THE UNIVERSITY OF SYDNEY
SCHOOL OF MATHEMATICS AND STATISTICS

Solutions to Tutorial for Week 6

MATH1903: Integral Calculus and Modelling (Advanced) Semester 2, 2009

Lecturers: Holger Dullin and James Parkinson

Questions to attempt in class

1. Decide if the following sequences converge. If they converge find the limit.
3+ cosn?

(a) ap = \/ﬁ

Solution: Since

3 + cos n?

N
we have a,, — 0 by the Squeeze Law.

(b) an = /n

Solution: We have

0<

<

4
Jn

. . 1 . _z i T
lim /n = lim 2= = lim ems = Me== s,

1
By L’Hépital’s Rule lim —~ = lim ~ = 0, and so a, — ¢® = 1.
r—00 I T—00 I
2
n
c) Gp ="
(c) 3n?2+2n—1

Solution: Dividing the numerator and denominator by n? shows that

—_

I I 1 1
im a, = lim = =

@ o= ()
o\  (2n)!

Solution: Since =5 it seems difficult to compute the limit of a,,
n n!

directly. Factorials are often best treated using the ratio test for sequences.

lim lant1] ’ 2n+2)m* (2n+1)(2n+2)

B D2 =4>1

Therefore by the ratio test |a,| diverges to oo, and therefore a,, — oc.

2. Decide if the following series converge.

(a) ZQ—sin\/ﬁ

3
n=1 n
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Solution: Since

3
Sﬁ’

n

‘Z—Sin\/ﬁ
3

[e.o]

and since g — converges, we deduce that the original series converges too
n

n=1
by the Comparison Test.

oo

Solution: Since
n?—2n+5 1

~
n® +4 n
o

and since Z — diverges, we see that the original series diverges too by the
n

n=1
asymptotic comparison test.

Nk

n!

n=1

Solution: Again, factorials are often best treated using the ration test:
Let a,, = % Then

T LUIEE | BT BT

n—o00 |an‘ n—oo N + 1

and so by the ratio test for series we see that the series converges.

Z sin(n?)

Solution: We say in class that if a series converges then a,, — 0. Therefore
this series cannot converge.

(e e}
Show that the improper integral / diverges to oc.
2

zlnzx

Solution: After making the change of variable u = Inz we have

b Inb
/ d :/ wdu=1In(Inb) —In (In2).
2 1

rlnx n2

Therefore

) b dx
lim = 00,
b—oo Jo Tlnx

and so the improper integral diverges to oco.

Deduce that the series g Ik diverges to co. Hint: Use Riemann sums.
n
=2

Solution: Some simple calculus shows that f(z) = is monotonically

rlnx
decreasing on (1,00). Therefore it looks something like the picture below.
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2 4 g N Nw >
Using the upper Riemann sum as shown,
1 Ny
> .
kElnk — /2 rlnx

By the previous part the integral diverges to oo as N — oo, and therefore
the series diverges to oo too.

N

k=2

(¢) The Prime Number Theorem implies that the nth prime satisfies p,, ~ nlnn.
Given this information, show that the series

1 .
Z - diverges to oc.
p

primes p

1

Solution: The nth term of the series is a,, = where p,, is the nth prime.

Pn’
We are told that p, ~ nlnn, and so a,, ~ nﬁm. Therefore the series diverges

to oo (using the Asymptotic Comparison Test and the previous part).

Questions for extra practice

4. Decide if the following sequences converge. If they converge find the limit.

1424 +m
(a‘) an = ng
1
Solution: Since1—|—2+---+n:@vve have
1 1+1 1
liman:limwzlim L=,

n—00 n—0o0 2n?2 n—00 2
(b) a, =e "coshn

Solution: Using the definition of cosh we have a, = 3 (14 ¢~"). There-
foreanﬁ%asn—mxa.

(©) an— (1+ %)n

Solution: We have

1\" 1\? .
lim (1 + —) = lim <1 + —) — lim *(i+3) = plime—sozin(1+1)
nmoee n T—00 X T—00
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By L’Hopital’s Rule,

1
lim zln <1 + —) = lim
r—0o0 X T—00
Therefore a,, — e! = e.

(@) ap=""

ln(l—i—%) . 1

SR

n!
Solution: You can see using the ratio test that this sequence diverges
(you’ll need to use part (a)). More simply:

n n n
a, = — X Xeooo X =2>21x1x---X1Xn=n,
n n-—1 1 7~ ~~
n—1 factors

which shows that the sequence diverges to oo.

5. Decide if the following series converge.
o

coshn
() Z n*+1

n=1

Solution: Using the definition of cosh we see that a,, — oo as n — oo.
Therefore this series does not converge.

(b) Z n?e"

Solution: We have

" 1)
lim [@n ] = lim (1+—> el=el<1,
n

and so the series converges by the ratio test.

o
k!
() ok
k=1
Solution: You may use the ratio test to see that the series converges:
(pi1 (n+1)! n» 1 .
= =y 6
an (n+1)mH (14 1)

where we have used Question [4(d). Alternatively,

n n-—1 3 2 1 2 1 2
ap = — X Xeoe X =X =X =<1IX--X1IX—=X-—=—.
n n n o n n n n n

1
Therefore the series converges by comparison with Z =k

=1
(d) ZW
k=1

Solution: Once k > e? we have Ink > 2, and so

1 < 1
flnk — p
Therefore the series converges by comparison to Z =k
k=1



6. Show that the series
00 (2k) p2k+1
Z Ak 2
2k
— 2%k 2k 4+ 1
converges if |x| < 1, and diverges if |x| > 1. Hint: Use the ratio test.
(%) p2ntl (2n)!

