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Questions to attempt in class

1. (a) Compute the nth order Taylor polynomial of f(x) = In(1 + x) about x = 0.
(b) Use Taylor’s Theorem to write down an expression for the remainder term.
(c) Deduce that

[

1n(1+x):x—?+§—z+--- for all z € [0, 1].

2. (a) Compute the Taylor series for cos x about # = 0. Show that the Taylor series
converges to cosx for all z € R.

(b) Write down the Taylor series for cos(z?).
Note: It would be horrid to find the series for cos(z?®) directly!

3. (a) Use Taylor’s Theorem to show that for all x > 0
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b) Hence give upper and lower bounds for the integral / —dx.
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Questions for extra practice

4. The Taylor series for tan~! z is not easy to find directly because the derivatives of
tan~! z get messy quickly. This question outlines an indirect method.

(a) Show that

_1)nt2n

e for all t € R.

n—1 x2k+l x t2n
e = S (D Be), where By(a) = (-1 [
0

(¢) Show that |E,(x)| < folxl tndt = ‘gi:l Conclude that
3 .5 7
tan_lx:x—%+%—%+-~- for all -1 <z <1.
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5. (a) Compute the Taylor series of f(z) = sinhz about x = 0, and show that the
series converges to sinh x for all z € R.

(b) Write down the Taylor series for sinh(z?).

(c) Assuming that you can freely interchange the order of summation and inte-
gration, find series formulas for the integrals
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Questions for interest

6. From Question [I| we have the formula

mo—1_ 41t 1,
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Unfortunately this converges pathetically slowly - it turns out that you need
1565238 terms to get In2 correct to 6 decimal places! We can do much better

using the function
1
f(z) = In <1 “‘)

-z
and noticing that f(1/3) =In2.
(a) Calculate the Taylor series of f(x) about x = 0.
Hint: Write f(z) =In(1 + ) — In(1 — x).
(b) Use the Taylor polynomial T5(1/3) to approximate In2. Estimate the size

of the remainder term Rg(1/3), and deduce that you have In2 correct to 2
decimals.

7. From Question [4f we have Leibnitz’s Formula

This series is essentially useless for the purpose of approximating = (try it!). Luckily
there is nice trick available. Recall the identity from the assignment:

Tty
11—y

tan™'z 4 tan "'y = tan! ( ) , valid for xy < 1.

(a) Use the above identity to show that 4tan~'(1/5) = tan~'(120/19) and
tan~' 1+ tan~'(1/239) = tan—'(120/119).

(b) Hence prove Machin’s formula:

1 1
=1 e . —4 -1 ( _~ )
T 6 tan <5> tan <239>

Now use the first five terms from the tan~! series from Question [4| to ap-

proximate m. Check your answer against your calculator.



