THE UNIVERSITY OF SYDNEY
SCHOOL OF MATHEMATICS AND STATISTICS

Solutions to Tutorial for Week 2

MATH1903: Integral Calculus and Modelling (Advanced) Semester 2, 2009

Lecturers: Holger Dullin and James Parkinson

Questions to do in class

1. Use the collapsing sum

n

(P -0G-17)

=1
to find a formula for 37", 2. Adapt the method to find a formula for 377, 5°.

Solution: Since this is a collapsing sum, we easily compute

n

D (P -G-1%) =nt.

j=1
On the other hand we have
P -G-D)=> (- *-37+3i-1)=3>_j*-3> j+n
j=1 j=1 j=1 j=1

We remember that )7, j = @ (and if we do not remember this, then we use
the collapsing sum -7, (7% — (j — 1)?) to prove it). Thus the value of 7", j* is
obtained by solving the equation

n+1 . 2n+1
n —32] — )+n, giving Z] )6( )

To compute E?Zl 5% we look at the collapsing sum

n

n4:Z(] — (-1 —42] 62j2+42j—n.
j=1 j=1

=1

n?(n+1)>2

Using the above formulae for 377, j and 377, j% gives 37| j° = =7

Let f(x) = e, and let P = {xy,...,z,} be the partition of [0, 1] into n equal parts.
Choose sample points z} = ;.
(a) Compute the Riemann sum )7 | f(z})Az;.
Solution: Using the geometric sum formula we compute

n -1

Zf A%—Z&j/n%:(e—l)ﬁ

7j=1
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(b) Find the limit of your Riemann sum as n — oo, and explain why your answer
is what it is using a theorem from class.

Solution: We have

-1

Tim 1_"7 = lim ——— = lim — =1 (by L’Hopitals rule),
and so

JL%OZf Az, =e—1.

This is no surprise: Since e* is continuous we know from lectures that the
limit of the Riemann sum must equal the definite integral fol e“dx, and we
know how to compute this integral; it is e — 1.

3. Let f(x) =22 andlet 0 < a <b. Let P = {xg,21,...,7,} be an arbitrary parti-

tion of [a, b], and make the clever choice 27 = | /z;_17;. Compute the corresponding
Riemann sum. Hint: Look for a collapsing sum.

Solution: Notice that 23 | < z;_y2; < 23, and so x;_y < \/Z;—17; < x;. Thus
the sample point z7 = | /z;717; is indeed between z;_; and x;. The Riemann sum

is
Z Z" 1 Z" 1 1 1 1

Jj=1

Surprlslngly, this value does not depend on n.

Notice that by the Fundamental Theorem of Calculus,

/ —dx—

b
. 1
> f(a})A, */;M as | P|| — 0

j=1

r=b

r=a

We also know that

(for any partition P of [a,b] and any choice of the x7s). Combining these two
things, we knew before making any calculation that » 7, f(2})Az; would be close
to 1/a — 1/b. By calculating with this particular choice of x7}s, the Riemann sum
is not only close, it’s actually equal to 1/a — 1/b.

Suppose that f(x) is monotonically increasing on [a, b, and let P = {xg, z1,...,2,}
be any partition of [a, b] into n subintervals.

(a) Write down expressions for the upper and lower Riemann sums Up and Lp.

Solution:  Since f is monotonically increasing, the maximum of f on
[z;_1,%;] occurs at z;, and the minimum occurs at x;_;. Therefore

Up = zn: f(ZL‘])AJZJ and LP = zn: f(lL‘j_l)AfL’j.



(b)

Show that Up — Lp < (f(b) — f(a))||P||, where ||P|| = max{Axy,...,Az,}.
Solution: Using Az; < ||P|| gives

n

Up—Lp =Y (f(z;) = f(x;-1) Awy < [P D () = fla0)).

j=1 j=1

This last sum is a collapsing sum, and equals f(b) — f(a).

Use the identity cos(A — B) — cos(A + B) = 2sin Asin B to prove that
2sin(j6) sin (36) = cos ((j — 3)0) — cos ((j + 3)9) .

Solution: The formula 2sin(j6) sin (36) = cos ((j — 3)0) — cos ((j + 3)0)

is immediate from cos(A— B) —cos(A+ B) = 2sin Asin B, on taking A = j6

and B = %9. If we write x; = cos ((] + %)9), then the above formula can be
1

written, 2sin(j6) sin (30) = z;_1 — z;, so that

n

2sin (16) Zsin(j@) = Z(:rj_l — ;).

j=1

The sum on the right collapses to xy — x,, = cos (%9) — oS ((n + %)9)
Deduce that

n 19y — 1
Z sin(j0) = 0s (5) 'cosl((n +3)0) if 6 is not a multiple of 2.
= 2sin (36)

Solution: If we require that ¢ is not a multiple of 27, then sin (%9) # 0.
So we can divide both sides of the formula,

2sin (10) Z sin(jf) = cos (16) — cos ((n+ 1)0) ,
j=1
by 2sin (%6), and we get the stated formula for 2?21 sin(70).

