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Questions marked with * are more difficult questions.

Questions to complete during the tutorial

1. Suppose that f,,: D — KV are continuous on a domain D in K¢ and f, — f uniformly on D.

(a)

If (x,,) is a sequence in D with z,, — « € D, show that f,(z,) — f(x).

Solution: Suppose that x,, — = € D. We have f,(z,) — f(z) if || fo(zn) — f(2)| = 0
as n — oo. Using the triangle inequality, we obtain that

1f(n) = @I < ) = )l + 1) = £@)]
up 1£2(s) = F Wl + 1) = £ W

= [[fn = flloo + [1f (@n) = f()]].

Since f, — f uniformly on D, we have ||f, — fllc — 0 as n — oo. Using that f, is
continuous for all n € N and f,, — f uniformly on D, we have that f is continuous on D
as well. Hence, f(x,) — f(x), that is ||f(z,) — f(z)|]| = 0 as n — oco. By (1) and the
squeeze law, we conclude that f,(z,) — f(z) as n — oc.

IN

Let D be closed and bounded. If f, — f pointwise on D, but not uniformly on D and
x, — x € D, can we expect that f,(z,) — f(z)? Give a proof or counterexample.

Solution:  The function f,(x) = nae e’ converges pointwise to the zero function

f(z) = 0 for all x € [0,1], but not uniformly on D = [0,1]. In this case, there exist
sequences (z,) in D with z, — 0 € D for which f,(x,) # 0. Take, for example,
Ty, :=1/y/n for n > 1. We clearly have z,, — 0 and yet

folzn) = Vnje — o0 as n — oo.

2. For z € Rand n € N, set f,(x) := nz exp(—nz?).

(a)

Show that f,, converges pointwise and determine the limit function.
Solution: If x = 0, then f,(0) = 0 for all n € N. Hence, f,(0) — 0 as n — oco. Let
x # 0 be fixed. Then by definition of the exponential function

_ njz| 2n|z| 2

Hence, f,, — 0 pointwise on R.
Show that f,, does not converge uniformly on any interval containing x = 0.

Solution: Let I denote an arbitrary interval containing 0. We have f,, — 0 uniformly
on [ if and only if || f]|cc — 0 as n — oo. Since |fn(y)] < || fnlloo for every y € I, if we can
find a sequence x,, € I with z,, — 0 such that |f,(z,)| /~ 0 as n — oo, then f,, cannot
converge uniformly on I. Set x,, := 1/y/n for n > 1 if I contains some small interval [0, V]
with v > 0 (respectively, x,, = —1/y/n if [-1,0] C I for some v > 0). The claim follows
since | f,(zn)] = /n/e = o0 as n — oo.
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(c) Show that f,, converges uniformly on every closed interval not containing = = 0.

Solution: Let J C R be any closed interval not containing 0 where f, converges
uniformly. Then there exists » > 0 such that |z| > r for every = € J. Using the definition
of the exponential function, we find that

_ njz| 2n|z| 2 2
| fo(2)| = ena? = (na2)2  nlzP T nrd

for all n € N\ {0} and all z € R with |z| > r. Hence, f,, — 0 uniformly on J.

Extra questions for further practice
3. For every n > 1, we define the function f,(z) := |z|"/" for z € R.
(a) Prove that f, converges pointwise on R and determine the limit function.

Solution: For x # 0, we have f,(z) = |z|'/" — 1 as n — oo. Moreover, f,(0) = 0 for
all n > 1. Hence, f, converges pointwise to f given by f(xz) =1 if x # 0 and f(0) = 0.

(b) Show that f,, does not converge uniformly on R.

Solution: We know that the uniform limit of continuous functions is also continuous.
Here the limit function f is not continuous at 0 although all the f,, are continuous on R.
Hence f,, cannot converge uniformly on R.

(¢c) Give an interval on which f,, converges uniformly.

Solution: For example, f, converges uniformly on the interval [1,2]. Indeed, we have
ngn(ff)—f(fﬁ):fn(fﬁ)—1§21/"—l—>0 as n — 0o

for all z € [1,2].