7 o _ n _ 2n+1
Solution: Let a, = o o1 2 (2n + 1)33 . Then

Ap+1
G,

~ him 2n+1)(2n+2)(2n+1)

2 2
ot e 13 o kel

lim

n—oo

Therefore by the ratio test the series converges if |z| < 1, and diverges if |z| > 1.

In fact this series converges when |z| = 1 too. To see this, apply Stirling’s formula

(Question to see that

() 1

220(2n + 1) 2/and/?’

o0

Since Z —3j5 converges, so does the original series by the asymptotic version of
n

n=1
the Comparison Test.

7. Use Riemann sums to show that

1 1 1 1
Inn+—-<1l+—-+-+---+=-<Inn+1,
n 2 3 n

1 1
and deduce that 1+§+~-+—~1nn.
n

Solution: Consider the following pictures:

B 1

1 1 "1
—+-~~+—§/—dx—lnn,
2 n 1



1 1 1
and so 1 + 5 + 3 + .-+ — <1+ Inn. Picture (b) shows that
n

TR O >/n%i 1
— — N —adxr =Inn
23 n—1-"J, ’

T
1 1 1 1
andsol+-+-+---+—>1Inn+ —.
2 3 n n
Then . .
1 1+3+-+1 1
1+ < —2 L]
nlnn Inn Inn

The terms on the left and right tend to 1 as n — oo, and therefore by the Squeeze

Law we have ) )
1+s+---+=
lim 2 no=1.
n—oo lnn

1 1
Thatis, 1+ -+---4+ — ~Inn.
2 n

8. Let (a,) and (b,) be sequences with a,, b, — 0o and a,, ~ by,.
(a) Show that Ina, ~ Inb,.

Solution: Write
Ina, Ina,—Inb,

lnbn N lnbn - .
Ina, —Inb, In(a,/b,) .
But na 00n _ n(an/ ) Since a,, ~ b, we have a, /b, — 1 as n — oo,
hlbn lnbn

and therefore In(a,/b,) — 0 as n — oo. Also, since b, — oo we have
Inb,, — oo, and therefore

Ina, —Inb,
lim —— = 0.
nthe Inb,

Ina,

Thus lim

= 1, which is the definition of Ina,, ~ Inb,,.
n—oo 1N n

(b) Is it necessarily true that e ~ e’ ?

Solution: No, this is not necessarily true. Consider a, = n? + n and
b, = n? Then a,/b, — 1, and so a, ~ b,. But

an

lim = lim e" — oo,
n—oo eb” n—o0

and so e is not asymptotic to e’.

9. Write down a proof of the Squeeze Law for sequences: If a, < b, < ¢, for all
large n, and if lim a, = lim ¢, = ¢, then lim b, = ¢ too.
Solution: Suppose that a,, <b, < ¢, for all n > Ny. Then
anp—C<b,—¥0<¢,—/ for all n > N,.

Let € > 0 be given.



e Since a,, — ¥, there is N; € N such that

—e<a, —l<e whenever n > N;.

e Since ¢, — /, there is Ny € N such that

—e<c¢,—fl<e whenever n > N,.

Therefore if n > N = max{Ny, N1, No} then
—e<a, —0<b,—l<¢c,—¥l<e.

Therefore
|b, — l] < € whenever n > N,

and so by the definition of limits b, — ¢ as n — oo.
Stirling’s Formula (for interest)

10. In this question you derive Stirling’s Asymptotic Formula for n!
(a) Show that

lnn!:nlnn—n—i-l—i-/ ﬂd:U,
. T

where {z} € [0,1) is the fractional part of x > 0.

n { } k:-i—l
Hint: Notice that/ Z/
1

Solution: Using the hint, we have

/{x} N /:“ xkdx

=1

-1
Z (r —klnx)

:Z 1—kIn(k+1) +kInk)

k=1
=n—1—(In2+2In3+3m4+---+(n—1)lnn)
+(In1+2mn2+4+3n3+---+(n—1)In(n—1))
=n—1—-nlnn+(Inl+mn2+mn3+---+1Inn)

=n—1—nlnn+Innl.

k+1

k

Rearranging gives the desired result.

(b) Integrate by parts to show that

/j%m;%m%/j%ﬁpdm

Solution: In the integration by parts formula, let u = 1 and 2 = {x}.

Then 2—; = —w—12. We compute v = /{x} dx by an area computation:
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——1

where |z| € Z is the integer part of x.
Therefore

/"{i_}dx:x—{x}—l—{x}Q"+1/”a:—{xi2—|—{x}2d$

2x 1 2
1 1 [ {33} {x}Q
— Zlnn—- [ WS g
5 nn 2/1 ,1'2 dx

(¢) Deduce that lim = ¢“ for some constant C.

n!
n—oo \/nnne"

n _ 2
Solution: Let C, =1 — %/ M dx. Since
1 x

{z} — {=}?

X

2
<=
2

<1
we see that lim C,, = C exists by Comparison to / — dz.
1

n— o0 IQ

By the previous parts we have
1
Inn!=nlnn—n+ Elnn%— Ch,

and therefore n! = n"e "/ne®", and so

n!
WIGC"—HBC as n — OQ.
nne—

(d) Use the Wallis product formula from last week to evaluate C, and deduce
that
nl ~v2mnn"e "

Solution: The Wallis Formula from last week gives
24n

™= nh—{%o n(2n)!?’

n!4



Plugging n! = v/nn"e e into this formula gives

4n,2,,4n —4n AC,
L 2 nn e Metn B 1 . AC,—2C, 1 50
7= lim yT—T—Te =—lim e = —e*".
n—oo n(2n)(2n)4ne=4ne2C2n 2 n—oo 2

1
Therefore C' = 3 In(27). Therefore by (c) we have

. n! _
lim — =1, and so n! ~v2rnn"e ",
n—0o \/2rnnte "



