STAT2912: Statistical Tests

Semester 2 Statistical Tests (Advanced) 2011

Exercise 2 Solutions

1. (a) The parameter of interest is u, the average hourly wage in a given company. The
objective is to determine whether this company pays inferior wages in comparison
to the total industry. The hypothesis to be tested is

Hy: p=216 vs. Hp:p<21.6.

(b) The test statistic is t = /n(X — 21.6)/2.5. Using the information contained in
the sample, we have

t =/40(20.3 — 21.6)/2.5 = —3.29, p = ®(t) = 0.0005.

Hence, there is very strong evidence that this company is paying substandard
wages.

(c) We reject the null hypothesis Hy at the level o = 0.01 if
VAO(Z — 21.6)/2.5 < —zg01 = —2.32,
that is, we reject Hy at the level a = 0.01 if = < 20.68.
2. (a) For the z-test, we should reject the null hypothesis Hy if
M > Za.
. =~
With the information contained in the question (n = 25,0 =5, ug = 7), we reject

the HO if B
|X - 7| Z 20.025 — 196,

The rejection region based on the X is given by

X>7+19=896 U X <7-196=5.04.

(b) Recall the power is the probability of rejecting Hy with the true value p = pq,
ie.,
Power(u1) = P, (X >8.96) + P, (X <5.04)
= Py (X — 11 >896 — 1) + Puy (X — py <5.04 — p1g)
1 —®(8.96 — pq) + D(5.04 — pq),
where we have used the result: \/n(X — p)/o ~ N(0,1).
With puy =5,6,6.5,7,7.5,8,9, the corresponding powers are
Power(5) = 0.516, Power(6) =0.17, Power(6.5) = 0.079,
Power(7) = 0.05, Power(7.5) = 0.079, Power(8) =0.17, Power(9) = 0.516.

The graph of the power function is as follows:
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3. Let X be the sample average that generates Z. By the central limit theorem, for

n > 20, -
V(X —B)
B

Let p =Py, (X > ¢). It follows from the central limit theorem that

~ N(0,1) approximately.

=P, (VBB(X —1) 2 V2(c—1)) ~ 1= D (5(c — 1)),

Choose ¢ such that

1—®(5(c—1))=0.05.
Then the test that rejects Hy if z > ¢ has significance level o« = 0.05.
The c is given by

5(c—1) = zp05 = 1.645, c=1+1.645/5=1.329.

4. First we find the likelihood function

1

Now, by the Neyman-Pearson lemma, the most powerful test for testing Hy : 0 = oy
vs. Hy : 0 = 01, where o1 > 09, has the form

ZZ 7
L(OO|X)<C<:)>6271<C <:>Z L—L < C
L(o1]x) . ~5e7 Zim1 T ! 202 202 '

Finally, since # o 2 < 0, we obtain that the critical region has the form Y i | 27 > c3.
1

The test is UMP, because the form of the most powerful critical region depends only

on the fact that oy > 0y, but not on the specific value of oy.



