THE UNIVERSITY OF SYDNEY
MATH1902 Linear Algebra (advanced)

Exercises for Week 9 (beginning May 4) Semester 1 2009

Preliminary Reading:
Chapter 2 of the Linear Algebra book.

Objectives:
By the end of Week 9, to achieve at least a pass level, you should be able to
9A: use row operations to compute the inverse of a matrix,
9B: find the parity of a permutation,
9C: write a permutation in cycle form.
To achieve higher than a pass level you should be able to
9D: relate elementary row operations and elementary matrices,

9E: understand the connection between finding the inverse of a matrix and solving
systems of simultaneous linear equations,

9F: compose permutations given either in two-line form or in cycle form.
Preparatory questions. (Answers are on the next page.)
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(i) Write o as a product of disjoint cycles.
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3. Given the permutation o = (

(i) Determine the parity of o.

Practice questions
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(i) Use elementary row operations to transform [A | I] to a reduced echelon
matrix [I | B], and hence show that A is invertible and find its inverse.
Record the row operations you use, and make use of this information to
express the matrix A as a product of elementary matrices.

(ii) Use the inverse of A (calculated in (7)) to solve the following matrix equa-
tions for X, Y and Z:

1 1 2
AX=|1|, Ay=|-1 —2|, ZA=[-1 0 2].
1 4 3



Solution.

(i) 1=2 —-1f1r00), [l -2 -1 1 00
-3 5 110 1 0| Ry—Ra—10R, |0 —1 =2 310
10 =12 8]0 0 1 "lo 8 18|-10 0 1
1 -2 -1 1 0 0 1 2 —-1] 1 0 0]
Ry=(-DRz | 1 2| -3 —1 O|Rs=Rs=8Ry |0 1 2|-3 —1 0
0 8 18| -10 0 1 0 0 2|14 8 1
1 -2 -1 1 0o} [1l-20 8 4 3]
Rz=(1/2)Rs |0 1 2| -3 -1 O0|Ry=Ri+Rs |0 1 0| —-17 -9 -1
0 0 1| 7 4 3 "o 0 1 7T 4 5
1 0 0|-26 —14 -3
Ri=Ri+2Ry | () 1 0|17 -9 -1
0 0 1 7T 4 3
26 —-14 -3
So A=l =|-17 -9 -1
7 4 1

Let Ei, E5, Fs, Ey4, E5, Eg, E7, Eg be the elementary matrices corresponding
to the row operations used, in the order in which they were used. Then one way
of expressing A as a product of elementary matrices is

A=FE'E;'ES'E'EC'E T ES B

Note that the inverse of the elementary matrix which corresponds to a given row
operation is the elementary matrix corresponding to the reverse row operation.
Using this we find that the £ bg are as follows:

1 00 1 0 0 1 00
Ef'=|-3 10|, E;'=|0 10|, E;'=1]0 -1 0/,
00 1 10 0 1 0 0 1
1 00 1 00 1 0 0
E;'=10 1 0|, Ej*=|0 1 0|, E;'=10 1 2],
0 8 1 00 2 0 0 1
1 0 -1 1 -2 0
E-'=]0 1 0|, Eg'=|0 1 0].
00 1 0 0 1
(i) The solutions are:
[1 26 —-14 -37 1 —-%
X=A1{1|=|-17 -9 —1||1|=]|-27],
|1 7 4 3 1 z
12 —26 —-14 -3 12 —-18  3f
Yy=A1]-1 2|=|-17 -9 —1||-1 —=2|=|-11 —19/,
43 7 4 1 4 3 2 B
-26 —-14 -3
Z=[-1 0 2]A'=[-1 0 2]|-17 -9 -—1|=[40 22 2Z].
T4 3



5. After applying the following sequence of elementary row operations: R; < Rs,
RQ = R2 — 2R1, R3 = Rg — RQ, R3 = —R3, RQ = R2 — 2R3, R1 = Rl + 7R3,
Ry := R1—4R5 to a certain 3 x 3 matrix A, the resulting matrix was the identity.

(i) Write down the elementary matrices corresponding to the given row oper-
ations.
(i) Write down the inverses of the elementary matrices in (7).
(#5i) Write down expressions for A and A™! as products of the elementary ma-
trices from (4) or (7i) and hence calculate A and A1,
Solution.

(i) Let E; be the elementary matrix corresponding to the i-th row operation
that was applied. Listed in order, the F; are as follows:

0 0 1 1 0 0 1 0 O
0 1 0f, —2 1 0 0O 1 0}, o1 0],
1 0 O 0 -1 1 0 0 -1
1 0 1 0 7 1 -4 0
01 -2, 0 1 0f, 0 1 O
0 0 0 0 1 0 0 1
(it) Their inverses are (respectively)
0 0 1 1 0 0 1 0 0 1 0 0
01 0f, 2 1 0f, 01 0], 01 0],
1 0 O 0 0 1 0 1 1 0 0 -1
1 0 0 1 0 =7 1 4 0
01 27, o1 0], 01 0
0 0 1 0 0 1 0 0 1

(i77) To obtain the inverse one applies the same row operations in the same
order to the identity matrix. Note that the first row operation transforms I to
FE1I, the next transforms F11 to EsF11, and so on, so that the final answer is
A~Y = E;EgEsE FEsF>F,. But the easiest way to calculate it is by doing the
row operations.

