THE UNIVERSITY OF SYDNEY
MATH1901 DIFFERENTIAL CALCULUS (ADVANCED)

Semester 1 Tutorial Solutions Week 8 2009

(These preparatory questions should be attempted before the tutorial. Answers are provided at
the end of the sheet — please check your work.)

1. The function f is defined by f(z) = |x — 1|. Sketch its graph. Observe that there is no

value ¢ such that f(3)— f(0) = f'(¢)(3—0). Why does this not contradict the Mean Value
Theorem?

2. Using I'Hopital’s rule, find Er% %.

T

Questions for the tutorial

3. Use the Mean Value Theorem to prove the following inequalities:

(a) |cosy — cosz| < |y — z|, for all real numbers x and y;
(b) |sinhz| > |x| for all real x;
(c) € > 1+ x for all real x.

Solution

(a) It suffices to prove this when x < y. The cosine function is certainly continuous and
differentiable everywhere, so we can apply the Mean Value Theorem to the interval
[z, y]. It says that there is a number ¢, z < ¢ < y, such that

COSY — COS T
y—x
Since —1 < —sinc < 1, we have

= —sinc.

COSY — COST
y—x

1< <1

—_ Y

and so
|cosy —cosx| <y —x.
(b) When x = 0, both sides of the inequality are 0. Since sinh(—z) = — sinh z, it suffices
to prove the inequality when = > 0. Apply the MVT to f(¢) = sinht¢ on the interval

[0,z]. (Note that f is continuous and differentiable everywhere so the hypotheses of
the MVT hold.) There exists ¢ € (0, x) such that

inh x — sinh 0
sinh x (S)m = f'(c) = coshe > 1.
T —

That is, |ST;}‘W‘ > 1, so |sinh x| > |z| as required.

(¢) When = = 0, both sides of the inequality are 1. Suppose that = < 0. Apply the
MVT to f(t) = €' on the interval [x,0]. (Note that f is continuous and differentiable
everywhere so the hypotheses of the MVT hold.) There exists ¢ € (x,0) such that

0

e’ —e” ,
= =e‘ < 1.
T (c)=¢e




That is, 1 —e* < —x,s0 € > 1+ .
If 2 > 0, apply the MVT to f(t) = €' on the interval [0, z]. There exists ¢ € (0, ) such
that

e® — el o

r—0
That is, e* — 1 > z, so e* > 1 = x as before. We conclude that for all z, e* > 1+ .

(c)=¢“> 1.

4. Suppose that f(0) = —3 and f'(z) <5 for all values of z. Use the Mean Value Theorem

to show that the largest possible value of f(2) is 7.

Solution

We are given that f is differentiable on R, and therefore f is continuous on R. In particular,

f is continuous on the closed interval [0,2] and differentiable on the open interval (0, 2),

as is required for application of the Mean Value Theorem for f(x) on the interval [0, 2].

Applying the MVT to [0, 2], we see that there is a number ¢ in (0, 2) such that
f(2)—f0) _ f(2)+3

fl="—=—"=">3

Therefore f(2) =2f'(c) —3 <2 x5 —3=7. The largest possible value of f(2) is 7.

. The road between two towns, A and B, is 110 km long. You left A to drive to B at the
same time as I left B to drive to A. We met exactly 30 minutes later. Use the Mean Value

Theorem to prove that at least one of us exceeded the speed limit, 100 km/h, by at least
10 km/h.

Solution

Let f(t) km be the distance that you have travelled and ¢(¢) km the distance I have
travelled ¢ hours after departure from our starting points. Certainly f(0.5) 4+ ¢(0.5) = 110,
so either f(0.5) or g(0.5) is at least 55. We take f and g to be continuous on [0, 0.5] and
differentiable on (0, 0.5) so the hypotheses of the Mean Value Theorem hold. Then

1oy — 105 = f(0) _
fer) = T 05-0 2f(0.5)
and
g(e) = L8290 _9500.5)

for some numbers ¢y, ¢y € (0,0.5). Hence either f'(c;) > 2 x 55 =110 or ¢'(ca) > 2 x 55 =
110, which means that one (or both) of us travelled at a speed of at least 110 km/hour at
some moment before we met.

. Find the following limits.

61 t 1
(8) lim = : (b) lim 27 (¢) lim 151755)
zr——1 1% — T—TT €T rz—oo IN{INT
Inz ef—1—x . T
(d) im0 (¢) lm ——5— () Jm =

Solution



(a) Let f(z) = 2% — 1 and g(z) = 2* — 1. Then 1in_11f(x) = 1in_11g(x) = 0. Also,

! 625 3
f'(z) = 62° and ¢'(z) = 42° and Jim ﬁ’gi = lim 4—23 =3 Thus, using ’'Hopital’s

rule,
.oox%—-1 3
lim ———=—-.
z——1 g% —1 2
(b) lim tanz = 0 and lim x = 7w # 0. It follows that

T—T Tr—T

tanx  lim, ..tanx O
im = — =—=0.
e lim, ..z T

(¢) In anticipation of a successful application of I'Hopital’s rule, we often write our solutions
in a more informal manner, as in this part and the following parts. Here we have

Inx . 1/x lim 1
im ———— = lim ———— = lim Inz = co.
z—ooIn(Inz) e—oo 1/(zlnz) a2—o00
e Iz 1/z . 100
(d) Using 'Hopital’s rule, wh_}ngo 1100 Jirrolo (17100) 750710 = m11—>I20 17100 — 0.
(¢) Using I'Hépital’s rule twice, li em—l—l’_l, em—l_l, e 1
¢) Using 'Hopital’s rule twice, lim ——3— = lim —-— = lim = = 7.

