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1. Find a closed form for the generating function of the sequence ag, aq, ...
where ag =1, a1 = 1 and

Ay, = D0p_1 — 6ap_o .

Solution.
Let
G(z)=ap+a1z+ asz® 4+ azz® + - -
be the generating function of the given sequence ag, a1, as, .... After multi-

plying by z and 2? we find that

2G(z) = apz + a1z + ag2® + - -

22G(z) = ap?® +a1zd 4+ - .
Then using the recurrence relation a,, — 5a,,—1 + 6a,,_2=0, we obtain
(1—52+62%)G(2) = ap + (a1 — 5ap)z.
Using the initial values ag = 1 and a; = 1, we then have
(1—5z+622)G(2) =1 — 4z.

Hence the closed form of the generating function is

1 -4z
G(z) = ——.
(2) 1 —5z+ 622
2. Let ag, a1, as, ..., be a sequence of integers satisfying the recurrence relation

(p — 20p—1 — Qp—2 + 20,3 =0,

for n > 4, where ag = 0, a1 =0, as = 2 and az = 5. Find a closed form for the
generating function of this sequence.

Solution.

Let
G(2) = ap + a1z + az2® + azz® + agzt -



be the generating function of the given sequence ag, a1, as, .... After multi-
plying by z, z? and 2%, we find that

2G(z) = aoz + a12% + apz® +azz* + - -
PG(z) = aoz® + a12° + agz* + - -
2G(z) = apz® +arzt 4 - -

Then using the recurrence relation for n > 4, we have
(1—22— 22 +22°)G(2)
=ag + (a1 — 2a9)z + (ag — 2a1 — ag)z* + (az — 2as — a3 + 2ag)2>.
Using the initial values ag = 0, a1 =0, ao = 2 and a3z = 5, we see that
(1 -2z — 22 +22%)G(z) = 22° + 2°,
and hence the generating function in closed form is

_ 222 4 23
01— 2z — 2242237

G(2)

3. Solve the following recurrence relations using generating functions:
(i) xp=4x,_1 — 3T,_2, where g = 1 and z; = 2.

(i) xp =3Tp—1 — 3Tp_2 + Tp_3, where xg =0, z1 =1 and z5 = 3.

Solution.
(i) Let
G(2) = g + 212 + 122% + 232 + -+

be the generating function of the given sequence xq, z1, T2, .... After
multiplying by z and 2%, we find that

2G(z) = Toz + 122 F a2 -
22G(z) = + o2 a4
Then we use the recurrence relation and the initial values to get
(1 -4z +32°)G(2) = 20 + (x1 — 4w0)z = 1 — 22,
so that

1-22
(1 —4z+322)

G(z) =

Now we have 1 — 4z 4+ 32% = (1 — 2)(1 — 3z) and we write

1-—2z2 A i B
(1—42+322) 1—2z 1-32




1
Solving this for A and B we find that A = B = 3 Thus

1 1
_|_

1 1
G(Z)_§1—z 21-3z

Using the formula for (1 — 2)™', replacing z by 3z for the second term,
we obtain

1 1
G(z):5(1+z+22+~-~)+§(1+32+3222+-~-)-

1 1
Hence the solution to the recurrence relation is z,, = 5 + 3 3".
Let
G(2) = g + 212 + 122% + 232 + -+
be the generating function of the given sequence xg, x1, x2, ... . After

multiplying by z, z? and 2%, we find that

2G(z) = Toz + 127 Fa02® -
2G(z) = R o T Al S
PG(2) = T2® 4o

Then we use the recurrence relation and the initial values to get

(1—32+32% = 2°)G(2) = 20 + (z1 — 3w0)2z + (v2 — 321 + 320)2° = 2,

and therefore G(z) = ﬁ But in general
1 n+k—1
—(1— kE _ n
(G S ")
Thus ) )
_ n+ n __ n+ n+1
G(z) ==z Z ( " )z = ( 9 )
n>0 n>0
n+1\ , 1 n
= ( ) )z = §n(n +1)z
n>1 n>1

1
Hence the solution to the recurrence relation is z,, = in(n +1).



4. Consider the recurrence relation
Ap = Ap—1 + 47

for n > 0 and where ag = 1. Find a closed form for its generating function and
thereby find a formula for a,,.

Solution.
Let
G(2) = ap+ a1z +agz® +azz” + -+
be the generating function of the given sequence ag, a1, ag, .... After multi-

plying by z, we find that
2G(z) = aoz +a12* + a9z 4+ - - .
Then using the recurrence relation and the intial value for ag, we see that

(1—2)G(2) = ap + (a1 — ag)z + (a2 — a1)z* + (azg — az)2® + - -
=14+4z+422+423+ ..

4
:1+4z(1+z+22+z3+---):1+1 S
—z
Hence 1 4
z
G(z) = :
(2) 1—,2—1_(1—2)2
Now
1 4z
G(z) = +

1—2 (1—2)2

= iz” + 4z i(n—i— 1)z"
n=0 n=0

o0 [oe)
= Z 2" 4+ Z 4(n+1)z" "1
n=0 n=0
oo o0
= Z Z" + Z 4nz"
n=0 n=0

so that a formula for a,, is
a, =1+ 4n.
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1. For each of the following recurrence relations, find a closed form for its gener-
ating function:

(¢)
(i)
Solution.

