1 and an → 0

as n→∞. Does this contradict Leibniz test? Justify your answer.

(c) Consider the series
∞∑
n=1

cos(nπ3 )
√
n

.

(i) Prove or disprove that this series is absolutely convergent. 1 Mark

(ii) Using the sequence of partial sums, prove that the series converges. 3 Marks
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3. Let (xn)n≥0 be a non-zero sequence in R. Assume that the following limit

β := lim
n→∞

n

(
1−

∣∣∣∣xn+1

xn

∣∣∣∣) exists in (1,∞]. (1)

Let α be fixed with 1 < α < β.
(a) Prove that there exists nα ≥ 1 such that 2 Marks∣∣∣∣xn+1

xn

∣∣∣∣ ≤ 1− α

n
for every n ≥ nα.

(b) Using (a), show that 1 Mark

(k − 1)|xk| − k|xk+1| ≥ (α− 1)|xk| for every k ≥ nα.

(c) Using (b), prove that the series
∞∑
n=0

xn is absolutely convergent. 3 Marks

(d) Assume that none of the numbers A, B and C is a negative integer or zero. Using 3 Marks

the conclusion of (c), prove that the hypergeometric series

AB

1!C
+
A(A+ 1)B(B + 1)

2!C(C + 1)
+
A(A+ 1)(A+ 2)B(B + 1)(B + 2)

3!C(C + 1)(C + 2)
+ . . .

is absolutely convergent for C > A+B.

Remark 1. The harmonic series is known to diverge, but the convergence of the sequence cn
(defined in Question 1) was observed by Euler. The limit of the sequence, γ := limn→∞ cn,
is called Euler’s constant and γ ≈ 0.5772156649... Although computers have calculated over
two trillion decimal places, it is a famous unsolved problem whether γ is a rational or irrational
number. The prevailing opinion is that γ is irrational, but no proof has yet been found.

Remark 2. Question 3 is the limiting form of Raabe’s Test, which is frequently useful when

the ratio test cannot be applied such as when lim
n→∞

∣∣∣∣xn+1

xn

∣∣∣∣ = 1. Note that (1) is automatically

satisfied with β = ∞ if lim sup
n→∞

∣∣∣∣xn+1

xn

∣∣∣∣ < 1 and, in this case, the absolute convergence of the

series
∞∑
n=0

xn can be obtained from the ratio test.
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