(f) Using ’'Hopital’s rule twice we see that we end up with the same limit, so that the rule
cannot be applied successfully. Fortunately, we can evaluate this limit directly, as

lim —2 = lim — — lim — :
T——00 1»2 +1 T——00 x2 +1 T——00 1+ =

7. Use induction on n and I'Hopital’s rule to prove that lim z(Inz)" =0 for n =0,1,2,---.

z—0
Solution
For n =0, lim z(Inz)" = lim z = 0.
z—0t z—0t
Assume that lim+ z(Inz)" = 0 (induction hypothesis). Now
z—0
1 n+1
lim z(lnz)"™ = lim (Inz)"™™ (of the form & =)
z—0t z—0+ 1/$ =)
1)(Inx)™(1
= Ji%ﬂ (n + )_(11'1/?2 (1/2) (by ’'Hopital’s rule)
= lim —(n+ Dz(lnx)",
z—0

and this is equal to 0 by the induction hypothesis. So the result is true by induction.

8. Find the following limits.

(a) lim z/® (Hint: Set y = /%, and compute lim Iny.)

r—00

: 1/z

(¢) lim (14 ¢e77)"

Tr—00

(d) lim (tanz)®=®

il
.z
T=3

: : 4\x
(e) xlﬂ%l (sinh %)

Solution



1 1 1
(a) Let y = /. Then Iny = 2% and lim Iny = lim 2% Jim # = 0.
x

T—00 r—0o00 U T—00

Therefore

lim y = lim €Y = elMe—eclny — 0 — 1

1
(b) Let y = z'/*. Then lim Iny = lim 27 . (Note: The last limit is of the form
z—0 z—0 T

% and I’'Hopital’s rule does not apply.) Now, Iny — —oo implies y — 0. That is

lim 2% = 0.
z—0t
In(1+4e77)

s and

(c) Let y=(1+¢e )% Then lny =

lim lny = lim m
T—00 T—00 €T

It follows that y — 1. Hence lim (1 +¢e*)* = 1.

Tr—00

(d) We write (tanz)°*? as ec*ntan2) and evaluate lim cosz In(tanz). Now
=5

In(tanx
lim coszln(tanz) = lim sinz In(tanz)
x—>g7 x—>g7 tan x
. In(tanz . . . .
But lim g = 0, using I'Hopital’s rule. As lim sinx = 1, we see that
e—2-  tanw P

lim coszIn(tanz) = 0. As the exponential function is continuous, the Substitution
rz—I~

2
Law then gives the final result,

lim (tanx)®* = e = 1.
x—>g*



In(sinh %)

(e) Let y = (sinh 2)”. Then Iny = 0 and
In(sinh 4
lim Iny= lim u (E form)
z—0t z—0t 1/$ o0
—;% cosh %
— sinh%
- ingIJr ;—21
) cosh 2
=4 lim i

z—0t sinh %

4/x —4/x
— 4 lim (&)

z—0t ed/v — g=4/x

i 14 e 8/
- 43211%1Jr (1 —6_8/m)
= 4.
4

Hence lim (sinh 2)* = lim e™¥ = ¢?.
z—0t z z—0t

Extra Questions

. What is wrong with the following “proof” of the Cauchy Mean Value Theorem?

CMVT: If f and g are continuous on [a,b] and differentiable on (a,b), then there is a
number x in (a,b) such that (f(b) — f(a))g' (z) = (g(b) — g(a))f'(x).

“Proof”: Applying the Mean Value Theorem to f and g separately, we find that there is
an z in (a,b) such that

7]“(62 : Z:(CO = f'(z) and T, = g (z).
Therefore
(f(b) = f(a)g'(z) = (b—a)f'(x)g'(x) = (9(b) — g(a)) f'(2),

which proves the Theorem.

Solution

We can be sure that there is an x in (a,b) such that w = f'(z) and that there is a

y in (a, b) such that % = ¢'(y), but there is no guarantee that z and y are the same
number.

. Consider the statement: “if f and g are differentiable, lim f(z) = lim g(z) = 0 and
!
lim /() L, then lim f(z)

v—a g(z) z—a g'(z)
Solution

= L”. Show that this is false by giving a counter-example.

1
2 . .

— if 0;
zisin_ ifx #0; We
0 if x =0.
saw in the previous Tutorial that f is differentiable everywhere, which in particular means

One counter-example is a = 0, g(x) = =z, and f defined by f(z) =



that f is continuous at 0, so lir% flz)=0= lir% g(x). We also have

2 1

x rosin =
limM:lim L =limxsin— =0,
z—0 g(,j(}) z—0 €T z—0 x

by the squeeze law. However, we saw in the previous Tutorial that lir% g :Ej)) = lir% ()

does not exist, so the conclusion of the above statement does not hold.

Solution to Question 1
The graph of f is as follows.

Now f(3)— f(0) = 1, and there is no value ¢ such that 1 = 3f’(c). This does not contradict
the Mean Value Theorem because f is not differentiable on the interval (0, 3). (Specifically,
f'(1) does not exist.)

Solution to Question 2
Let f(z) = cosz and g(z) =z — 2. Then lirgl f(z) = lirg g(x) =0, and

/
x
lim f/( ) = lim (—sinz) =—sin2 = 1.
2 2
COS T
So 'Hopital’s rule says that lim ——— = 1.

MIE L (3m/2)



