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Required Problems

1. Lecture Notes, Exercise Set 3, Q1,2c,5.

2. Recall the following definition:

Definition: Let U ⊂ Rn be open and f : U → Rm be smooth. The differential
of f at p ∈ U is a linear map

dfp : Rn → Rm

defined as follows: take w ∈ Rn, and let α : (−ε, ε)→ U be a smooth curve so that
α(0) = p, and α′(0) = w. Then

dfp(w) = (f ◦ α)′(0).

Using this definition, prove the following proposition:

Proposition: dfp is a well-defined linear map, and with respect to the standard
bases is given by the matrix

dfp :=


f 1

1 (p) f 1
2 (p) · · · f 1

n(p)
f 2

1 (p) f 2
2 (p) · · · f 2

n(p)
...

...
. . .

...
fm

1 (p) fm
2 (p) · · · fm

n (p)

 ,

where f i
j = ∂f i

∂xj
.

3. Show that the inverse of the stereographic projection from the North Pole of the
sphere to the plan through its equator is given by

x =
2u

u2 + v2 + 1

y =
2u

u2 + v2 + 1

z =
u2 + v2 − 1

u2 + v2 + 1



Recommended Problems

4. Prove that a linear map A : Rn → Rn+m is injective if and only if it has rank n.

5. Show that the system of equations

3x+ y − z + u2 = 0

x− y + 2z + u = 0

2x+ 2y − 3z + 2u = 0

can be solved for x, y, u in terms of z; for x, z, u in terms of y, for y, z, u in terms
of x; but not for x, y, z in terms of u.

6. Lecture Notes, Exercise Set 3, Q3,4.