100 00 1 00 1 0 0 1
0 1 0|Bi=Ry|0 1 0|Re=Re=2Ry|( 1 —2|Bx=Re=Rz|( 1 —2
00 1 100 10 0 1 -1 2
oo t] [T 7 -13 15 11 —21
Re=—Ry | 0 1 —2| Ri=Ri+7R, | 2 —1 2 | Be=RcdRy | 9 1 2
—_— 1 1 3 - %
-1 1 -2 S R -1 1 =2

Similarly, the matrix A is E1_1E2_1E3_1E4_1E5_1E6_1E7_1, calculated by applying
the reverse row operations to the identity matrix, in the reverse order.

10 0 1 4 0 1 4 —7 1 4 —7
0 1 0|Rui=Ri+aRy | 1 0| BZE702|0 1 2 |Re=Rs|0 1 2
00 1 00 1 00 1 0 0 —1
1 4 -7 1 4 -7 01 1
Ryi=Rs+Ry | 1 9 | Re=Ret2Ry |9 9 _12| RaoRy [2 9 —12
01 1 01 1 1 4 -7



6. Consider the two systems of linear equations:

r+2y+2z2=3 T+ 2y+22=2
y+3z=-1 y+3z=2

Observe that they have the same coefficient matrix. Solve them both at once by
applying row operations to the augmented matrix

1 2 2 3 2
0 1 3|-1 2
0 0 1 4 2
Solution.
1220 32 [l 20] -5 =2
0 1 3|—-1 2| Ro=R,—3R, |0 1 0| —13 —4
0 0 1 4 2 0 0 1 4 2 |
(1 0 0] 21 6]
Ri=Ri—2R; |0 1 0| —-13 —4
0 0 1 4 2 |
Thus the first system has unique solution x = 21, y = —13, z = 4, and the
second system has unique solution z =6, y = —4, z = 2.

7. Given a certain 3 x 3 matrix A and the three systems of equations

x 1 x 0 x 0
z 0 z 0 z 1

Suppose that the first system has solution x = 1, y = 1, z = 0, the second has
solution x = 0, y = 1, z = 3, and the third has solution x =y = z = 1. What is
the inverse of the matrix A?

Solution.
We are told that

1 1 0 0 1 0
Ajl| =10, A|1|=[1], A|1|=]0
0 0 3 0 1 1

Combining these into a single matrix equation gives

1 0 1 1 00
Al 1 1|=1[0 1 0
0 3 1 0 0 1

Thus A~1 =

O~ =
w = O
—_ ==



8. (i) Let A be an 3 x 3 matrix, and suppose that [1 1 1]A =1[0 0 O0].
Show that A is not invertible. (Hint: suppose that A~! exists, and obtain
a contradiction by considering [1 1 1]AA~L)

(i) Let A be an n x n matrix, and suppose that there exists a nonzero 1 x n
matrix (row vector) B such that BA = 0 (where 0 is the 1 X n zero matrix).
Show that A is not invertible. Similarly, show that if there is a nonzero nx 1
matrix (column vector) C such that AC' is zero then A is not invertible.

Solution.
(i) If A~! exists then

(1 1 1]=[1 1 1](Aa4aH =(1
=[0 0 0]A™'=[0 0 O

a contradiction.

(#7) Suppose that A~! exists. Then B = BI = B(AA™') = (BA)A™! =
0A~! = 0, contradiction. Similarly if C is a nonzero column matrix such
that AC = 0 then C = A~'AC = A~'0 = 0, contradiction. So A cannot
be invertible if there is such a B or such a C.

9. Draw diagrams for the following permutations of 1, 2, 3, 4, 5, 6, 7, and hence
determine whether they are odd or even.

i) o=(L 234567 i) r—(1 234567
“\2 316745 “\3 17456 2

(i1i) ot (iv) To
Solution.
1 2 3 45 6 7 (i1) 1 2 3 45 6 7
1 2 3 4 5 6 7 1 2 3 4 5 6 7
(1234567) (1234567)
2316745 3174562

In (i) there are 6 crossings in the diagram, so that the permutation is even. In
(i7) there are 9 crossings, and so the permutation is odd.

(1) 1 2 3 4 5 6 7 (@1234567
1 2 3 4 5 6 7 1 2 3 4 5 6 7
(1234567) (1234567)
1256743 1736245

In (4i7) there are 7 crossings in the diagram, so that the permutation is odd. In
(iv) there are 9 crossings, and so the permutation is odd.