Let @ > 0 and let {zo,...,x,} be a partition of [0, a] into n subintervals of
length a/n. Let 2} = x; for each j. Show that

5t = O e (1) oo+ )]

Show that this tends to 1 — cosa as n — oo. Explain this using a theorem.

Solution: 1If {zg,...,z,} is the partition of [0, a] into n subintervals of
equal length, then x; = ja/n for each j. So taking z = x; for each j, the
corresponding Riemann sum is

- . - . ja a
E AT, = § ). —.
< SlIl(.T]) J/’J o Sin ( n ) n
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This involves the sum )7, sin(j6) for 6 = a/n. Substituting ¢ = a/n into
our formula above for this sum, we get the stated expression for ) 37, sin(x})Ax;.
As x — 0, we know that (sinz)/z tends to 1. Applying this to x = a/(2n)
we see that

a/(2n)

sin(a/(2n))
Also, by continuity of the cosine function, we know that cos (%) — cos0 =1
and that cos (a + %) — cosa as n — o0. So the Riemann sum tends to
1 —cosa as n — oo. This limit was to be expected because » 7_, sin(z})Az;
tends to [;'sinzdz as ||P|| — 0, and, by the Fundamental Theorem of
Calculus, [;'sinzde = —cosz|§ =1 — cosa.

— 1 asn — oo.

Challenging problems

6. Let m > 0 be an integer, and let 0 < a < b. Use the partition P = {a,ar, ..., ar"}
with 7 = {/b/a to compute the integral fab 2™ 'dx from first principles.

Solution: Choose z; = z;. Using the geometric sum formula we see that

n -1

Z f(@})Ar; = Z (arj)m_l (ar?! —ar’™') = a™(r™ — 1)—11__:7”

j=1

Recalling that r = {/b/a we get

Z f(z})Az; = —a™) ig)_l

Thus

3

Since ™! is continuous on [a, b] we know that this Riemann sum converges to the
definite integral ff 2™ 1dz, and so fab g™ e = (0™ —a™).

7. Suppose that f is an unbounded positive function on the interval [a,b]. Show that
f is not Riemann integrable on [a, b].

Hint: Let M be a given (big) number. Show that there is a partition P and sample
points x; such that || P|| small and such that Y77 f(x})Ax; > M.

Solution: Let P be any partition of [a, b]. If f were bounded above on each of the
n intervals [z;_1, z;], then it would be bounded above on the whole interval [a, b],

4



contrary to hypothesis. For simplicity of notation, suppose that f(z) is unbounded
on [rg, r1]. Now choose any points 7 € [z;_1,z;] for j =2,3,...,n. Let

Zf VAz; = K

Because f(z) is unbounded on [:cg, x1], it is not true that f(z)(x; —z9) < M —K for
all € [xg,z1]. So there must exist « € [zg, z1] such that f(z)(x; —x9) > M — K.
Let x7 be this . Then

fla))(xy —ax9) > M —K =M — Zf )AL

7j=2
Thus

Zf Az, > M.

So there is no number A such that the Riemann sums are all close to A whenever
| P|| is small, and hence f is not Riemann integrable on |a, b].

Suppose that f is continuous on [a,b]. Show that if f > 0 and f; f(z)dz = 0 then
f(z) =0 for all x € [a,b]. What happens if we drop the assumption of continuity?

Hint: Continuity implies that if f(a) > € > 0 for some «, then f(x) > €/2 for all

x in some (small) interval containing «.

Solution: If f(x) # 0 for all € [a, b] then there is « € [a, b] and € > 0 such that
f(a) > €. By continuity there is a § > 0 such that
[z —al<d = [f(z) = fl)] <e/2.

Therefore for x € [a — §, v + J] we have

flz) — fla) > —€/2, and so flz)> fla) —€/2 >e—¢€/2 =¢/2.

Then (since f is positive) we have

/f dm>/ @ dm>/:(e/2)dx:§><2§:eé>0,

a contradiction.

Note 1: We have used quite a few “obvious” properties of integrals in the above
string of inequalities - at least they are obvious when you think of the Riemann
integral as calculating area. You might like to think about how to prove these
properties rigorously from the definition of the Riemann integral. Then again, you
might like to not do this.

Note 2: In the proof we have assumed for simplicity that o € (a,b). There are
some obvious modifications if & = a or a = b.

Finally, if the assumption that f is continuous is dropped then the statement
“f; f(z)dxr=0and f > 0= f(z) =0 for all € [a,b]” fails. For example

.f 1
flz) = {0 1 v# is Riemann integrable on [0, 1] with / f(z)dx = 0.
0

1 ifz=
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