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Solutions to Tutorial for Week 5

MATH1903: Integral Calculus and Modelling (Advanced) Semester 2, 2009

Lecturers: Holger Dullin and James Parkinson

Questions to attempt in class

1. Determine whether the following improper integrals exist by evaluating an appro-
priate limit of a (proper) integral.

/2
(a) / sec? z dx
w/4

Solution: Since sec’z = 1/cos’z — oo as ¢ — m/2, the integrand is
unbounded, and the integral is improper. If 0 < € < 7/4,

T/2—€ w/2—€ d
/ sec’rdr = / — (tan a:) dx
w/4 w/4 dz

= tan(mw/2 —€) — tan(mw/4)
= tan(m/2 —¢€) — 1
— oo ase— 0.

So the improper integral does not exist. More precisely we say that the
integral diverges to +o0.

"ng

Solution: As x — 0% we see that (Inz)/2'/? — —oo. So the integral is
improper. If 0 < e < 1, then

) B 1
] 3 r=1 3 1

3 9
= —562/31106— 1(1 —62/3>.

As € — 0%, by L’Hopital’s Rule ¢“lne — 0 for any fixed ¢ > 0. Therefore

1
Inx 9
/6 md$—> _Z as € — 0.

So the improper integral exists and equals —9/4.

Solution: Integrating by parts gives

Since limy_.oo B = 0 we see that limy_.o le 2 dv = 1. Therefore the
improper integral exists, and equals 1.
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(d)

/ sin(mx) dx
1

Solution: We compute

b
1
/ sin(mzx) dor = _cosbm —.
1

™ ™

Since limy_., cos b does not exist we see that the improper integral does not
exist. Note that it does not diverge to oo; rather flb cos(mz) dx oscillates,
taking values between 0 and —2/7.

2. Determine whether the following improper integrals exist. Hint: Comparison Test.

Solution: Because e */x ~ 1/x for x near 0, we expect to get divergence
by comparison with the integral of 1/x on [0,1]. Since e=® > 1/e for all

z € [0,1] we have — > 17/6 on (0,1]. Now

"1 1 [t 1 1
/ ﬁdm = lim - —dxr = —limln(—) = +00.
0

x —oe . x ee—=0 \¢€

So 01 % dx diverges to +o00 too, by the Comparison Test. In other words,
the improper integral does not exist.

o0 e—x
dx
|z

Solution: 0<e*/\/r <e ™ forall z > 1. Also,

b b
/ e Tdr = [—e‘x] =el—e?? el asb— oo
1 1

So floo e~ *dx converges, so floo %dw converges too by the Comparison Test.

* cos?x
5 dx
1 T

Solution: Use

cos? 1

<,

0<
- x2 x

and the fact (shown in lectures) that [~ & da converges. Now the Compar-
ison Test shows that the given improper integral also exists.

o
/ e % dx
0

Solution: Note first that 23/e* — 0 as ¥ — o0, as you can see using
L’Hopital’s Rule, for example. So there is a number M such that z3/e* < 1
once x > M. Replacing = by /2, we see that (z/2)3/e*/? < 1 once /2 > M.
That is, 23 < 8e*/2 once > 2M. So the integrand z°¢~* may be estimated
as follows:

e < 82~ = 8¢ */? once x > 2M.



Now f;]\'} 8e~%/2 dx converges, by an easy calculation. So f;;[ r3e™* dx con-
verges by the Comparison Test. For 0 < x < 2M, z3¢~% is continuous, and
SO f02 3¢~ dx exists. Hence

[e%S) 2M [e'e)
/ e dr = / e " dr + / 3™ dx
0 0 2M

exists. Using integration by parts, it is easy to calculate its value exactly: it
equals 6.

If you prefer to avoid breaking the integral up into two parts as above, you
could instead argue as follows: By Calculus, we find that z3e=%/? takes its
maximum value of C' = 216e™3 at = 6. Thus 2° < Ce®? for all > 0.
Hence 23e™* < Ce /2 for all z > 0. Since fooo Ce™"/? dx converges by an
easy direct calculation, so does [;* 2®¢™* dx, by the Comparison Test.

3. Use integration by parts to find reduction formulae for the following integrals.
(a) / cos™ 0 db

Solution: Let u=cos" 6 and % = cos6. Then
/COS” 0df = cos" ' fsinf + (n — 1) /cosn_2 0 sin® 0 df
= cos" ' fsinf + (n —1) /cos”_2 6df —(n—1) /cos” 6do,

Rearranging the last expression gives the reduction formula:

1 -1
/cos"@d@ = Zcos" 'fhsinh + n /005”29610.
n

n

(b) / (Inz)" dz

Solution: Let u= (Inz)" and % = 1. Then
/(lnx)” dz = z(Inz)" — n/(lnx)"1 dx.

