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Questions marked with * are more difficult questions.

Questions to complete during the tutorial

3(=1)" 2
MfornZO.
n2—n-+1

(a) Find a, = infy>, xx and b, = supy,, Tk

1. Consider the sequence x, =

Solution: Using that x,, <0 for n > 1 odd and z,, > 0 for n > 2 even, we obtain that

ap = inf @ = — sup (—zp) = — sup |z,
k>n k>n k>n
k odd k odd k odd

b, = sup zp = sup |zl
k>n k>n
k even k even

For this reason, we want to study the monotonicity of |z,|. Note that

3(-1)"n?  3(-1)" 3(=1)n
n?—n+1 1-141 (1 _1y,43

Ty =

for all n > 1. Since (L — 3)? is increasing for n > 2, it follows that |z,| is decreasing for

n > 2. Moreover, g = 0, x1 = —3, o = 4 and x3 = —27/7. Hence

—27/7 forn=0,1, 4 forn=0,1,
Gn = § Tni1 for n > 2 even, bn =< o, for n > 2 even,
Tn, for n > 3 odd, Tpy1 for m >3 odd.

(b) Hence compute liminf, ,~ =, and limsup,,_, . Tp.

Solution: Notice that

|acn|:1_l +— —3 asn— oo
n n?2
Thus we get liminf,,_, 2, = lim,, 00 2p+1 = —3 and limsup,, . Ty, = limy, o0 x2, = 3.

2. Compute the limit inferior and limit superior of the following sequences.

n if n is even
(a) zn = . .
1/n if nis odd

Solution: We see that lim,_,o 2, = 0o and lim,_,o x2,4+1 = 0. Hence, any subse-
quence of (z,) which has a limit will either tend to oo or to 0 as n — oco. It follows that
liminf, o z, = 0 and limsup,,_, . x, = 00. Recall that when (z,,) is not bounded from
above, then limsup,,_,., x, = oc.

(b) 2 = {(—1)”/27;‘rl if n is even

2_ . .
2”7127;1 if n is odd
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Solution: We clearly have

0<nz—1<n2 1 q 1< n <1
Loz n -
S o241 -om2 2 ° 2= n+1-
for all n > 1. Moreover -7 is increasing in n. Hence
ap = inf z, = —1 and b, =supxr =1
k>n k>n
for all n € N. Therefore liminf,_,. x,, = —1 and limsup,,_,, xn = 1.

We now give another method of finding liminf,,. x, and limsup,,_,. x,. Notice that
Z4n — 1 and z4p42 — —1 as n — 0o. On the other hand, z9,+1 — 1/2 as n — oo (which
means that (z4n4+1) and (z443) converge to 1/2). Hence, if a subsequence of (x,,) has a
limit it must be either 1, or 1/2 or —1. Since liminf,_,~ x, corresponds to the smallest
among these values and lim sup,,_,., @, to the biggest, we find that

liminfx, = -1, limsupx, = 1.
n—00 n—00
3n+ (—1)"
5n —1
Solution: We have

3n+(=1)" 3+ (=1)"/n . 3
Ssn—1  5—1/n 5
Since the limit exists it also equals the limit inferior and the limit superior.

n

Sn = Z(_l)k

k=0
Solution: Notice that so = 1 and 8,11 = s, + (—1)""! for n > 0. Hence, we have

so=1

s1=8—1=0
S9=81+1=1.
s3 =350 —1=0.

By induction after n, it can be proved that s, = 1 and s9,,+1 = 0 for every n > 0. Hence
liminf,,_,~ sy, = 0 and limsup,, ,., s, = 1.

3. Let (x,) and (y,) be bounded sequences in R.

(a)

Prove that
lim sup(zy, + yp,) < limsup z,, + lim sup y,,.

n—oo n—oo n—oo

Solution: Clearly x; + yy < supxyp + supyy for all £ > n. Hence by definition of a
k> k>
supremum =" ="

sup(z¢ + ye) < sup zy + sup y
>n k>n k>n

for all n € N. By definition of the limit superior and the limit laws

lim sup(zy, + yn) < limsup x,, + lim sup y,.

n—oo n—oo n—oo

Prove that

lim sup(z,, + y,,) = lim sup z,, + lim sup yj,
n—o0 n—o0 n—0o0

if at least one of the sequences converges.



Solution: Suppose that (z,) converges (just rename the sequences if (y,) converges).
We know from lectures that

lim sup(z,, + y,) < limsup z,, + limsupy, = lim z,, + limsup y,. (1)
n—00 n—00 n—00 n—00 n—00

Applying the same fact we know that

lim sup y,, = lim sup(z,, + yn — zp,) < limsup(x, + yn) + limsup(—x,). (2)

n—oo n—oo n—oo n—oo

Since we have

hﬁsolip(—xn) = JLH;O(—:cn) = —nlingo T, (3)

we conclude from (2) and (3) that

limsupy, + lim z, <limsup(z, + yn). (4)
n—o0

n—oo n—oo
Combining (1) and (4) we get the required identity.
Remark. Note that (3) is not valid if (x,) does not have a limit because then

lim sup(—z,) = — liminf z,, > — limsup z,.
n—00 n—00 n—00

(c) By giving a counter example, show that strict inequality in (a) is possible.

