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Questions marked with * are more difficult questions.

Questions to complete during the tutorial

oo
1. Consider the power series Z an,z" in KV and suppose that

n=0

_ g lonsil
G = 11m
w5 Janl

exists in [0, oco]. (1)

Show that the radius of convergence p for the given power series can be computed as p = 1/a.

Solution: We define b, = a,z" for n € N. The given series is y .~ b, for which we apply

b
the ratio test. Hence, the series Y 7 by, converges absolutely if limsup,,_, . ’Hﬁ:ﬁ’ < 1 and
n
. cp e ||bn+1|| .
diverges if lim inf,,_, Tonl > 1. Since we have
n
[ Y I et
[1bn]| l[an|[[2"] lan]l
it follows that the series > ° b, converges absolutely if |z|limsup ||C|Ln+ﬁ” < 1 and diverges
n—00 Qnp
if |z|lim inf H‘C‘Zn—FiH > 1. If the limit « in (1) exists, then the limit superior and limit inferior
n—o0 Qnp,

coincide with . Thus the series Y - a,2z" converges absolutely if |z| < 1/« and diverges if
|z| > 1/a. So, the radius of convergence p for the power series Y >° janz" is p = 1/cv.

Remark. The above provides an alternative formula to compute the radius of convergence, but
only works if the limit in (1) exists. If that limit does not exist, then we either use the formula
from the Cauchy—Hadamard Theorem based on the root test (see lectures) or other means.

2. Determine the radius of convergence o of the following power series.

n

z
(a‘) Zﬁ’p>0’

n=1

Solution: We define a,, = 1/n? for n > 1. We have that

p
a = lim [n 1] = lim n =1.
n—00 ’an’ n—oo \ n + 1

Hence, by Question 1 the radius of convergence for the given series is 1 for all p > 0.

(b) Z 272’ "

n=0
(0.]

Solution: This is a power series Z apz", where ay, is given by
k=0
n2
— ifk=3nandn €N,

ap = { 2"

0 otherwise.
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We find the radius of convergence using the Cauchy—Hadamard Theorem. When k € N
is not a multiple of 3, then {/|ax| = 0. If k¥ € N is a multiple of 3, that is k¥ = 3n, then

2 n 2/3 1
\/]C lax| = 3n\/ lasn| = Ky (/) — as k = 3n — oo.

on - 21/3 21/3

1
Hence, we obtain that lizn_) sip Y ax| = B Then, by the Cauchy—Hadamard Theorem,
1

lim supy,_, o v/|akl
Remark. Another approach is to denote y = 2% and observe that the given series is a
2

oo
n
power series in y, namely Z 2—ny”. For the latter series (in y), we can find that its radius

=21/3.

the radius of convergence is ¢ =

n=0
of convergence is 2 using the ratio test (or root test). Therefore, by the definition of radius
00 2
n
of convergence, the series Z Q—ny” converges when |y| < 2 and diverges when |y| > 2.
n=0

)
n
Since |z|? = |y|, we obtain that the initial series Z 2—nz3" converges for |z| < 21/3 and
n=0
diverges when |z| > 21/3 proving that its radius of convergence is 21/3.

n
>

n.
n=1

n

n
Solution: We denote a, = — for n > 1 and ag = 0. We compute the radius of
n!

oo
convergence for Z a,z" using the ratio test in Question 1. We have

n=0
1)t pl 1\n 1\n
o := lim |an+1|: i M.lzhm(n_‘_ ) :lim<1+*) =e.
n—00 ‘an’ n—00 (n+1)! n"  n—oo n n—00 n

Hence by Question 1, the radius of convergence is p = 1/a = 1/e.
oo

Z(log n)z";

n=1

Solution: Let a, =logn for n > 1. Again we can use the ratio test, since

0 lim |41 — fim log(n + 1) ~ fim logn + log(1 + 1/n)

=1.
n—oo |ap,| n—oo  logn n—00 logn

By Question 1, the radius of convergence is 1/a = 1.

Remark. We could also use the Cauchy-Hadamard Theorem. For n > 3, we have
1< {logn < ¥Y/n — 1 asn — oco. Thus, by the squeeze law,

limsup y/|a,| = nh_)rrolo Vlogn = 1.

n—oo
1

limsup,, o, /|an|

1.

Hence, the radius of convergence is o =

oo
§ :nl/nzn;
n=1

Solution: Let a, = n"/" for n > 1 and ag = 0. We compute the radius of convergence
for the power series > > ; a,2" using the Cauchy-Hadamard Theorem. Since 1 < a, <n
for n > 1, we obtain that

1/n

1< Vlap| < Y/n forn > 1.



We know that {/n — 1 as n — oo. Hence, by the squeeze law, we find that
limsup V/|an| = lim {/]a,| = 1.
n—o00 n—00

1

Therefore, the radius of convergence of the given series is p = — =1.
limsup,, o V/|an]
2 3 4 5
N z oz z z z
A T A T T
> 1
Solution: This is a power series Z anz", where a,, is given by 3 if n € N is even, and

n=0

—i if n € N is odd. It follows that

2T'L
1 1
{/— =~ ifn>11is even,
Vi =9 V3003
g1 .
2725 lfTLleSOdd.

