THE UNIVERSITY OF SYDNEY
MATH1003 INTEGRAL CALCULUS AND MODELLING

Semester 2 Exercises and Solutions for Week 5 2009

Assumed Knowledge Sketching curves of simple functions. Integrals of simple functions
such as 2" (including 1/x), sinx, cosz, €”.

Objectives
(4a) To understand and be able to use integration by parts to evaluate definite integrals.

(4b) To understand that an indefinite integral is a function.

(4c) To understand that differentiation and (indefinite) integration are inverse processes
when applied to functions.

(4d) To be able to sketch a function defined by an integral.

(4e) To be able to derive a reduction formula for an integral.
Preparatory Questions

1. (i) Find the indefinite integral /tana?d:)s.

sin x

Hint: Use tanz = and substitute u = cos z.

COsS T

(ii) Use two integration by part to find the indefinite integral / z?e” d.

Practice Questions

2. Evaluate the following integrals by using integration by parts.

1/2 w/4 2
(z)/ re** dx. (m‘)/ 0 sin 46 df. (i) / t*Int dt.
0 0 1
Solution

(i) Choose u =z and dv = e**dz. Then du = dz and v = 3e¢**dx. So,

1/2 1 1/2 1/2 1 1 1/2 1 V2
/ xe? dx = [x—em} — / —e®dy = {x—em} — [—em} = .
0 2 0 0 2 2 0 4 0 4

(i4) Choose u = and dv = sin46 df. Then du = df and v = — cos46. So,

w/4 1 /4 w/4
/ 0sin 46 df = [6’ (—— oS 49)] — / (— cos 40) do
0 4 0 0

w/4 w/4
1 1 ™
= - 4 + |—sin4 = —.
[9( 4cos Q)L [16 sin QL 16



(iid)

2 1 2 1.1 1 20 8?
/tﬂntdtz{—t‘?’lnt} —/ —32dt = {—t?’lnt] —{—} :§ln2—z.
. 3 . S 3t 3 . 9|, 3 9

L
. Define Si(x) as Si(z / f(t)dt, where f(t) =< t

1 t=0.
This function is called the sine-integral, and is useful in optics.

This is the graph of f(¢).
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(i) What is Si '(z)?. (71) What is the value of Si(0)?

(ii1) For 0 < x < 3, use the graph of f(t) to determine the values of x for which Si(x)
is increasing, and the values of x for which it is decreasing.

(7v) For which values of z between 0 and 37 does Si(x) have stationary points?

)

(v) Use the graph of f(t) to estimate Si(r), Si(27) and Si(3m).

(vi) Use the graph of f(t) to determine values of z at which Si has points of inflection.
)

(vii) Sketch the graph of Si for 0 < z < 3.
2
1
0
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Solution
(1) By the Fundamental Theorem of Calculus Part I, Si'(z) = Y for o # 0 and

Si'(z) = 1 when 2 = 0.

/S‘—ntd_o

(711) From (a), we have Si'(x) = (sinz)/x. Now Si(x) is increasing when Si'(z) > 0,
and decreasing when Si'(z) < 0, so we need to determine the values of z for which
(sinz)/x is positive, and those for which it is negative. Looking at the graph
provided, or noting that for z > 0 we have (sinz)/z > 0 precisely when sinx > 0
and (sinz)/x < 0 precisely when sinz < 0, we see that

(sinz)/x >0, for0<z<mand2r <z <37
(sinz)/z <0, form <z <2m.



(vi)
(vi7)

So Si(x) is increasing for 0 < x < 7 and 27 < z < 3w, and decreasing for
<z <2m.

Si(z) has stationary points when Si'(z) = 0. Looking at the graph again, or
noting that (sinz)/z = 0 precisely when sinx = 0 (except at z = 0), we find the
stationary points of Si(x) to be at x = 7,27, and 3.

Add up the squares under the graph of (sinx)/x to estimate Si(z), remembering
that the area of each square is 0.2 x 0.2 = 0.04 and that the area under the = axis
is given a negative sign. This gives Si(7) = 1.9, Si(27) = 1.4, Si(37) = 1.7. Note
that these are approximate, and you may have obtained slightly different values.

Since (sinz)/x is the derivative of Si, the points of inflection of Si occur when
(sinx)/x has stationary points. That is, when = = 0, 4.5, 7.7.

The sketchzof the function is

T ™~ | _—
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4. Establish the following reduction formula. [Hint: Write the integrand as u(x)v'(z)

where u = cos

n—1 LU]

1 ) n—1
/cos” rdr = = cos" trsinz + cos" 2z dx .
n n

Use this formula to find [ cos? z dz and [ cos® x dz.

Solution Putting u = cos™ !z and v' = cosx so that v = sinx, we can integrate by
parts:
n n—1 d :
I,= [ cos"xdx = [ cos xd—(sm x)dz
x
=cos" txsinx — /sin r— (cos" ' x) dx
dz
=cos" txsinz — /Sin x(n — 1) cos" ? z(—sinz) dr
=cos" ' xsinz + (n — 1) /sim2 rcos" 2 xdx
=cos" 'xsinz + (n—1) /(1 — cos® 1) cos" ?wdx
=cos" twsinz + (n— 1), — (n—1)1,.
Rearranging,
n—1 : 1 n—1 . n—1
nl, =cos" “xsinzx+ (n—1)I, o or I,=—cos" xsinz+——I, 5.
n n

Now Iy = [cos’zdx = [dx =z + C, so

and

1 1 1 1
I, = icosxsinx—l— 510 = §cosxsinx+ §x+C’1

1 3 1
I, = Zcos%csin:c + =1, = = cos®

xs’nx+§cos sin —|—§ + C.
1 1 1 g rsinx Sx o .