Solution: From (b) above, we see that the strict inequality in (a) could only occur
when both (z,) and (y,) don’t converge (that is, (z,,) and (y,) don’t have a limit since
they are assumed bounded). Choose, for example,

xy = (=1)" and y, = (—1)’”rl for all n € N.

Then limsup z,, = limsupy,, = 1. On the other hand, x,, + v, = (=1)"(1 — 1) = 0 for all
n—oQ n—o0
n € N, so limsup(x,, + y,) = 0. Hence,

n—oo

0 = limsup(z,, + y,) < limsup z,, + limsupy, =1+ 1= 2.

n—oo n—0o0 n—oo
Remark. More general examples can be given by looking for sequences of the form

ayp if n is even, by if n is even,
Tn = . . Yn = . .
as if n is odd, by if n is odd.

We have limsup,,_,. zn, = max{aj, a2} and limsup,_,. y, = max{b1,b2}. Moreover,
lim sup,,_,o (n, + yn) = max{a; + by, as + ba}. By choosing a1, az, by and be in R with

max{aj + b1, a2 + b} < max{ay,as} + max{by, bs},

we obtain a strict inequality in (a).

Extra questions for further practice

4. Let (x,) and (y,) be bounded sequences in R with z,,y, > 0 for all n € N. We know from
lectures that

lim sup(z,y,) < (hm sup :Un) (lim sup yn) .

n—oo n—o0 n—oo

By giving a counter example, show that strict inequality is possible.



Solution: We set x,, := 2+ (—1)" and y,, = 2+ (—1)""! for all n € N. We then have x,,y, > 0
and lim sup x,, = limsup y,, = 3. On the other hand, z,y, = (2+ (—1)")(2 — (—1)") = 3 for all

n—o0 n—o0

n € N, so limsup(z,y,) = 3. Hence,
n—0o0

3 = limsup(z,yn) < (lim sup xn) (lim sup yn> =3.-3=0.

n—oo n—oo n—oo

Remark. If either (x,) or (y,) has a limit as n — oo, then equality holds. Suppose that (z,,)
has a limit, then it will converge to a non-negative number z (since (zy,) is bounded and z,, > 0).
If x > 0, then from lectures, we know that equality holds. If x = 0, then (z,y,) converges to 0
since (y,) is bounded. Hence, again we have equality. So, to have a strict inequality, we must
look at cases when both (z,) and (y,) don’t have a limit as n — oo. Such situations can be
found using the sequences in Remark for Question 3(c) and choosing a1, az, by and be in R such
that max{a1b1,asbe} < max{ai,as} max{by,ba}.

Challenge questions (optional)

5. *(a) Suppose that (a,) is a sequence in R with a, # 0 for all n € N. If (apt1/an)nen is a
bounded sequence, prove that

lim inf [@n+1] < liminf {/|ay,| < limsup {/|a,| < limsup ‘anﬂ‘.
n—0o0 n—00 n—00 a

Solution: =~ We only prove the last inequality. The middle one is obvious from the
definition of the limit superior and inferior, and the first one can be obtained by reversing
the signs. Since (ap+1/an)nen is bounded, we have that

|an+1‘

s := lim sup
n—00 ’an|

exists in R. Then the definition of the limit superior gives that for every € > 0, there
exists N > 1 (where N depends on €) such that

a
supw<s+£ for all n > N.

k>n |0k

Hence, |ag11|/|ax| < s+ ¢ for all K > N. Hence if n > N, then by multiplying all the

inequalities corresponding to k =n — 1,..., N, we obtain that
’an’ _ ’an’ . ’an—1| ‘GN-H’ S(S‘FE)n_N-
lan| lan-1| lan—2| |an]

Therefore {/]an| < (s + €)' N/"/lay]| for all n > N. We know that {/jay| — 1 as
n — oo and similarly (s 4+ &)¥/™ — 1 as n — oco. Hence, by the limit laws for the limit
superior

limsup {/|an| < s+e.
n—oo
As e > 0 was arbitrary, we get the required inequality by letting ¢ — 0.

(b) Use part (a) to compute the limit of z,, = ¥/n!/n as n — co.
Solution: We have x,, = /a, if we define

n!
(479 :m
Note that "
s Dt n oy 1y L
an (n+1)7tl nl n+1 n e

From part (a) and the squeeze law, we conclude that

. . . an+1 1
lim z,, = lim ¥a, = lim a g
n—o0 n—o00 n—00  (p e
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