Hence, limsup,,_,.. /|an| = 1/2 since the limit superior is the largest accumulation point.
By the Cauchy-Hadamard Theorem, we have

1

lim SUPy,— 00 7\/L ’an’

Extra questions for further practice

3. Find power series expansions in z and their radius of convergence for the following maps.

Hint: Use the formula for the geometric series

aiz :‘1(1 —1Z/a) :%Z<§>k’ (GS)

which converges if and only if |z/a| < 1, that is, |z| < |a|. Also make use of Cauchy products.

1

() 7

Solution: By the above formula, we have

1 Ie=/2\F = 2F
=3 5) = g
k=0 k=0
The radius of convergence is g = 3.
1

b .
0 G

Solution: Since the series
-z

2

oo
1
= Zakzk with ap = Fras) is absolutely convergent
k=0

for |z| < 3, we can write 1/(3 — z)# as a Cauchy product. So, for |z| < 3 we have

1 [ee] o0 o0
m = (Z akzk) (Z akzk> = chz”,
k=0 k=0 n=0

where ¢, is given by

n n

n
1 1 1 n+1
Cn =D kan k= 3k+1 gn—kt1 > 3n+2 . gni2

3



Thus, for |z| < 3 we find that

DI

Since lim,, s [Cnt1] = }, it follows that the radius of convergence for # is 3.
enl 3 (3—2)?
1 .
22 5246’
Solution: We first factorize the denominator and then use partial fractions:
1 1 1 1

225246 (z—2)(z—3) 2—2z 33—z

Then by applying (GS) with a = 2 and a = 3, we obtain that for |z| < 2

1 1 1 N N VA 1
e T3 (- )
2546 2—z2 33—z 9k+1 gk+1 ok+1  3k+1 )
k=0 k=0 k=0
k
Since Z - diverges for |z| > 2, the radius of convergence for - is 2.
£ oM 22 —52+6
z+1
z—1
Solution: We observe that
1 —-1)+2 2 2
sl _ohr2 g —1-
z—1 z—1 z—1 1—-=2

Hence, by using (GS), we find that

z4+1
z—1

o0
:1—22zk:—1—2z—222—2z3—

if and only if |z| < 1. Hence, the radius of convergence for (z+1)/(z — 1) is p = 1.

Consider the series Zak and Z by, with ap = b, = (—1)’“(1{: + 1)*1/2. The Cauchy product of

k=0 k=0

the two series is Z Cn, Where ¢, is defined by

n=0

n
Cp = Zakbn,k for n € N.
k=0

Prove that the Cauchy product diverges.
Hint: Use that vab < (a +b)/2 for all a,b > 0 (Proof?) to estimate |c,| from below.

o0 (o]
Remark. Let Z ag and Z br be two convergent series in K with sums A and B, respectively.

k=0 k=0

a) If their Cauchy product ¢y, 1s also convergent, then it has the sum C = AB (Abel’s
(a) y p n gent, (

n=0

Theorem).

(b) If at least one of the two convergent series is absolutely convergent, then their Cauchy
product is also convergent and has the sum C' = AB (Mertens’ Theorem).

4



o o
(c) If both series Zak and Zbk are absolutely convergent, then from lectures we know
k=0 k=0
o
that their Cauchy product Z ¢ is absolutely convergent (Cauchy’s Theorem).

n=0

[e.9] oo
(d) If both convergent series Zak and Zbk are not absolutely convergent, then their

k=0 k=0
Cauchy product may diverge. The above exercise illustrates this situation. Indeed, the series
o0 o0

Z ay and Z b, with a; = by = (—1)#(k+1)~'/2 are convergent by the Leibniz test. However,

oo [ee]
they are not absolutely convergent since the series Z(kz + 1)_1/ 2= Z 7 is divergent as a
n
k=0 n=1

p-series with p = 1/2 < 1.

Solution: If we can prove that ¢, /4 0 as n — oo, then we conclude that y > ¢, diverges.
We next prove that |c,| /4 0 as n — 0o by establishing that liminf, . |c¢,| > 0. By definition
of ¢,, we have

n

k n—k 1 1
Cn—zakbn k—Z(_)(_l) \/k:—i—l\/n—k—l-l Z\/k—{—l n_k+1)

k=0

We want to estimate |c,| from below. The arithmetic—geometric inequality gives that if a,b > 0,
then vab < (a + b)/2. By this inequality with a = k + 1 and b = n — k + 1, we have

(k+1)+(n—k+1) n+2

VE+D)n—k+1) < 5 =5 fork=01,....n
Hence, for all n € N, we obtain a lower bound for |¢,| as follows
n
2 2 1
eal = z > Aty
\/k:+1 n—k—l—l) k:On+2 n+ 2

This means that liminf, ,. ¢, > 1 so that |¢,| /4 0 as n — oo. Hence, ¢, 4~ 0 as n — oo,
which proves that the Cauchy product Y 7 ¢, diverges.