More Questions

5. Let g(z) = [, f(t) dt where f is the odd function whose graph is shown.

Q
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(i) Evaluate g(—3) and ¢(3).

(7)) Estimate g(—2), g(—1) and ¢(0).

(4i1) On what interval is ¢ increasing?
)
)

(iv) Where does ¢g have a maximum value?

(v) Sketch a rough graph of g.
Solution

(i) 9(=3) =0, g(3) = 0.

(i) g(—2) =~ 14, g(—1) ~ 3.3, g(0) ~ 4.2.
(i) (=3,0).

(iv) At t=0.

(v) The sketch is roughly, :
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6. Evaluate the following integrals by using integration by parts.

1 T w/4
(7) / (2x + 3)e” du. (77) / 6? cos 36 df. (447) / tsintcost dt.
0 0 —m/4
Hint: First use an identity in (4i1).
Solution
(4)
1 1
/ (22 + 3)e” dr = [(2x + 3)e”], — / 2¢%dx = [(27 + 3)e”], — [2¢7]y = 3e — 1.
0 0

(ii) First choose u = 62 and dv = cos 30 df. So du = 26 df and v = § sin 36.

™ ™ ™ 1
/ 62 cos 360 df = {92 sin 39] — / 26’5 sin 36 d6
0 0

0

— [—stin%] —2/ 6 sin 36 d6 .
3 0 3 0



8.

Now we need to integrate by parts again, this time choosing u = # and dv =

sin 36 d6.
L 1 T 4 1
/ fsin360df = [«9 (——00839)] —/ (——00539) do
0 3 0 0 3

= [—%9 cos 39] + B sin 39]

0 0

i 1 2 2 T 2
/0 6% cos 360 df = {592 sin 30 + §900s39 — 2—78in36’]0 = _?W )

(#ii) First use the identity sin 2t = 2sint cost and then integration by parts.

w/4 1 w/4
/ tsintcostdt:—/ tsin 2t dt
—m/4 2 —7/4
1 1 m/4 /4
=— {t (—— cos 2t))] - / (—— cos 2t) dt
2 2 /i /4 2

w/4
1 1 1
= |——tcos2t + —sin 2t = —.
4 8 —7/4

Let I,, = [a2"e"dx. Use integration by parts to establish the reduction formula
I, =2"e"—nl,_;.

Hence find [ z3e”dz.

Solution Choose u = 2™ and dv/dx = €”, i.e. v =¢". Then

d
I, = /:E"d—ex dr = z"® — [ nz" te®dr = 2"e* —nl,_; .
x

To find I, first find Iy = [2%“dx = [e"dx = e* + C. Then
I =xe®" — [ =xe* —e* 4+ (',

and
I, = 2%e® — 2I; = %e® — 2ze® + 2 + Cy,

and
I; = 2%e® — 31, = 23e® — 32%e” + 6ze” — 6e” + Cj.

(i) Let I, = [ z(Inz)"dx. Use integration by parts to establish the reduction formula

1

I, = 5:62(1:(1:1:)" — g el -

(ii) Starting with Iy = [z dx = 12 + C, use the reduction formula from part (i) to
find ]2.

Solution



(i) Since we cannot easily integrate (Inz)", we choose v = (Inx)" and v'(x) = z, i.e.
v(z) = 22/2. Then

/x(lnx)"da: _ /(lnz)"% (%2) do

2 2 dx
1 2

= ixz(lnz)"—/%n(lnx)" 1= dx
1 n

1 n
_ T2 n__ "7 n—1 — A2 n__ "7
=57 (Inx) 5 /x(lnzz) dx 5% (Inx) 5 ln-1-

(ii) Starting with Iy = 2% + C,

1 1 1 1
I, = §$2(1n:)§) — 5[0 = 51'2 Inz — 12:2 +C4,

where (' is a constant. Applying the formula again,

I, = %x2(lnx)2 - %Il = %:z:z(ln:z:)2 - %xz Inz + iﬁ +Cs.
Answers to Selected Questions
1. (i) —In|cosz|+C. (ii) (2 — 2z +2)e” + C.
2. (i) = (i7) %. (i) §1n2 - g.

i(z) is increasing for 0 < z < m and 27 < = < 37, and decreasing for 7 < = < 27.

4
S
m, 2w and 37w
Si(m) &~ 1.9, Si(27) =~ 1.4, Si(37) ~ 1.7
0

1 1
4. I, = §cosxsinx+§x+6'

5. (1) 9(~3) = 9(3) = 0 (i1) g(~2) ~ 1.4, g(~1) ~ 3.3, g(0) = 4.2 (iid) (~3,0) (iv) t = 0
, . 2w |
6. (i) 3e—1. (47) 5 (4ii) 7
7. Iy = 23e” — 32%e® 4 6xe” — 6 + C
1 1 1
8. I =—2*(Inz)* — ~2’Inx+ -2+ C

2 2 4



