THE UNIVERSITY OF SYDNEY
MATH 1004

Second Semester Discrete Mathematics 2011

(i)

(i)

Solution.

(4)

(i)
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Show that z,, = 6 - 2" — 4 is a solution to the recurrence relation

Ty = 3Tp_1 — 2Xp—2.

Show that z,, = (3"™! —1)/2 is a solution to the recurrence relation

Tpi1 — Tp = 371,

Show that z,, = n! is a solution to the recurrence relation

Tp —n(n —1)x,—2 =0.

Ifz,=6-2"—4thenz, 1=6-2""1'—4and z,,_o = 6-2""2 —4 so that

3%p_1 — 2T o =3(6-2"71 —4) —2(6-2"72 — 4)
=3-6-2""1-12-2.6-2""2+8
=9.2"-3.2" —4
=6-2" —4=uxa,.

Hence x,, = 6 - 2" — 4 is a solution of the recurrence relation.

If x, = (3""! —1)/2, then z,4; = (3""% — 1)/2 so that

3n—|—2 -1 3n—|—1 -1 3n—|—2 . 3n—|—1

Tn+l — Tn = -

_ aon+l1
2 2 2 =3

Hence z,, = (3" — 1)/2 is a solution of the recurrence relation.

If x,, = n! then z,,_o = (n — 2)! and so
Tpn—nn—1z,_2=nl—nn—-1)(n—-2)!=nl—nl=0.

Hence x,, = n! is a solution to the recurrence relation.
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2. Solve the following recurrence relations:

(4)
(i)
Solution.

(4)

Ty — 0Ly 1+6x, o=0,n>2 20=3, x1=7
Ty —8Tp—1 +16xy_2 =0, n > 2, 19 =3, 1 =20.

The characteristic equation is A> =5\ 46 = 0. That is, (A —2)(A—3) =0
and so A = 2 or A = 3. Thus the general solution is

r, = A2" + B3",
for some constants A and B. Using the initial conditions =g = 3 and

x1 =17, we obtain 3 = A+ B and 7 = 2A+ 3B. Solving yields A = 2 and
B = 1. Hence the solution is

Tp =2-2"+3".

The characteristic equation is A* — 8\ + 16 = 0. That is, (A —4)? = 0 and
so A =4 is a repeated root. Thus the general solution is

T, = A4" + Bn4",
for some constants A and B. Using the initial conditions zog = 3 and
x1 = 20, we obtain 3 = A and 20 = 4A + 4B. Then A = 3 and B = 2.

Hence the solution is

Tp =3-4"4+2n4" = (34 2n)4".

3. Solve the following recurrence relations:

(4)
)

Solution.

(4)

T, = 10x,,_1 — 25x,,_o, for n > 2, where o = —1 and z; = 5.

Tpas — 6xp10 + 112y — 62, = 0, for n > 0, where zg = 1, 1 = 0 and
o = —1.
The recurrence relation can be written as
Ty — 10x,_1 + 252,95 = 0.
Then the characteristic equation is
A% —10A+25 = 0.

That is (A — 5)? = 0 so that A = 5 is a repeated root with multiplicity 2.
Thus the general solution to the recurrence relation is

x, = A5" 4+ Bnb" = (A+ Bn)5",



3

where A and B are some constants. Now, using the initial values o = —1
and x1 = 5, we have —1 = A and 5 = (A + B)5. Solving yields A = —1
and B = 2. Hence the solution is

Tp = (—1+2n)5".
(ii) The characteristic equation is
AP —6A% + 11X — 6 = 0.

Then (A —1)(A—=2)(A—3) =0, and so A =1, A =2 or A = 3. Thus the

general solution to the recurrence relation is
xn, = A+ B2" + C3",

for some constants where A, B and C. Now, using the initial values
xo=1,21 = 0,29 = —1, we obtain

A+ B+ C=1
A+2B+3C=0
A+4B+9C = —1.

5 1
Solving this system of linear equations yields A = o B=-2,and C' = 5

Hence the solution is

5 1
—2 _9.9n 4 .3n
Tn =5 3

4. Solve the following recurrence relations:
(i) xp=4x,_1 — 3T,_o, where g = 1 and z; = 2.

(i) xp =3Tp—1 — 3Tp_2 + Tp_3, where xg =0, z1 =1 and z5 = 3.

Solution.

(i) The recurrence relation can be written as
Ty —4x,_1 + 32,49 = 0.
Then the characteristic equation is
A —4X+3=0.

That is, (A —1)(A —3) = 0 so that A = 1 or A = 3. Thus the general
solution for the given recurrence relation is

x, = A1 + B3",



(i)

4

for some constants A and B. Now, using the initial values zog = 1 and
x1 = 2, we obtain 1 = A+ B and 2 = A + 3B which implies that

A=B= 3" Hence the solution is
+=--3"

Tp =

DN —
N —

The recurrence relation can be written as
Ty — 3Tp—1+3Tp—o — x,—3 = 0.
Then the characteristic equation is
A =3 +31-1=0.

That is, (A — 1) = 0 so that A = 1 is a repeated root with multiplicity 3.
Thus the general solution for the recurrence relation is

z, = A1" + Bnl1" + Cn*1™ = A+ Bn + Cn?,

where A, B and C are some constants. Now, using the initial values
g =0, x1 =1 and x5 = 3, we have

0=A4
1=A+ B+ C
3=A+2B+4C.