4. Use the results of the previous question to evaluate the following integrals.
(a) / cos” 6 df

Solution: From the reduction formula,

1 —1
/cos”@d@ = —cos" 'hsinh + n /003”29d9,

n n

we get

1 2
/cosgedﬁ = gCOS2QSin9 + g/cosedﬁ

1 2
= gCOS2chiIlQ + gsiné’ + C].



Then,
5 Ly, 4 3
cos’ 0df = gcos fsinf + = cos” 0 db
1 41 2
= gcos4ﬁsin9 + g{§c082ﬁsin9 + gsine + Cl}

1 4 8
= 50084931119 + 1—5608298m9 + 1—581119 + C.

(b) /0 1(1n )" dz

Solution: let J, = fol(ln z)"dr = lim_o+ f:(lnx)” dx. Then, for n > 1,
the reduction formula in the previous question gives

1

Jn:/ (Inz)" dz
0

1

= lim [x(ln I)”]

e—0F €

1

- n/ (Inz)"'dx
0

= —an,1 .

The limit can be proved by applying I'Hopital’s rule n times to the ratio
(Ine)"/(e7'). Now, repeated application of the reduction formula for J,
gives

Jp=—"nJp1 =nn—1)J,_o=—n(n—1)(n—2)J,_3 =--- = (—1)"nlJ.
A trivial integration gives Jy = 1. Hence,

Jp = (=1)"n!.

5. Use integration by parts to show that

b o b
/ Smxdx:cos(l)—CObSb—/ cos:vdx'
1 1

T

T

*sinx
Show that the improper integral / —— dx exists. See Question .
0

Solution:

b sinx b1 d cosx b b 1
/1 . dx:/l E%(—cosx)dx:[— . L—/l(—cosx)<—P>dx

COsS T

Now use the comparison |<%

< 1_12 and the fact that ffo x% dx converges. The

Comparison Test shows that [~ <%5% dz exists. That is, limp .o flb ST dx exists,

and equals L, say. Clearly (cosb)/b — 0 as b — co. Hence,

b b
b
/ T g = cos(1) — Sk / P e — cos(l) — L
. b . x?
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as b — oo. Thus floo Siga” dz exists. Since s‘% has a removable singularity at x =0

the integral fol % dx exists (think instead of integrating the continuous function
f(z) =22 if x #£ 0 and f(0) = 1). Therefore

0o . 1 - 00 -
sin x sin z sin x
dr = dr + dx
0 z o T 1 T

The point of using integration by parts is that the Comparison Test is not imme-
diately applicable to the function (sinz)/z on [1,00).

exists

. Make the substitution z = m — t to show that if f is continuous then

/ xf(sinz)dr = z/ f(sinz) dz.
0 2 Jo
Solution: According to the Change of Variable Rule for definite integrals,

g /Oﬂ:vf(sinx)da: _ /7r0(7r—t)f(Sin(7r—t))(—1)dt
= [ = (sintr — )
= [ = nistsint)a
_ w/owf(sint)dt _ /Oﬁtf(sint) it
_ w/oﬂf(sint)dt - /waf(sina:)dx
_ w/owf(sint)dt 1

Now add I to both sides and divide by 2, and we get the stated formula.



Extra questions

1
7. Find a reduction formula for the integral I, = —'/ (1 —a*)"cos(3mz) dx.
n! Jo

Solution: Let u= (1 —2?)" and % = cos(3mz). Then for n > 1,

I, = {[&yﬁ)%m(ﬁ@}%4—”/01;5(1_952)%—18111(%”) dg;}

Toallla o
4 1
= P p— / z(1—2%)" " sin(irz) du.
- Jo

m(n—1
Now let v = z(1 — 2%)"~! and % = sin($7z). Then

du

= —2?)" 1 =2(n—-1)2*(1-2*)"? = 2n—1)(1—2*)" ' =2(n—1)(1—2*)"

and v = —(2/m) cos(37z). Thus for n > 2,

I, = ﬁ{ [—%x(l R cos(%wx)];

T 2

_4n-1) /01(1 — %)% cos (L) dx}

™

+—2(2n — 1 /01(1 S COS(lﬂ'ZL‘) dx

4 2(2n — 1) 4(n—1)
w(n—1)! { s (= o T (n = 2) -
8(2n — 1) 16
= 2 Iy — ﬁjn—Z-
Hence the reduction formula is
8
I, = p<(2n )y — 21H> (n>2).

