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Let

p:U— X
(u',u?) = p(u', u?)
be a local parameterisation near p € 3.

The image in X of the rectangle

Aut

is approximately a parallelogram with sides Au'E; and Au?E,, where E; = ¢,1 and
E2 - gbuz.
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The parallelogram in 7,3 with sides Au'FE; and Au?E» has area

|E1 X EzlAUlAU2.



Definition 1. If a bounded region R of ¥ is contained in a single coordinate neighbourhood
¢(U) then we define the area of R to be

// |E1 X E2| duldu2
¢~ (R)

We need to ensure that R is a set for which this definition of area makes sense: such sets

are called bounded regions.

Definition 2. A domain of ¥ is an open and connected subset whose boundary is the

image of a circle under a regular smooth homeomorphism.
Definition 3. A region of X is the union of a domain with its boundary.

Definition 4. A subset of R" is bounded if it is contained in some open ball in R™.

We need to show that our definition of area does not depend upon the choice of local

parameterisation.

That is, if R is a bounded region in the regular surface > which is contained in the image

of local parameterisations

p:U— X

(u',u?) — p(u', u?)
and

vV =3

(v!,0%) = P!, v?)

such that ¢(u',u?) = ¢ (v',v?), then we must prove that

// L(R) |¢UI ) ¢u2|dU1dUQ B //w 1(R) WUI . ¢v2’d01d02.
¢~ (R _




The chain rule gives:

out ou?
%1 = ¢u1_ + ¢u2F
8u2

¢ d)ul ¢u

So writing
O(ut, u?)
o(vh, v?)

for the change of coordinates’ Jacobian matrix,
O(u', u?)

/ /w g ot X sl = / /w o % 00l i)
- /A_I(R) |Pur X ¢u2|du1du2.

dv' dv?
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Question 5. Show that the area A of a bounded region R on the surface z = f(x,y) is

A:// 1+ f2+ f2dedy
o1 (R) !

where Qb(x;y) - (x,y,f(x,y)).

Answer 6.
¢r = (1,0, fa), &y = (0,1, f),
SO
i k
Pz X ¢y 10 fe (=fo, =y 1)
01 f,
Hence

|¢xx¢y|:\/f£+f3+1‘

Intuitively, we orient a 2-dimensional vector space as either



or

More rigorously, an orientation on a plane is determined by an ordered basis (X7, X5).

X

B,

Orientation given by shortest “direction” from X; to Xj.

Two ordered bases (X, X2) and (Y7, Y2) determine the same orientation if and only if the

change of basis matrix has positive determinant.
This suggests defining an equivalence relation:
Let (Xi, X2) and (Y7, Y5) be ordered bases for the 2 dimensional vector space V.

Say that (X7, X3) ~ (Y7, Y3) if the 2 x 2 matrix A defined by
()/17 }/2> = (Xlu XQ)A

has positive determinant.

This is an equivalence relation:
1. reflexive: (X7, X3) ~ (X1, Xo);
2. symmetric: (Xy, Xo) ~ (Y1, Ys) if and only if (Y1, Ys) ~ (X1, X5);
3. transitive: if (X, Xo) ~ (Y1,Y2) and (Y1,Y2) ~ (21, Z3) then (X, Xo) ~ (Z1, Z2).

Denote the equivalence class containing the ordered basis (X7, Xs) by [(X1, X2)].

Notice that are just two equivalence classes.
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Question 7. Now let’s make exactly the same definition for a n-dimensional vector space

V', namely:

Let (Xi,...,X,) and (Y3,...,Y,) be ordered bases for the n-dimensional vector space V,
and say that (Xi,...,X,) ~ (Y1,...,Y,) if the n x n matrix A defined by

(Yi,...,Y,) = (X1,...,X,)A

has positive determinant.

1. Is this an equivalence relation?
2. How many equivalence classes are there?
Answer 8. 1. Yes, exactly as above.

2. Two: the determinant is either positive or negative.

Definition 9. An orientation of a n-dimensional vector space V is a choice of one of the
two possible equivalence classes of ordered basis for V' under the equivalence relation ~
defined above.

In particular, the bases

X5

Dsy

all belong to the same equivalence class,

If

p:U— X
(u', u?) = p(u', u?)
is a local parameterisation of the regular surface X near p, then the ordered basis (Eq, Es) =
( ¢ 09

—> determines an orientation on 7,X.

Oul’ Ou?
Another local parameterisation
vV =3

(v',0%) = P!, 0%)



near p determines the same orientation if and only if the change of basis matrix at p,

L ovt ot
0. v) | Bul Bu2
oul,u?) | o O0?

oul  Ou?

has positive determinant.
We would like to to extend the notion of orientation to a regular surface rather than just

each tangent plane.

Definition 10. A regular surface X is orientable if it has an atlas (i.e. may be covered
with coordinate neighbourhoods) so that whenever p € ¥ lies in the image of two local
parameterisations ¢ and 1, the change of basis matrix at p has positive determinant. If
this is possible, then the choice of such an atlas is called an orientation of X, and we say

that > is oriented.

An orientation of a regular surface ¥ can be thought of as an orientation of every tangent

plane that “varies smoothly”.
A surface which cannot be oriented is called non-orientable.

For a 2-plane in R?® (e.g. a tangent plane), an orientation is equivalent to a choice of a

unit normal vector.

Given an orientation [(X;, X»)], define

N o= Xl X X2
' ‘Xl X XQ‘

Two ordered bases determine the same orientation if and only if they define the same N.

N
X5

Proposition 11. A reqular surface ¥ C R® is orientable if and only if there is a smooth

map N : ¥ — R3 which assigns to each p € ¥ a unit vector normal to 3 at p.

Proof:



(=) If ¥ is orientable, then take an atlas whose change of coordinate matrices all have

positive determinant. Then

N:Y > R3
E1XE2 )
H—
p |E1XE2|p

is well-defined (independent of local parameterisation) and smooth.

(<) Suppose N is given, and take an atlas consisting of connected coordinate neighbour-
hoods.

Take p € X, and ¢ : U — ¥ a local parameterisation near p. By exchanging u! and

u? if necessary, we may ensure that

. E]_ X E2
‘E]_ X E2‘

E E
(e
|E1 XE2|

— is smooth (hence continuous), and

N(p) (p).

Since

— is either 1 or -1,

it is constant, and since it is 1 at p, it is 1 throughout the connected set ¢(U).

We can similarly ensure that

N — El XE2
|E1XE2|

on every coordinate neighbourhood.

Then for any overlapping coordinate charts, ¢,1 X ¢,2 and ¢,1 X ¢,2 point in the same

(rather than the opposite) direction, and so g((zigz)) has positive determinant. O]