1
Solving the system yields A =0, B=C = 3 Hence the solution is

1 1
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1. Solve the following recurrence relations:

(4)
)

Solution.

(4)

(i)

Ty +6x,_1 — Tx,_o =0 for all n > 2, with g = 1 and z; = 2.

Tpas — 4xpio + dxpy1 — 22, = 0 for all n > 0, with zg =4, 1 = 7 and
T2 = 17.

The characteristic equation is
A +6X—T7=0.

That is, (A —1)(A+7) =0 and so A = 1 or A = —7. Thus the general
solution is

2y = A" + B(=T)",

for some constants A and B. Using the initial conditions zg = 1 and
r1=2,weobtainl =A+Band2=A—-7B. Then A = % and B = —%.
Hence the solution is

The characteristic equation is
AP — 4N+ 50 —2=0.

That is, (A —2)(A—1)> =0 and so A = 2 or A = 1, a double root. Thus
the general solution is

x, = A2" 4+ (B +Cn)1",

for some constants A, B and C. Using the initial conditions zo = 4,
r1 =7 and xo = 17, we obtain

4= A+ B,
7=24+ B +C,
17=4A+ B + 2C.

Solving this system of linear equations yields A =7, B = —3 and C = —4.
Hence the solution is

Tp=T7-2"4+(=3—-4n)1" =7-2" —3 —4n.
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2. Solve the following recurrence relations:

(¢)
(i)
Solution.

(4)

Tpao —4xpyq + 4z, =0 for all n > 0, with 29 = 1 and z; = 4.

Tnao + 2xn41 — 32, = 0 for all n > 0, with x9p =1 and z; = —1.

The characteristic equation is A — 4\ +4 = 0. That is, (A —2)? = 0 and
so A = 2 is a repeated root (root of multiplicity 2). Thus the general
solution is

xn, = (A+ Bn)2",

for some constants A and B. Using the initial conditions o = 1 and
x1 =4, we obtain 1 = A and 4 = 2(A+ B). Then A =1 and B = 1.
Hence the solution is

zn = (14 n)2™.

The characteristic equation is A2 42X\ —3 = 0. That is, (A —1)(A+3) =0
and so A =1 or A = —3. Thus the general solution is

x, = A1" + B(—3)",

for some constants A and B. Using the initial conditions zg = 1 and
z1 = —1, we obtain 1 = A+ B and —1 = A — 3B. Solving yields A = 1
and B = % Hence the solution is

3. Solve the following recurrence relations:

(4)
(i)
Solution.

(4)

Ty = —Tp_1 + 62, _o, where zg = 7 and z, = 4.

Ty = 62,1 — 92,_2, where o = —2 and z; = 6.

The recurrence relation can be written as
Ty +Tp_1 — 62,9 =0.
Then the characteristic equation is
AN+ A-6=0.

That is, (A + 3)(A — 2) = 0 so that A = —3 or A = 2. Thus the general
solution to the recurrence relation is

2y = A(—3)" + B2",

for some constants A and B. Now, using the initial values o = 7 and
x1 =4, we have 7= A+ B and 4 = —3A + 2B. Solving yields A = 2 and
B = 5. Hence the solution is

Zn =2(=3)"+5-2".
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(ii) The recurrence relation can be written as
Ty — 62,1+ 92,9 =0.
The characteristic equation is
A2 —61+9=0.

That is, (A — 3)2 = 0 so that A = 3 is a repeated root with multiplicity 2.
Thus the general solution to the recurrence relation is

xn = (A+ Bn)3",
where A and B are some constants. Now, using the initial values zg = —2
and z1 = 6, we obtain —2 = A and 6 = 3(A+ B). Solving yields A = —2

and B = 4 and the solution is

Ty =—2-3"+4n-3" = (=24 4n)3".

4. Solve the following recurrence relations:
(i) x, =5T,_1 —6x,_2, where xg = 1 and 1 = 1.

(it) xp —DTp—1 + 8Tp_o —4x,_3 =0, where 2o = 0, 1 = 2 and x5 = 4.

Solution.

(i) The recurrence relation can be written as
Ty — OTp_1 + 6x,_o =0.
Then the characteristic equation is
A2 —5A+6=0.

That is, (A — 2)(A —3) = 0 so that A = 2 or A = 3. Thus the general
solution to the recurrence relation is

x, = A2" + B3",
for some constants A and B. Now, using the initial values xy = 1 and
x1 =1, we have 1 = A+ B and 1 = 2A 4+ 3B. A simple calculation gives
A =2 and B = —1. Hence the solution is

T, =2-2" —3".

(ii) The characteristic equation of the recurrence relation is

A —BA2 48\ —4=0.
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Then (A —1)(A —2)? = 0 so that A = 1 is a root and A\ = 2 is a repeated
root with multiplicity 2. Thus the general solution for the recurrence

relation is
r, = A1" + B2" + Cn2",

for some constants A, B and C. Now, using the initial values xy = 0,
r1 = 2 and x9 = 4, we obtain

0=A+ B
2=A+2B+2C
4=A+4B+8C.

Solving this system of linear equations yields A = —4, B=4and C = —1.
Hence the solution is

Tp=—44+4-2" —n-2".