Remark: This reduction formula can be used to give a quick proof of the irra-
tionality of 7 and 72. First, calculate Iy = 2/m and I; = 16/73. Then, repeated
application of the reduction formula shows that I, is a polynomial in 1/7 of degree
2n 4+ 1 having integer coefficients. In addition, the polynomial is odd (i.e., only
odd powers of 1/m appear). Now suppose that 72 is rational. This means that we
can write 7 = p/q, where p and ¢ are (positive) integers with no common factor.
When this is substituted into the expression for 71, it is seen that 71, becomes a
rational fraction with denominator p", after which it may be possible to cancel the
fraction down to one with smaller denominator. In any case, mp"[, is an integer,
say, C,,, for all positive integers n. But, from the definition of I,,, we have the
inequality 0 < I, < 1/n!. Hence, 0 < C,, < mp™/n!. Because factorials grow more
rapidly than powers, we can always choose n sufficiently large so that 0 < C), < % ,
giving a contradiction.



8. Let x € R, and let n > 0 be an integer.

(a)

Use a reduction formula to prove that

x n k
/ (x —t)"e" dt = n! <e‘” - x_) :
0 k!
k=0

Solution: Let u= (z —t)" and 2 = ¢’. Then
I, = / (x —t)"e'dt = —a™ +nl,_,.
0

The stated formula now follows by induction (using the reduction formula
for the induction step).

Set = 1 in (a) and deduce that e is irrational.
Hint: If e is rational then the integral is an integer for sufficiently large n.

Solution: Suppose that e = 7 is rational. Then

n! (9 —zn:l') = /1(1 —t)"e dt.
b k! 0

The left hand side is an integer whenever n > b, and therefore the integral
is an integer for all sufficiently large n. But

1 1
0</ (1—t)”etdt§e/ (1—t)"dt <
0 0

n+1’
giving a contradiction.
Use (a) to show that
lim i e’ for all x € R.
Solution: If x > 0 then
T T xn—i—leac
og/(x—t)”etdtgel“/(x—t)"dt— :
0 0 n+1

If z < 0 then

‘/Ox(x—t)netdt‘ :'—(—1)"/360(75—;6)"6%‘ :/xo(t_x)netdt_

Therefore in this case,

T 0 _ \n+1 n+1
0< ‘/ (:c—t)”etdt‘ S/ (t—x)"dt = (=) = il
0 T

n+1 n+1"

Therefore for all x € R we have
no_k

ex—Z% <

— ~ (n+1)!

‘x|n+1

0< max{1,e"}.
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For each fized x the right hand side tends to 0 as n — oo, and so by the
squeeze law

lim — =" for all z € R.

Remark: In this question you actually showed that the Taylor series for e*
converges to e” for all x € R. We will be discussing Taylor series later in the
course, and will reprove this result using different methods.

™

9. Forn>0let [, = /2 sin™ 6 d#.
0
(a) Derive a reduction formula for I,,, and use it to deduce that

_(@2n—-D!x

(2!

2n + 1)1V

where 2n)!! =2-4---(2n) and 2n+ 1) =1-3---(2n +1).
Solution: We have

I, = /2 (1-— cos? 0) sin"20do =1, o — /2 cos? Osin™ 26 db.
0 0

Using integration by parts (with u = cosf and % = cosfsin™ 2 6) gives

1 [ 1
I'n, = In_g — / sin" 0df = In_g — In‘
n—1J, n—1
Solving for I, gives the reduction formula
—1
I, = i I, o forn>1.
n
Therefore
2n —1)(2n —3)---3-1 on — 1! [% 2n — 1)!!
T R R R (T
(2n)(2n —2)---4-2 ), (2n)!! 2
and
on)(2n —2)---4-2 on)!l 2 on)!l
Tonss = (2n)(2n — 2) 1:&/281119%:&_
2n+1)2n—1)---5-3 (2n+ 1) J, (2n + 1)!!
(b) Show that Iy, 1 < I, < Is,11, and deduce that that
1-3:3---2n—-1)2n—1)7 < 2n
=224 (2n—-2)(2n) 2 " 2n+1
Hence prove the Wallis Product Formula for m:
™ 2:2-4-4-6-6-8 ) 24np |4
— = coe= lim ——— .
2 1-3:3-5-5-7-7 n—oo 2n(2n)!?



