THE UNIVERSITY OF SYDNEY
SCHOOL OF MATHEMATICS AND STATISTICS

Tutorial 2 (Week 2)

MATH1014: Introduction to Linear Algebra Semester 2, 2009

Preparatory questions
(attempt before the tutorial)
1. Let P be the point (3,1) and @ the point (4, —2) in the zy-plane. As usual the
origin (0, 0) is denoted by O.

— —
(a) Write down the position vectors OP and OQ as column vectors, and also in
terms of i and j.

—
(b) Write down the displacement vector P as a column vector, and also in
terms of i and j.

(¢) Write down the coordinates of the point R such that OR = P—Cj
(d) Find the length of J@
2. Given points A = (4,—1,5) and B = (6, —1, —2) in space, find

— —
(a) the position vectors OA and OB as column vectors, and also in terms of i,

j and k;

—
(b) the displacement vector AB as a column vector, and also in terms of i, j and
k;

(c¢) the unit vector pointing from A towards B;

(d) the unit vector pointing from B towards A.

Tutorial exercises

3. For each of the following vectors, find its length, and a unit vector pointing in the
same direction.

1
(a) u:[_QQ} (b) v=1{ 2 (c)a=—-i+10j (d) b=4i— j+3k
—4
4. Given that .
2 1 3
u= [—1]|, v=|-2|, w=|0|,
1] 2 -1
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10.

Let u, v, w be as in question 4. Let « be the angle between u and v, (3 be
the angle between u and w, and 7 the angle between v and w. Find

(a) cos « (b) cos [3 (c) COS 7y
1 k—1
Find any values of k for which the vectors u= |2| and v = k are perpen-
3 E+1
dicular.

Show that the vectors u = [_12} and v = [;k] are perpendicular for all values of

k. Draw a diagram to illustrate this result.

Let A= (-3,2), B=(1,0) and C' = (4,6) be points in the plane.
Prove that AABC' is a right-angled triangle.

2 1 -2
. Given that a= |—1|, b= |1] and ¢= | 0 | find
0 1 1
(a) axb (b) axc (c) bxc (d) ax(bxc) (e) (axb)xc

(f) ax(axc) (g ax(a+c) (h) (axa)xc (i) ax(b—2c)

Find two unit vectors perpendicular to both v and w where

1 5
v= |2 and w= |1
-7 1

Further exercises

In addition to these exercises, the following exercises from the textbook — Linear Algebra:
A Modern Introduction by David Poole — should be attempted:
Exercises 1.2: 1, 3,5, 7,9, 11, 17, 19, 25, 31, 43, 45, 61.

Solutions

1.

%31

(a) m ~3itj, 0Q= {_42] — 4i— 9
o - [13]- [

1 } , then the point R is (1, —3).

(c) If OR is the positon vector {

-3
() ||P|| = V12 + 32 = V10
— —
(a) OA=4i—j+5k, OB=6i—j—2k.
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—
AB = —1—— =2i—T7k.
_9_
HAB|| = 224+ (-7)? = \/_3 and so the unit vector pointing from A
2
towards B is —— | 0 or 21 —7k) ).
|| e e
The unit vector pointing from B towards A is simply the negative of the
2
1 1
vector found in part (c¢) — that is, ———— | 0 or ——— (2i — 7k) ).
lull = V2T (-2 =22
. . — 1 ]2 7
Hence, a unit vector in the direction of u is —= = |Y7].
2v2 |2 7
| v]] = /12 + 22 + (—4)2 = V/2L.
-
V21
Hence, a unit vector in the direction of v is \/% .
~4
V21 |
a=—-i+10j= {iﬂ, so ||al| = v/(~10% 4 102 = v/101, and a unit vector
in the direction of a i 1'+10'
in the direction of a is — i :
V101 V 101J
4
b=4i—j+3k=|-1|,s0]||b|| = /424 (—1)2 + 32 = V26, and a unit
3