Remark. To prove the arithmetic-geometric inequality, use that 0 < (a — b)? = a? + b* — 2ab.
By adding 4ab in both sides of the inequality, we obtain that

dab < a® + b® + 2ab = (a + b)*.
Dividing by 4 and taking square roots, we find that v/ab < (a + b)/2 for any a,b > 0.

Challenge questions (optional)

*5. Let B € RVXN be a matrix. Define || B|| be as in Tutorial 1, Question 5.
(a) Show that the series

oo
> B
k=0
converges in RV*N if
s(B) := limsup /|| B¥| < 1,

k—00

and in particular if || B|| < 1. (The series is called the Neumann series for the matrix B.)
[e.e]

Solution: By the root test, the series Z B* converges if s(B) < 1. Since ||B*|| < || B||*
k=0

oo
for all k£ € N, we have s(B) < ||B||. Hence, if || B|| < 1, then the series Z B* converges.
k=0



(b)

oo
If the Neumann series Z BF converges, show that I — B is invertible, and that
k=0

(I-B)™! :in. (2)
k=0

(Note the similarity to the geometric series.)

Solution: Weset S := 3 72 B¥ and let S, := >_}_, B¥ be the n-th partial sum. Then
by the convergence hypothesis of the Neumann series, we have that

nh_)ngo ||Sn — S| =0 and nh_{rolo | B"|| = 0. (3)
Let I denote the identity matrix in RV*¥. To prove (2), we need to show that
(I-B)S=S(UI-B)=1. (4)
To this end, we demonstrate that
(1= B)S ~ 1| = Jim (I~ B)S,— 1] =0.
IS( ~B) ~ I|| = lim [|Su(I ~ B) ~ I]| = 0.

We first prove the second identities in (5). We notice that
n n n
(I-B)S,—-I=(I-B)Y B*~1=) BF-) B! _1=_p" (6)
k=0 k=0 k=0

Similarly, we find that

S,(I —B)—1I= <Zn:Bk> (I—B)—I:Zn:B’f—zn:Bk“ —I=-B""'. (7)
k=0 k=0 k=0

Using (3), (6) and (7), we obtain that
I(I = B)Su — IIl = 1Sull = B) — 1| = | B+ = 0 as n — . (8)

Hence, to conclude (5), it remains to show the first equalities in the relations of (5). To
this aim, we prove that (I — B)S, — (I — B)S and S,(I — B) — S(I — B) as n — oo.
Indeed, using (3), we infer that

(I = B)Sn = (I = B)S|| = [|(I = B)(Sn = S)|| < I = Bll[|Sn = S| =+ 0 as n — oo,
1Sn(I = B) = S(I = B)|| = [[(Sn = S)(I = B)| < |[Sn = S|IT = Bl =0 as n — oc.

It thus follows that
(I-B)S,—I—-({I—-B)S—1 and S,(/—-B)—1I—S(I—-B)—1Ilasn—o0. (9)

From (8) and (9), we conclude the assertions of (5). Hence, (4) holds.

Show that |A| < s(B) for all eigenvalues A of B, where s(B) is as in (a). Give an example
where equality holds.

Solution: We prove the contrapositive of the assertion, that is |A\| > s(B) implies that
A is not an eigenvalue of B. To this aim, we assume that |A| > s(B). Since A # 0, we
can write A\I — B = A(I — A"!B). Hence, AI — B is invertible if and only if I — A1 B is
invertible. By part (a), the matrix I — A™' B is invertible if

s(A7'B) = limsup [|A"*B*||'/F = |A| M limsup || B*||'/* = |\ 7's(B) < 1.

k—o00 k—o0



Hence, if |\| > s(B), then the matrix Al — B is invertible. This proves that if A is an
eigenvalue of B, then |\| < s(B). Note that equality is possible. For example, if B = I
then 1 is an eigenvalue of I. Also ||I|| = V/N, so s(I) = hmn%o(\/ﬁ)l/” = 1. For a
general matrix B, it can be even shown that there is always an eigenvalue A such that
|A| = s(B). Hence, s(B) is the maximal modulus of the eigenvalues of B.

Show that the above series may converge, no matter how large || B]| is.

0
0
but since B? = 0 we have s(B) = 0 for all a € K. Hence there is no connection between
the magnitude of || B|| and the convergence of the series under consideration in general.

Solution: Consider the matrix B = [ g] . Then || B|| = |a| can be as large as we like,

*6. Try to construct an array xz;, (j,k € N), such that the row and the column series converge

oo
absolutely, but Z T, (;) diverges for some bijection o: N — N x N.

=0

Solution: Consider the array

o O O O
o O O O O

Then we have

0o 00 o oo
Z’Z%k‘ZZ‘Z%‘ =14040+---=1,

=0 k=0 k=0 j=0

showing that the row and column series converge absolutely. Now we sum a different way over
the array. We take three 2 along the diagonal, then two —1 in the off diagonal, then again three
2 and two —1 and so on:

24242-1-14+2+24+2-1-14+24+24+2-1-14+24+24+2-1-1+....

It is evident that the latter series diverges.
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