Solution: Since 0 < sin? 16 < sin?" @ < sin® ™16 for all 0 < 9 < 5 we

have Iy, 1 < Iy, < I5,11. Therefore by part (a) we have

2n—-2)1! _ (2n—-Dlnx (2n)!!
(2n — D! = (2n)1! 2 = (2n + 1)1

Rearranging gives

1-3:3---(2n—1)(2n—1)
2:2-4---(2n —2)(2n)

2n

1< ,
- 2n + 1

™
— <
5 =

and it follows from the Squeeze Theorem that

W'(224462n—2 Qn)
_:hm —_— e — e — e — . — . . .

2 n-co\l1 3 3 5 5 2n—1 2n—1
Since (2n)! (2n)!
n)! n)!
Il — 9"n| — Il — —
2n)!! =2"n! and (2n — 1! )l 2l
we can rewrite the above limit as
2n )12 24np 14
T_ lim L = lim n

2 n—ooo 2n(2n — 1)!!2 n—00 2n(2n)!2'

10. For integers n > 1 let

jus .
2 sin 2nx

dzx.
x

ap = /2 sin(2nx) cot x dx and b, = /
0 0

(a) Prove the formula

sin(2nx) _ QZCOS ((2k — 1)x) for x ¢ 7Z and n > 1.

k=1

sinx

Solution: By induction. For n = 1 the result is true by the double angle

formula sin(2x) = 2sinz cos x. For the induction step, note that

sin (2(n+1)z)  sin(2nz + 2x)
sinx sinx
sin(2nx) cos(2x) + cos(2nx) sin(2x)
sin

sin(2nx)(cos?

x — sin® 1) + 2 cos(2nx) sin z cos T

sin x
in(2nx)(1 — 2sin®
= sin( nx)( sin” ) + 2 cos(2nx) cos
sin
sin(2nz) : .
= ——— + 2(cos(2nx) cos x — sin(2nz) sin z)
sin x

in(2
= M +2cos((2n + 1)x).
sin

Applying the induction hypothesis completes the proof.



=5 foralln > 1.

(b) Deduce that a,
Using (a) we have

Solution:
% sin(2nx) "L
a, = ————~cosxdxr = QZ cos ((2k — 1)x) cos x dx.
o sinz “—~ Jo

The formula cos A cos B = 1 (cos(A + B) + cos(A — B)) implies that

a, = Z /02 (cos(2kz) + cos ((2k — 2)x) ) d.

If £k > 1 then

Bl

= 0.

O vy

1
/02 cos(2kx) dx = o sin(2kz)|

Hence the only surviving term comes from cos((2k — 2)x) with k£ = 1, and so

2 T
a, = ldz = —.
[ =3

Use integration by parts to show that lim (a, — b,) =0

Solution: This part is pretty tricky! First we write

us

a, — b, = lim : sin(2nz) (cotz — 27") dx.

Let u = cotz — 27! and % = sin(2nx). Then

d 1
“ ~2 — cosec’ z and V=g cos(2nx),
n

— =

dx
and so by integration by parts we have
3 . cosnm  cos(2ne) 1
sin(2nz) (cotz — z7') do = + (cote—e ')
. nm n

’ cos(2nz) (z

2 _ cosec? x) dz.

+1
2n J.

A straightforward (but tedious) application of L’Hopital’s Rule shows that
1

iii% (:c’Q — cosec? w) = -3

2 — cosec? z) has a removable disconti-

Therefore the function cos(2nz) (x~

nuity at x = 0, and so

Jus

: cos(2nz) (72 — cosec® z) dx

Jus

lim [ cos(2nz) (272 — cosec’ z) dx = /
0

e—0

exists.

10



Another application of L’Hopital’s Rule gives

lim (Cot €— 6_1) =0,

e—0

and therefore

2
an — b, =lim [ sin(2nz) (cotz —a~") da

e—0
cos nm 1
= — i 2 te—e
— + 5, i (cos( ne) (cote — e ))
+ L lim : cos(2nz) (27 — cosec’ z) dx
2n =0 J,

1 [2
cosnm + —/ cos(2nx) (:c’2 — cosec? :1:) dx.
nm 2n J,

Now take n — oco. We have

and since

1
o /2 cos(2nz) (272 — cosec® z) dx

n Jo

0<

™
1 [2
< — |x 2 _ cosec? x| dx
0

the Squeeze Law gives

1
lim o /2 cos(2nz) (272 — cosec® z) dz = 0.

n—>oon0

Thus
lim (a, —b,) =0+4+0=0.

n—oo

Deduce that / ST dr = I.
0 x 2

Solution: Parts (b) and (c) give

lim b, = —

n—oo

Thus by making by the change of variable u = 2nx we have

T

T ) 2 sin(2nx i " sinu * sinu

— = lim ¥ dr = lim du = du.
2 n—oo Jq €T n—oo J u 0 u
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