THE UNIVERSITY OF SYDNEY
SCHOOL OF MATHEMATICS AND STATISTICS

Tutorial 8 (Week 8)

MATH1014: Introduction to Linear Algebra Semester 2, 2009

Preparatory questions
(attempt before the tutorial)

_la b o1 d —b
1. IfA—[C d] and ad — bc # 0, then A _ad—bc[—c a]'
(a) Use this formula to find the inverse of each of the following matrices, if it

exists:
1 -2 1 0 6 2 5 4 0 2
e Ty B o B B e A
(b) Verify that: AA? = I, B_IB:I2, DD™! = I, E'E=1.

(I is the 2 x 2 identity matrix, l(ll ﬂ )

Tutorial exercises

2 3 0
2. Find the inverse of |1 —2 —1/{.
2 0 -1
(1 —1 2]
3. Find the inverse of |3 1 2
2 3 -1
0 —1 0] 1 2 3
4. et A=10 2 1l and B=1(2 3 1].
1 0 0] 31 2
1

(a) Find AB, A™', and B!
(b) Find B~'A~'. Calculate the products (AB)(B™*A™") and (B~*A™")(AB).
What do these products tell you about (AB)™'?

5. Use B~! from Question 4 to solve

(a) = + 2y + 3z =0
2 + 3y + 2z =0
3x + y + 2z = 0
(b) =« 4+ 2y + 3z = 2
2 + 3y + =z = 2
3r + y + 2z = 4
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6. Let A= 1|0 —1| and B =
1 4

(a) Find AB and BA.

s[4 23]

(b) Does A have an inverse? Does B have an inverse?

7. A square matrix in which all the entries off the main diagonal are zero is called a
diagonal matriz.

5 0 0
(a) Let A be the diagonal matrix |0 —1 0 |. Find A~%
0 0 =2

(b) The general n x n diagonal matrix is:

d 0 ... 0
0 do ... O
0 0 ... d,
Explain why D is not invertible if d; = 0 for some 1 = 1,2,...,n.

When all the diagonal entries are non-zero, what is D™!?

Further exercises

In addition to these exercises, the following exercises from the textbook — Linear Algebra:
A Modern Introduction by David Poole — should be attempted:
Exercises 3.3: 1, 3,5, 7,9, 11, 49, 51, 55.



Solutions

1 _
1. (a) A™'= [3 2] , Bl = [2 0] , C7! does not exist, D! = 3 [ 3 4} ,

-3 5

2.
2 3 0 1 0 0 [1 —2 —1 010
1 =2 -1 ]010 Hloka, 2 3 0 |100
2 0 -1 001 2 0 -1 0 1
re—r2—2r1 |1 =2 =1 ] 0 1 0
R3—R3—2R1 0 7 2 1 —92 0
0 4 1 0 -2 1
memame [10 =3/7 | 2/7 3/7 0
oA, g 1 27 1/7 —2/7 0
0 0 —1/7 —4/7 —6/7 1
R3—R3x—7
Rl—»Rl-i—%RS
R2—>R2—%R3 0 2 3 =3
S SN 10 -1 -2 2
0 01 4 6 -7
2 3 0 2 3 -3
Hence, the inverse of [1 —2 —1 is |[—1 =2 2
2 0 -1 4 6 -7
(Multiply the matrix and its inverse together to verify that the product is the 3 x 3
identity matrix.)
3.
1 -1 2 1 0 0] me—me-sm [1 —1 2 1 00
3 1 2 |01 o BB=E2E g 4 4| -3 1 0
2 3 -1 001 0 5 -5 -2 0 1
R2—R2/4 (1 -1 2 1 0 0
MR 10 1 =1 | =3/4 1/4 0
[0 0 0 7/4 —=5/4 1
The matrix cannot be reduced to the identity matrix, and hence it does not have
an inverse.
-2 -3 -1 0 01 1 -5 1 7
4. (a) AB=|7 7 4|, A'l= —100,3—1:E 1 7 -=5].
1 2 3 2 10 7 =5 1

(A" and B™! are found by the same method as used in Question 2.)
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(b)

L[ 7T -5 1
B—lA—1:1—8 —17 =5 1|, (AB)YB'A™H)=(B'AYHYAB) = |0
717 0

The products verify that (AB)™' = B~'A™".

The system of equations is Bx = 0, where B is the matrix in Question 4,

x 0
x = |y| and 0 = [0]|. This is a homogeneous system, and so we know
z 0

that one solution is the trivial solution z = y = z = 0. The fact that B~*

exists tells us that the trivial solution is the only solution, since we have
-5 1 7 0 0

1
B_le:x:B_10:1—8 1 7 =5| (ol =|0].
7 -5 1 0 0
2
Here we have Bx = | 2| and so
4
2 -5 1 7 2 20
1 1 1
4 7 -5 1 4 8
10 2 4
That i = — = —— = —.
at is, x 9 Y 5’ z 5
-4 10 5 10
AB = 3 -5 =31, BA:{O 1].
—-10 20 11

Neither matrix has an inverse. Only square matrices have inverses.

The matrix A will be reduced to I3 (the 3 x 3 identity matrix) if R1 — R1-+5,
R2 — R2 x —1 and R3 — R3 + —2. Performing these row operations on I3

1/5 0 0
gives A V=10 -1 0 |.
0 0 -—1/2

If d; = 0 for any ¢, D will contain a row of zeros, and will not be able to be
reduced to I,,.

If each d; is non-zero, then D can be reduced to I, by the row operations
Ri — Ri + d; for each 1.
That is, D is invertible if and only if d; # 0 for i =1,2,...,n.

z 0 ... 0

0 &+ ... 0
When d; #0 fori=1,2,...,n, D'=| %

0 0 L

o = O

— o O