5



10. (i) Calculate the product of the following two matrices:

1 0 a b 1 0 p ¢
01 ¢ d 01 r s
A= 0O 0 1 0}’ B= 0 01 0
0 0 0 1 0 0 0 1

What is the inverse of A?

(it) Let A, B, C, D, E, F, G and H be 2 x 2 matrices, and use them to con-
struct two 4 x 4 “block matrices” P and () as follows:

i B |

AE + BG AF+BH}

Show that PQ = [CE—i—DG CF +DH

Solution. L0 a+p big
(i) We find that AB and BA are both equal to 8 (1) ¢ —|1— " d—(i)— $
0 0 0 1

Thus AB=BA=1ifp=—a,q= —b, r = —c and s = —d, and therefore the
inverse of A is

—a —b

—c —d

(7) Let a;; be the (i, j)-entry of A, let b;; be the (i, j)-entry of B, and so on.
Thus

ai1 a2 b b2 ein ez fui fie
PQ = A B||E F| _ lax a2 b ba| [en en fa fo
C D G H ci1 ci2 dip dia 911 912 hin hio

co1 €22 do1 dao 921 g22 hor Do

The (1, 1)-entry of the product is obtained by multiplying the first row of P by
the first column of Q. It is thus aj1e11 + a12e21 + b11911 + b12921, and the other

entries can be found similarly. Partitioning P(Q) into 2 x 2 blocks, we can write

PQ = {)Z( ;;] , where X, Y, Z and W are as follows:

¥ = | @€ +anen +b11911 + b12g21  ar1€12 + aizeaz + b11g12 + b12go2
agie1r + agzear + ba1gi1 + baogar  agieiz + aggean + ba1gi2 + baagoo
_ | @€ +aize21  arieiz + aizez: bi1g11 + b12g21  b11g12 + b12g22
a21€11 + a22€21 a21€12 + A22€22 b21g11 + b22g21  b21g12 + b22gos
_ AE + BG.



v [a11f11 + a12fo1 + bithar + bizhor  a11fi2 + ar2fa2 + biihiz + bizhao
| a21 f11 + a2z fo1 + barhi1 + bazhor  a21 fi2 + agafaz + barhia + baohoo
_ [a11fi1 +aiafor  ar1fiz + aiafoo bi1hi11 + bi2hor  bi1hiz + bi2hoo
| a21f11 + a2 fo1 azifi2 + azefoo ba1hi1 + bagha1r  ba1hiz + bazhoo
— AF + BH.
7 [crie11 4 cizear + diigin + dizgor  crieis + cizesn + di1gia + di2geo
| c21€11 + Co2€21 + d21g11 + d2a2ga1  Co1€12 + Ca2€22 + d21g12 + d22gao
_ [ciienn + cioear  criein + 012622} [dllgll +di2g21  di1g12 + d12g22]
| Co1€11 + Ca2€21  C21€12 + C22€22 d21911 + d22921  d21912 + d22gao
— CE + DG,
W— [c1f11 + c12for + dirhiy + dizhor  ca1fiz + ci2foz + dirhia + dizhos
| 21 f11 + 22 f21 + d2a1hin + daghor  co1f12 + caafaz + darhiz + dazhas
_ [ciifin +ciafor cinfiz + ciafoo di1hi1 + di2ha1  di1hiz + dighoo
| c21f11 + 22 fa1 c2a1f12 + a2 faz do1hi1 + dasha1  da1hia + daghas

=CF+ DH.

Answers to Preparatory Questions

cosf) —sinb
sinf@ cosf |’

2 1
2 o -1
3 3
2. The inverse is —g -1 % , as shown by the following row operations
7 9 _1U
3 3
3 2 1]1 00 1 -3 —2]1 -1 0
2 5 3|0 1 0|Bu=fi-R12 5 3|0 1 0
3 4 2(0 0 1 3 4 2|0 01
- (1 -3 2] 1 -1 0 1 -3 -2 1 -1 0]
2 =ltg— 1 —
Ryi—Rs—3R, |0 11 7| -2 3 0|Bx=Rs=Rz|0Q0 11 7|-2 3 0
0 13 8|-3 31 0 2 1|-1 0 1]
(1 -3 =2 1 -1 0], miaam, |10 410 8 15
Ry=Rs—5Ry |0 1 2| 3 3 —b5|Ry—ms-2R|0 1 2| 3 3 =5
0 2 1|-1 0 1 0 0-3|-7 -6 11]
R1::R1+%R3 1 00 ‘ % 0 _%
R2::R2+%R3 O 1 0 ‘ _é _]_ Z
R3:=(—3)Ra g 1“;’
— 0 0 1| £ 2 &
3. (i) odd (i) (1,5,3)(2,4)

Web Quiz

There are additional self assessment tasks on the Web. Go to the Web page at
www.maths.usyd.edu.au/u/UG/JIM/MATH1902/

and then do the Web Quiz for Week 9.



