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1. Suppose we define the inverse tangent function by the integral (10 marks)

tan−1(x) =

∫ x

0

1

1 + t2
dt for all x ∈ R.

Prove the following statements directly from the above definition:

(a) If x ∈ R then tan−1(−x) = − tan−1(x).

Solution: From the definition we have

tan−1(−x) =

∫ −x

0

1

1 + t2
dt =

∫ x

0

1

1 + (−u)2
(−1)du = − tan−1(x),

where we have made a change of variable t = −u in the integral

(b) If a, b ≥ 0 and ab < 1 then

tan−1(a) + tan−1(b) = tan−1

(
a + b

1− ab

)
.

Hint: Use The Fundamental Theorem of Calculus to differentiate tan−1
(

a+x
1−ax

)
.

Solution: Using the chain rule and the Fundamental Theorem of Calculus
we have

d

dt
tan−1 f(x) = f ′(x)

1

1 + f(x)2
.
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Applying this to f(x) = a+x
1−ax

(as suggested by the hint) gives

d

dx
tan−1

(
a + x

1− ax

)
=

d

dx

(
a + x

1− ax

)
1

1 +
(

a+x
1−ax

)2
=

1 + a2

(1− ax)2

1

1 +
(

a+x
1−ax

)2
=

1 + a2

(1− ax)2 + (a + x)2

=
1

1 + x2
.

Integrating both sides over the interval [0, b] gives∫ b

0

d

dx
tan−1

(
a + x

1− ax

)
dx =

∫ b

0

1

1 + x2
dx.

Using the Fundamental Theorem of Calculus for the integral on the left hand
side, and the definition of tan−1 for the integral on the right hand side, we
get

tan−1

(
a + x

1− ax

) ∣∣∣∣b
0

= tan−1(x)
∣∣b
0
,

and so

tan−1

(
a + b

1− ab

)
− tan−1(a) = tan−1(b)− tan−1(0) = tan−1(b),

which rearranges to give the result.

Remark: Note that the condition ab < 0 is used to ensure that tan−1
(

a+x
1−ax

)
is defined on the integration range [0, b].

2. Let a < b and let f be a bounded function on [a, b]. (10 marks)

(a) Let P and Q be partitions of [a.b]. Then P is a refinement of Q if Q ⊆ P .
Show that if P is a refinement of Q then

LP ≥ LQ and UP ≤ UQ,

where UP is the upper Riemann sum of f using the partition P , and LP is
the lower Riemann sum of f using the partition P (similarly for UQ and LQ).

Solution: Suppose that P = {p0, . . . , pm} is a refinement of Q = {q0, . . . , qn}.
for j = 1, . . . ,m and k = 1, . . . , n, define

m
(P )
j = min{f(x) | pj−1 ≤ x ≤ pj} ,

m
(Q)
k = min{f(x) | qk−1 ≤ x ≤ qk} ,

M
(P )
j = max{f(x) | pj−1 ≤ x ≤ pj} ,

M
(Q)
k = max{f(x) | qk−1 ≤ x ≤ qk} .

Therefore the upper and lower Riemann sums for the partitions P and Q are

LP =
m∑

j=1

m
(P )
j ∆pj ,

LQ =
n∑

k=1

m
(Q)
k ∆qj ,

UP =
m∑

j=1

M
(P )
j ∆pj ,

UQ =
n∑

k=1

M
(Q)
k ∆qj .
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Since Q ⊆ P there is a sequence

0 = i0 < i1 < i2 < · · · < in = m

of indices such that

[pi0 , pi1 ] = [q0, q1]

[pi1 , pi2 ] = [q1, q2]

[pi2 , pi3 ] = [q2, q3]

...
...

[pin−1 , pin ] = [qn−1, qn].

That is, [pir−1 , pir ] = [qr−1, qr] for all r = 1, . . . , n. Let r = 1, . . . , n. Let us
consider the contributions to the lower Riemann sums LQ and LP coming
from the interval [qr−1, qr]. The following picture should help to make the
argument more transparent.

The contribution to the Riemann sum LQ from the interval [qr−1, qr] is

m(Q)
r ∆qr.

The contribution to the Riemann sum LP from the interval [qr−1, qr] is the
sum of the contributions from the smaller intervals:

[qr−1, qr] = [pir−1 , pir ] = [pir−1 , pir−1+1] ∪ [pir−1+1, pir−1+2] ∪ · · · ∪ [pir−1, pir ].

Hence the contribution to LP from the interval [qr−1, qr] is

ir∑
j=ir−1+1

m
(P )
j ∆pj.
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Since [pj−1, pj] ⊆ [qr−1, qr] for all j = ir−1 + 1, . . . , ir we have m
(P )
j ≥ m

(Q)
r

for all j = ir−1 + 1, . . . , ir, and hence

ir∑
j=ir−1+1

m
(P )
j ∆pj ≥ m(Q)

r

ir∑
j=ir−1+1

(pj − pj−1) = m(Q)
r ∆qr

(note that the sum collapses). This shows that the contribution to LP from
the interval [qr−1, qr] is greater than or equal to the contribution to LQ from
the interval [qr−1, qr]. This was clear from the picture. Summing over all
r = 1, . . . , n gives LP ≥ LQ.

The argument for the upper Riemann sums is similar: The contribution to
UP from the interval [qr−1, qr] is

ir∑
j=ir−1+1

M
(P )
j ∆pj ≤M (Q)

r

ir∑
j=ir−1+1

∆pj = M (Q)
r ∆qr,

and since the right hand side is the contribution to UQ from the interval
[qr−1, qr] we see that UP ≤ UQ.

(b) Let P1 and P2 be arbitrary partitions of [a.b]. Show that

LP1 ≤ UP2 .

Hint: Let P be the partition P = P1 ∪ P2. Then P is a refinement of both
P1 and P2 (called the common refinement of P1 and P2). Now use (a).

Solution: Let P = P1∪P2. Therefore P is a refinement of both P1 and P2.
Therefore by part (a) we have

LP1 ≤ LP and UP ≤ UP2 .

Since LP ≤ UP (this is obviously true for any partition) we have

LP1 ≤ LP ≤ UP ≤ UP2

as required.
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