4i—1'—|—3k
V26 V267 | V26

vector in the direction of b is

2 1
u-v=|—-1| - [-2] =2x14+(-1)x(-2)+1x2=6.
1 2
51 37
u-w= -1 - | 0| =2x34+(=1)x0+1x(=1)=5.
11 3
v.-w=|[—-2| - -|0|=1x34+(-2)x0+2x(-1)=1.
91 o]
u-u=|—-1| - [-1| =2x2+(-1) x(-1)+1x1=6.
17 1]
vev=|=-2] - |2 =1x14+(-2)x(-2)+2x2=9.
2 2




3 3
f) w-w=10 ~[O =3x34+0x0+(-1)x (1) =10.

2 4
G) u- (v+w)=|=1] - |2 =2x4+(-1)x(-2)+1x1=11
1 1
01 g
k) u-(v—w)=|-1| - |=2| =2x(-2)+ (1) x (-2) +1x3=1.
1 3
_ou-v 6 _@
5 () eome = T T Voxs 3
u-w 5 V15

ldllfwll VEx V10 6
(c) cos V- W 1 /10

’y: = == .
[v[l[Iw]]  3x+10 30

6. The vectors are perpendicular if their dot product is zero. So u and v are per-

1 k—1
pendicular if [2] - k =k—-—14+2k+3k+3 =6k+2 = 0. That is, if
3 k+1

7. u- v=—-2k+2k =0 for all k. Therefore, u and v are perpendicular for all k.

The diagram shows the vector u and the straight line y = 2z, to which u is
perpendicular. For any value of k the vector v, drawn as a position vector, will lie
along the line y = 2.




5
4
3
2
A
1
B
-4 -3 -2 -1 1 2 3 4
-1

From the diagram, it certainly appears that the angle at B is a right angle. We
can prove that this is the case by showing that BA - BC =0.

Now, BA = —4 i+2 jand BC’ =31i+6 j,so BA - BC’ = —12+12 = 0 as required.

(a) Using the method explained in lectures (and on page 45 of the textbook),

we have:
2 1
—h_ -1
Osl ~1x1-0x1=-1
2\1 Ox1—2x1=-2
N1 2x1—(-1x1)=3
—1
Hence, ax b= |—-2].
3

(b) Using the same method again:

k. .0
Osl —1x1-0x0=—1
2\2 O0x —2—-2x1=-2
—FTN0 2x0—(—1x—2)=-2

—1
Hence,ax c= |[-2].
-2

Use the same method for calculating the cross products in parts (c) — (i).

1
(¢) bxe=|-3
2



(2] [1] [-2]
(d) ax (bxc)=|-1| x [=3| = |4
| 0] | 2 | —5
-1 [—2] —2]
(e) (axb)xc=|-2|x|0]|=]-5
| 3 ] | 1] | —4 ]
2 —1] [ 2]
(f) ax (axc)=|—-1| x [-2| =14
| 0] | —2] =1
(2] [o] [-1]
(g) ax (a+c)=|-1| x [-1]| = |2
0 | 1] | —2]
0 -2 0
(h) (axa)xc= [0l x|0[|=1]0
0 1 0
2 ) 1
(i) ax(b—2c)=|—-1| x| 1| =2
0 —1 7

10. The cross product v X w is perpendicular to both v and w. Calculating the cross

product:
1 5
2 o1
—7§1 2x1—(=7x1)=9
1\5 —7x5—-1x1=-36
27 N1 Ix1-2x5=-9
9
Hence, v x w = | =36, and
-9
v x w|| = /92 + (—36)2 + (=9)2 = 9V1 + 16 + 1 = 9V18 = 27V/2.
9
So two unit vectors perpendicular to both v .and w are +—— | —36/,
perp |
V2/6 —V/2/6
or |—2v2/3| and |2v2/3
—V2/6 V2/6