4. Use the binomial series to get the Taylor series expansion of the following functions about z = 0.

(a) v1+a
Solution: We have T+ = (1 + x)'/2, so we apply the binomial series for o = 1/2.
1 1
We have (g) =1 and (%) = 1/2. Furthermore, for k € N with k£ > 2, we find that

(i) _ %%<% - 1) (% _2) <% —k—l—l) _ (_1)k—11 23456(2?2;)3)

Therefore, for |z| < 1 we obtain that

= /1 1 > 3:5-...-(2k—3)
Vitz= <2>xk—1+x+ (—1)F1 "
kZ:O k 2 g 4-...-(2k)

1 1
=14 -z - z? +

3 3
2" 247 1246

X x4+...

2.
35
2-4-6-8
1
Vit
Solution: We have 1/y/1+z = (1 + z)~%/2, so we apply the binomial series for a =
—1/2. We have (70%) =1 and for every k € N\ {0}

1 3D -
()= (g be) = i




Therefore, for |z| < 1 we obtain that

1 = (-1 ad 1-3-5-...-(2k—1)
_ 2 .’Ek:1+ _1k‘ $k
r = () e e T
1 1-3 1-3-5 1-3-5-7
—1-= 2 3 4
2" Ty Trae Traes”
(c) sin~ta.
Solution: We know that
1
1y
sin"" z) = —— for |z| < L.
v
If we substitute —z? into the series obtained in (b), we find that
1 —~1-3-5-...-(2k—1
(sin_la:)':i:l—kz ( )x% for |z| < 1.

N S 24 (2k)

Integrating the series term-by-term, we infer that

[e.e]
1-3-5-...-(2k—1) 22k
1,
S m_cﬂHkZl 2.4-...-(2k)  (2k+ 1)
for some constant c. Since sin~!(0) = 0, we obtain that ¢ = 0, and therefore

0)=0
L Z1-3-5-...-(2k —1) 22+
g = f 1.
S x+; yd 2k @ken ol

Note that the series above coincides with the Taylor series of sin™! about z = 0. Try
to compute that series directly by computing the derivatives of sin™! and estimating the
error terms. Doing so you will see how powerful the methods developed are!

*5. Suppose that (f,),>1 is a monotone sequence of continuous functions on I = [a,b]. Prove that
if f,, converges pointwise on I to a continuous function f, then f,, — f uniformly on I. (This
fact is known as Dini’s Theorem.)

Solution: Suppose that (f,) is a decreasing sequence of functions, that is f,1(z) < fn(x)
for all z € [a,b] and all n > 1. Since f,, converges pointwise to f on I and f, is decreasing, we
have f < f,, on I for every n > 1. Assume by contradiction that f,, # f uniformly on [a,b].
Then there exists 9 > 0 such that for each k > 1 there exist ny > k and xj, € [a, b] such that

| o (x) — f(21)| > €0 (2)

Since [a, b] is closed and bounded, it is sequentially compact. Hence, (x}) contains a subsequence
(zx;) with x, — £ as j — oo and /£ € [a,b]. We want to prove that

fu(l) — f(£) > eo for every n > 1. (3)

From k; — oo as j — oo and ng; > kj, it follows that ng; — oo as j — oo. Thus, for every
n > 1 fixed, there exists jo > 1 large (with jo depending on n) such that ny, > n for all j > jo.
Hence, by the monotonicity of f,,

fa(@ry) = fzy) = fog, () = flagy) for all j > jo. (4)
On the other hand, using (2) with k; instead of k, we have
o, (wny) = flan;) = €0 for all j = jo. (5)
By combining (4) and (5), we obtain that
fu(zr,) — f(zy,) > €0 for all j > jo. (6)

Since xy; — £ as j — oo, by passing to the limit j — oo in (6) and using the continuity of f,
and f at ¢, we obtain (3). Since f, — f pointwise on [a,b] and ¢ € [a,b], by letting n — oo in
(3), we find that 0 > £¢, which is a contradiction. Hence f,, — f uniformly on I = [a, b].



Challenge questions (optional)

The following guides you to a proof of the Weierstrass approzimation theorem, a theorem asserting
that all continuous functions on a closed and bounded interval can be uniformly approximated by a
sequence of polynomials.

