MATH3968 Assignment, Solutions

October 29, 2009

1. Parameterise the tube 3 using
x(s,0) = a(s) + rcosfn + rsin 6b,

where n, b are the unit normal and binormal of o (and ¢ is the unit tangent
vector), s is the arc-length of a, and r is the radius of the circle which is
moved along . Compute:

e1=xs = (1—krcosf)t+ rrsinfn — rrcosfdb
eo=xy = —rsinfn + rcosbb,
and y
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where k denotes the curvature and 7 the torsion of a. Use
Gij =< €i, €5 >, hij = —< Nui,ej >

to compute that with respect to the given coordinate basis,
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Notice that in this example you want to compute the second fundamental
form using h;; = — < Ny,, Ty; >, 00t hyjj =< N, oy,y; >, as otherwise the
expression will involve derivatives of the curvature and torsion (it would
still be correct, but much harder to compute).

Then use [dN]" = —[I1][I]~! and H = Ltrace(dN) to obtain
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and

v/det g =r(1 — krcosb).

Alternatively, you may use the formula
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where the g;; are the entries in [I] and the h;; are the entries in [I1].

We assumed that ¥ has no self intersections, which is equivalent to the
radius of curvature of a always being greater than the radius r of the circle
that is moved along it, i.e. |k(15)| >r and so 1 — krcosf > 0. Thus
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Now the function 1
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takes its minimum value of 2 at x = 1/v/2, so

b
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> 272
by Fenchel’s Theorem.
[10 points]

. We will have

/ H?do = 272
b

if and only if we have equality in both of the inequalities used above, i.e.
if and only if |k|r = 1/v/2 and (by Fenchel’s Theorem), « is a plane curve.
Thus we have equality if and only if « is a circle of radius v/2r, as required.

[2 points]



3. First note that as both curves are geodesics, N = +n® along «, and
similarly along 3, and their orthogonal intersection gives t* = +b” and
t’ = +b“ at 0. Thus

AN (t*(s)) = dNp(d/(s))
— (Noa)(s)
= £(n")'(s),

with the sign of (n®)'(s) given by (IN,n®). The same holds true for §.
Thus we can write

dN,(t%) = (N,n*)(n%)', dN,(t’) = (N,n”)(n")"
The Frenet equation for the derivative of the normal
n' =kt —7b
and orthogonality of the tangents gives
(AN, (t),t7) = (N, n*)(n*)', ")
= —7%((N,n%)b*,t%)
= —m{({N,n®)(t" x n%),¢")
= —7*((t" x N),t")
and similarly (dN,(t%),t*) = —7%((t? x N),t*). As dN,, is self-adjoint,

we have
(dN,(t%),87) = (AN, (&), t*)
and since
(t* x N),t%) = —((t° x N),t*)

the result follows. Note: The self-adjointness property may be utilised to
give a different proof, whereby an explicit matrix is computed for dIN,,.
In this case, self-adjointness ensures the matrix is symmetric about the
main diagonal.

[8 points]