(4)

Tpto — DTpy1 + 62, =0 for all n > 0, with g =1 and z; = 3.

ay — 2a,_1 = 4" for all n > 1, with ag = 1.

Let
G(2) = o + 212+ 122% + 2325 + - -

be the generating function of the given sequence xg, x1, T2, .... After
multiplying by z and 2%, we find that

2G(z) = Toz + 127 Fa02® -
2G(z) = R AR A R
Then we use the recurrence relation and the initial values to get
(1 —52+62%)G(2) =20 + (1 — Bwg)z =122

so that a closed form is

1—-22
Glz) = ———.
=) 1 —5z+622
Let
G(2) = ag + a1z + az2® + azz® + agz* + - -
be the generating function of the given sequence ag, ai, as, .... Then

2G(z) = apz + a12® + ap2® +azzt + - - - .
Then using the recurrence relation and the initial condition, we obtain
(1-22)G(2) =1+4% + 4227 +4%2° 4 ...
=1+2(1+4z+ (42)° +---)

z _1—32
1—42 1—4z°

=1+

Thus the closed form of the generating function is

1-3z

CE) =T ma—1




6
2. Consider the following recurrence relation
Tp = —Tp_1+ 6T, 2,

for n > 2, where g = 1 and x; = 1. Find a closed form for its generating
function and then find a formula for z,,.

Solution.
Let
G(2) = o + 712 + 222 + 232° + -+
be the generating function of the given sequence zq, x1, T3, .... After multi-

plying by z and 22, we find that
2G(z) = Toz + 1127 +a92% -
22G(z) = + o2 F a4
Then we use the recurrence relation and the initial values to get
(142 —62°)G(2) = z0 + (21 + 20)z = 1 + 22,

so that the generating function in its closed form is

1+ 22
&) = a6
We have 1+ 2z —62% = (1 +32)(1 — 22) and we want to find numbers A and B
such that
1+ 2z A B

= + )

(14+32)(1—22) 143z 1—2z
This gives

1+ 22 _ A(1—2z) + B(1+3z)
(1+32)(1—22) (1+32)(1-22)

and so A+ B =1 and —2A + 3B = 2. Solving these equations simultaneously
yields A = { and B = 1. Thus

11
51432

1

G(2) T o

4
5

Using the formula for (1 — z)~!, replacing z by —3z for the first term and z by
2z in the second term, we obtain

G(z) = %(1-{—(—3)z—|—(—3)222+---)+§(1+2z+2222+---).

The coefficient for z" is x,,. Hence the solution to the recurrence relation is



7
3. Consider the following recurrence relation
An+4+2 = Ap1 + ap + N

for n > 0, where ag = a3 = 1. Write the corresponding generating function in
its closed form.

Solution.
Let
G(z) =ao+aiz+ as2? + a323 + a4z4 4.
be the generating function of the given sequence ag, a1, ag, .... After multi-

plying by z and 2% we find that
_ 2 3 4
2G(z) = apz +a1z2° + agz” +agz” + - -
22G(2) = a2’ + a123 + a2t + - - - .
Using the recurrence relations and the initial conditions, we then obtain

(1—-2z—-23)G(2)

:CL0+(CL1 —ao)z-l-(ag—al—a0)22+(a3—a2—a1)z3
+ (ag — ag — ag)z* + -+
=14+22+2244...

_ 3 2 _

Hence G(z) in its closed form is given by

1 22
G(z) = 1_Z_Z2+(1—z)2(1—z—22)'




4. (i) Find a closed form for the generating function of the recurrence relation

Ty —OTp_1+6x,_9=0, n>2 20g=3, x1=7.

(ii) Find a closed form for the generating function of the recurrence relation
Tp =2Tp—1 —Tp-2+n, n=2, xo=1, 1 =2

and then find a formula for z,,.

Solution.
(i) Let
G(z) =20+ x12+ x02? + x32d 4+

be the generating function of the given sequence xq, z1, Ta, .... After
multiplying by z and 2%, we find that

2G(z) = moz4a12° +122° +---

22G(z) = + o2 a2t 4
Then we use the recurrence relation and the initial values to get
(1 —52+62%)G(2) = 20 + (1 — 5wg)z =3 — 82

so that a closed form is

3 — 8z

Gl =156

(ii) Write the recurrence relation as:
Ty —2Tp_1+ Tp_o="n.
Let
G(2) = g + 212 + 122% + 232 + -+
be the generating function of the given sequence xg, x1, T2, .... After
multiplying by z and 2%, we find that
2G(z) = Toz + 127 Fa02® -

2G(z) = + o2 a4,
Then we use the recurrence relation and the initial values to get

(1 =22+ 23)G(2) = o + (w1 — 220)2 + 22% + 325 +42* + - -
= (1—2)+2(1+224322+42+---)

z



Then

(1-2)°G(2) =(1-2)+

so that a closed form is

G(z) = +

Using the facts that

1 = 1 = (k+3\
p— n d pu—
=X md =2 (M)

we obtain

n=0 k=
[ee) (o e)
:;z”ﬁ-; (n;2>z”

where we have used the substitution n = k£ + 1 is the second summation
of the last line. The coefficient of z" is x,, so that

n+ 2
n=1 .
x +< 3)