6.

(a)

Prove that for all x € [0,1] and all n € N\ {0}, we have

Z (n) :Ek(l — x)”_k =1.
k

k=0

Solution: The claim follows from the binomial theorem since
" /n
l=(z+(1-2)"= Z (k>xk(1 —z)"k,
k=0
Prove that for all z € [0,1] and all n € N\ {0}, we have

zn: % (Z) 2P (1 — )"k = 1.

k=1

Solution: Note that

7]2(:) N ik!(nni k) (k- 1)!((7?1—_1;)i k—1) <Z: i) (7)

Hence, if we use (a) with (n — 1) rather than n, we obtain that

3 X (Z)xk(l s (Z - 1)#(1 ek

k=1 k=1
n n—1
_ n—1\ p1 n—1)—(k—1) _ n—1\ n—1—k _
—mkg_l(k_l):z: (1 —z)r= D= )—xg i (1 —x) = .

This proves the assertion of (b).
Use (a) and (b) to prove that for all x € [0, 1] and all n € N'\ {0}

Zn:(fb - :z:)2 (Z):L‘k(l — )k < ﬁ. (8)

k=0

Solution: For n =1 a simple claculation gives that the left-hand side of the inequality
(8) is (1 — x), which is clearly bounded from above by 1/4 for all € [0,1]. We now
prove (8) for n > 2. Note that by (7), (a) and (b), we have

n

3 f; (Z) 2k (1 — z)n*

k=1

n n—1
B kE(n—1\ , nek E+1(n—-1\ . 1k
_Zn<k—1>x (l—x)" "=z - ( i >:U (1—x)

k=1 k=0

n—1 n—1

n—1 E(n—=1\ kT n—1\ 4 1k

— 1 n el 1— )"
n zz:n—1< k )x( 7) +nk§::0< k )x( z)




for all z € [0,1] and all n > 2. Using (a), (b) and the above, we therefore find that

Sty (o

for all z € [0,1] and all n > 2. The required estimate follows since 1/4 is the maximum
of (1 —x) on [0, 1].

(d) For the function f € C(|[0,1],R) define the sequence of polynomials

x) = i:f(f;) <Z>xk(1 —z)" % for n e N\ {0}.
k=0

(pn are called Bernstein polynomials associated with f.) Fix ¢ > 0. By the uniform
continuity (Theorem 22.8 in the lecture notes), there exists > 0 such that

€

) = f@)l < 5

whenever z,y € [0,1] and |y — z| < 0. For every n > 1, set
Api={k:0<k<n,|lz—k/n| <6}, Bp:={k:0<k<n,|z—Fk/n|>d}.

(i) Use (a) to show that for every n € N\ {0}
LA (") — )k < S
)l (oo <3

Solution: Using (a) and the definition of A,,, we find that

k;ﬂ‘f<i>—f(x)’(2)xk(l—m” < = Z() 1—.75""“:;

for all z € [0,1] and all n € N'\ {0}.
*(ii) Use (c) to show that for all n € N\ {0}

> () -] () -t < Yl

Solution: Since |k/n — x| > § for k € B,,, we have

(k/n—x)* _ (k/n—x)?
jn—a2 = &

whenever k € B,,. Using (c), we obtain that

S rel(2) 0ot (o) o) gt

<2l ¥ () o 1 - gyt < Wl g (n_x)2<2)xk(1—x)n_k
keBy,
/

Wl 1 Wl
=62 4n 2062
for all x € [0,1] and all n € N\ {0}.

1 =

5



(iii) Hence conclude that p, — f uniformly on [0, 1].
Solution: Fix ¢ > 0 and choose § > 0 as above. Using (a), we find that

o) 1601 = (1 (£) = 60) ()40 -
k=0

Tl (-
keA,
-l

for all z € [0,1] and all n € N\ {0}. Hence we can choose n. > 1 such that

£l o
2nd2

<¢e/2 forall n>n..

Then for all z € [0, 1] and every n > n., we have

pa(a) — f@)| < S+ =e.

Since £ > 0 was arbitrary, we conclude that p, — f uniformly on [0, 1].
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