THE UNIVERSITY OF SYDNEY
MATH1003 INTEGRAL CALCULUS AND MODELLING

Semester 2 Exercises and Solutions for Week 6 2009

Assumed Knowledge Simple properties of the functions Inz and e”, including their
derivatives.

Objectives

(5a) To know and be able to use the properties of the In function.
(5b) To know and be able to use the properties of the exp function.
(5¢) To know and be able to use the properties of the generalised exponential function a®.

(5d) To be able to perform a logarithmic differentiation.

Preparatory Questions

1. Simplify each of the following expressions:

(i) emn® (i) Iny/e (iii) evtine,
2. Find dy/dx for each of the following:

(i) y =2 (i) y:ln(l”)

11—z

(ii1) y=logyx (i) y =logpx

Practice Questions

3. Find dy/dx for each of the following:

(1) y= 310g2(1'2) (1i) y =logio VT
(ii1) y =" (iv) y = (sinx)”®
(0) y = 22T —4
VY= e
Solution

6lnz dy 6

m2 °dr  zn2
Inx dy 1

= —— 50 — = .
2In10  dr 2xIn10

(i) 3logy(2?) = 6logy(x) =

. 1
(7) log, \/5 = 2 10g10(1')

(447) Z—z = % (%) = % (") =e"™ (zx L +Inz) =2"(1 +Inz).



(iv) First write (sinx)® as e®™62) then

dy o d : T\ __ d z In(sin z)
el ((sinz)®) = T (e )
. 1
= @ln(sing) (a: X —— X cosz + In(sin a:))
sin x

= (sina)”(z cot @ + In(sin z)).

(v) Iny =2Inz + 1 In(7z — 4) — 41In(1 + z?).
Differentiating both sides with respect to x, we have
Idy 2 1 7 2x

e —4 .
ydx x+3x7x—4 X1+:c2

dy x2\3/7:c—4(2 7 Sx)

Therefore, 4 = LV —2 (2 -
O e T U \z T 3a—d 142

4. Recall the hyperbolic sine and hyperbolic cosine functions, sinh x and cosh x, are de-
fined as sinhz = 1(e” — ¢™) and coshz = 1(e” + 7).
Using properties of the exponential function, show that

(7) o sinh z = cosh z (i) e cosh z = sinh .

(#ii) cosh A cosh B + sinh Asinh B = cosh(A + B)
(1v) 2(cosh A)? — 1 = cosh(24).

Solution
. . o ]- d {E_ —x _} x —T —

(7) %smhx— o (" —e™™) = 5 (¢" + e ") = cosh .
;- 1d T —x _1 T T\ o

(i) %coshz—§% (¢ +e )—2(6 e~") = sinhuz.

(iii)
cosh A cosh B + sinh A sinh B

= l(eA 4 e_A)(eB + e_B) + l(eA _ e_A)(eB i e_B)

4 4

- %(eAJFB +eATB 4 e ATE L omATB) | oAFB _ oATB _ omATE | o(ATE))
1

= §(eA+B + e~ UHB)) = cosh(A + B).

A —A\2
1 1
(iv) 2 (%) —-1= §(e2A +2ete 4 e 1= 5(62A + e7%4) = cosh(2A4).
5. (i) Use I'Hopital’s rule to find lim In{(1 +2)"/}.
(ii) Hence find lim(1 + z)l/e.
[Note: lir% In{(1+z)"/*} =In (lin%(l - a:)l/w). Can you say why?|

Solution



In(1 L
(4) lir%ln(l +x)/r = lirréM = lir% Lt
r— T— €T Tr—

used in the second step.

=1 where I’'Hopital’s rule has been

(#) Since Inz is continuous, lir% In(14z)"/* =1In (hm(l + x)l/m> =1.

z—0
Therefore, lir%(l + )/ =e.
6. (i) For which positive real numbers z is it true that \/z > /27

(i) Without using your calculator, and assuming that m ~ 3, determine which of the
following is bigger: (y/7)™ or V7.
[Hint: The exponential function is always increasing, so if a > b, then e® > e’ ]

Solution

(1) If /x> /2 then 4z > x* or (4 — x)x > 0 which requires 0 < z < 4.

(ii) (V)™ = exp(rln/7) = exp(3Inn), and 7V™ = exp(y/TIn ).
Now, 0 < 7 < 4, and so § < /7 (by part (z)).
Therefore ZInm < /7Tlnw (Inm > 0), and exp (3 In7) < exp(y/7Inm).
That is, (/7)™ < 7V,

More Questions

1
7. Consider the function f(z) = %, which is defined for all z > 0. Show that this

function is strictly increasing on the interval (0, e), strictly decreasing on the interval

1
(e,00), and thus has a global maximum at z = e. Hence show that f(x) < — for all
e
x > 0. Use this result with = 7 to show that 7¢ < e™.

1/1 1 1-1
Solution The derivative f' = — (—) ——hnr = 2n:c' Since 2% > 0 for z > 0, the
T T

x x
sign of f’(x) is determined by the sign of 1 —Inz. This is positive when 1 —Inz > 0, i.e.
Inz < 1, and negative when 1 —Inz < 0, i.e. Inz > 1. Now Inz = 1 when ™% = ¢!,

i.e. when z = e. Therefore, when 0 < x < e, f'(z) > 0 so the function is increasing
and, when x > e, f’(x) < 0 so the function is decreasing. Hence, f(x) has a maximum

when x = e. l )
ne
If f(x) has a maximum at x = e, then f(x) < — = — since Ine = 1.
e e
Now 7¢ = 2™ = 87 But if we put # = 7 in the previous result, In7/7 < 1/e or
elnm < 7 (an inequality holds because the maximum occurs at * = e, not x = 7).

Since €? is an increasing function of z, e*!"™ < 7, ie. ¢ < €7

Answers to Selected Questions

1. (i) "0 =6. (i) Iny/e =1 (e!2) = tine=1.
(ZZZ) 6x+1nm — emelnm — 1e”.
2
2. (i) 2°In2 (i1)



1 (iv) 1

(i) i REITST)
3. (i) xliQ (i) 2331110 (iii) 2°(1 + Inx)

(iv) (sina)”(xcot e + In(sinx)) (v) zflm (% + 3(7;_ i 1&32)
. (i) 1 (i) e

. (i) 0<z<4 (i) (Vm)™ < mVT



