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Questions marked with * are more difficult questions.

Questions to complete during the tutorial

1. (a) Suppose that f: [1,00) — R is a positive decreasing function. Show that for every n > 2

f(2)+---+f(n)S/1nf(x)dacSf(1)+f(2)+-~+f(n—1>- (1)

(b) Assume that f(x) is a positive decreasing function on [1,00). Using (a), establish the

o0
following Integral Test: The series Z f(n) is convergent if and only if

n=1

/Oof(x)dx: lim nf(m)dx<oo. (2)
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(c) Use the Integral Test to show that E - is convergent if and only if p > 1.
n
n=1

2. Determine which of the series below converge, and which diverge.
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3. Consider two sequences (ay,) and (by,) in R or C with b,, # 0 for all n € N. We call the sequence
(an) equivalent to (by,) if

If that is the case, we write a, ~ b,,.
(a) Show that equivalence of sequences is an equivalence relation, that is, it has the following
properties:
(i) an ~ a, (reflexivity);
(ii) ap ~ by = by ~ a, (symmetry);
(iii) a, ~ by and b, ~ ¢, implies that a, ~ ¢, (transitivity).

(b) Suppose that a,, ~ b,. Show that (a,) converges if and only if (b,) converges. In case of
convergence show that the limits of (a,) and (b,) are the same.
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Extra questions for further practice

4. Let ay, by > 0 for all k € N and suppose that ay ~ by. Show that Y ,° ; a converges if and only
if 32, by, converges.

5. Prove that the following sequences are equivalent and decide whether they converge or diverge.

(a) dn +1 é VnZ +3n 3n/2

sn—1 3 (c) i+ 3n+1 7t

3n 42" . 1

~ d) mn~s,= -

(b) P 1 (d) Inn~s 25,

Challenge questions (optional)

*6. Suppose that f: KV — KV is a function such that there exists L € (0,1) with

1F(x) = F) < Lljw —y| for all z,y € K. (3)

(a) Given zg € KV and 2,1 := f(x,) for any n € N, show that (z,,) is a Cauchy sequence.

(b) Show that there is a unique point in K" such that z = f(x).
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