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Outcomes
After completing this tutorial you should

1) understand the basic rules of set theory as needed for measure theory.

(1)
(2) be able to work with inverse images of functions.
(3)
(4)

4) be able to work with the definition of the Lebesgue outer measure.

use the rules of set theory and inverse images in relation to o-algebras.

For your reference we collect some facts on set theory. We always look at a base set X and subsets

thereof. Here are some precise definition:

e AC X is asubset of X if x € A implies x € X. The collection of all subsets of X is called the

power set of X. We denote the power set of X by P(X).

o If A,BC X we write AC Bifx € Bforeveryzx € Aand A=Bif AC Band B C A.

e Let I be an arbitrary index set, for instance I = {1,2,...,n} finite, I = N countable or I = R
uncountable. There is no restriction on the cardinality of I. Suppose that for every ¢ € I there

is a set A; C X. We define the union

UAi::{mGX:xeAiforsomez'EI}
el

and the intersection
ﬂAi::{xeX:xGAiforalliEI}.
iel

e We define the complement A° of A C X by
A =X\A:={zxe X:x ¢ A}.

For X \ A we also say “X minus A”.

As in algebra, there are rules on how to do computations with sets. We state the most basic ones
below. We assume that A; C X for all ¢ € [ and B C X, where [ is an arbitrary index set.

Distributive laws:

<ﬂAi> UB=()(4UB) and (UAZ) nB=|JAinB)

icl iel il
De Morgan’s laws:

el i€l

(N AZ»)C = ZEUIAZ? and <LEJ1A> = ()4

el

Intersection of sets is also associative, that is, it does not matter how we bracket an expression. For

instance AN (BN C) = (AN B)NC. Unions have a similar property.
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Questions to complete during the tutorial

1. Let A, B,C,... be subsets of a set X. Simplify the following expressions.
(a) (AUuB)N A
Solution: Using the laws from above and the fact that AN A =10
(AUB)NA° = (ANA°)U(BNA°) =BnA“.
(b) SN(AUB)NAiIf ANnB=4.
Solution: SN(AUB)NA=SN((ANA)U(BNA)))=SnA
(¢) (A°UB°)N(A°UB)
Solution: (A°UB°)N(A°UB)=A°N(B°UB)=A°NX = A°
(d) (AnB)U(ANB°)
Solution: (ANB)U(ANBY)=AU(BNB)=AUb=A

2. Let A, € X for n € N. Set By := Ap and B,, := A, N (AgU A1 U---UA,_1)° for n > 1.
(a) Prove by induction by n that (J;;_, Br = Uj_, Ak for all n > 0.
Solution: The case n = 0 is obvious since Ag = By by definition.
Assume that the identity holds for n. By definition of B,,1+1 and the distributive laws

Usi= () vma= (0 0) o n (0))

(&
as claimed. Here we used that X = Jj_y 4; U}, Aj> .
(b) Prove that B; N By, =0 if j # k.
Solution: Without loss of generality we can assume that k& > j (otherwise we inter-
change the roles of j and k). By de Morgan’s law and since A; N Aj = ) we get

ByNBj = AyNAGN---NAR_1k°NA;NAGN- - -mA; = (Aij;?)mAmAgm- NAE_ = 0.

3. Suppose that X,Y are sets and f: X =Y. For A C Y set f7'[A]:={zx € X: f(z) € A}.
(a) Prove that (f71[A])" = f~1[A].

Solution: For every z € X either f(z) € A or f(z) € A°, but not both. Hence
X = f7HAJU f71[A9) is a disjoint union and so our claim follows.

(b) Suppose that A; C Y for all i € I, where [ is an arbitrary index set. Prove that
Ural=r"Ja] and () Al= ") A
i€l icl iel iel
Solution: We prove the first identity. Let z € f~! [U;‘io A]}. Then f(z) € UjZy 45,
and therefore f(z) € A; for some j. But this means that z € f71(4;), and so z €
UiZo /7 '[A;], showing that f~! [U?io AJ} < Ui f71[A;]. If on the other hand = €
UiZo f7YA;], then 2 € f71[A;] for some j € N, and so f(z) € 4; C UjZo 4;. Hence
re fi [U]O‘io AJ} and so [J32, fA) C 7t [U]O‘io AJ} as required.

The other identity follows in a similar way, replacing “some j € I” by "all j € I” in the
above proof.



4. Suppose that X, Y are sets and f: X — Y a function.

(a)

If Ais a o-algebra in Y, prove that A; := {f_l[A] : Ae A} is a o-algebra in X.
Solution: (i) Clearly 0 = f~1[0] € Ajy.

(ii) By Question 3 we have (f~![A])¢ = f~1[A°]. Since A € A implies A € A, we get
(f71[A])¢ € Ag for every A € A.

(iii) Let B; € Ay, j € N. Then there exist A; € A with B; = f~'[A4;]. Hence from

Question 3
UBsi=Ur"al= fﬁl[
j=0 j=0

If Ais a o-algebra in X, prove that A; := {A CY: f~![A] € A} is a o-algebra in Y.
Solution: (i) Clearly § = f~1[0], so 0 € A;.

(i) Suppose that A C Y is such that f~![A] € A. Since f~![A4] € A implies f~![A]] =
(f_l[A])c € A by Question 3, we get A° € Aj;.

(ii) Let A; C Y with f71[4;] € A for all j € N. Then there exist 4; € A with
Bj = f71A;]. Hence by Question 3

AJ} € Ay.

1Cze

Zf_l[[j Ag} oy A € A,
j=0 0

J]=

SO U(;io Aj c A

Extra questions for further practice

5. Let A be the collection of all finite subsets of R and their complements. Show that A is an
algebra, but not a o-algebra.

Solution: Clearly ) € A. If A is finite, its complement is in A by definition, and vice versa.
If A,B € A, then AU B € A. Indeed, if A, B are finite, then AU B is finite. If A is finite and
B is the complement of a finite set, then A U B is the complement of a finite set. Finally, if A
and B are complements of finite sets, so is AU B.

We show that A is not a o-algebra. Let A, := {n}. Then A, € A for all n € Z. However,
Unez An = Z is not in A. Hence A is not a o-algebra.

6. Denote by m* the Lebesgue outer measure in R as defined in lectures.

(a)

Show that {z} is measurable and m*({z}) = 0.
Solution: Fix € > 0 and let

Ry :=(x1—e,x14+¢) X (xg —g,x94+¢€) X -+ X (xy — &, 2N + &)

and Ry, = () for all k> 1. Then {z} C |J;2, Ry and

m*({e}) < 30 vol(Ry) = (22)
k=0

Since the above is true for all ¢ > 0 we get m*({z}) = 0. From lectures we know that
sets of outer measure zero are measurable.

Let C C RY be a countable set. Show that m*(C) = 0.
Solution: Since C' is countable we can enumerate its elements by xg, x1, x2,.... By the
countable subadditivity of outer measures and the previous part

0<m*(C) <> m"({zx}) =0.
k=0



7. Let A c RN and 6 > 0. Consider the following set functions:

m*(A) = inf{i vol(Ry): A C G Ry, Ry, open rectangles},

m*(A) = {Z vol(Ry): A C U Ry, Ry, closed rectangles}
k=0

mj(A) = inf{z vol(Ry): A C U Ry, Ry, rectangles with diam(Ry) < (5},
k=0 k=0

For a set A C RY define the diameter diam(A) := sup, yea lly — z|-

(a)

()

Prove that m*(A) = m*(A) for all A C RV,

Solution: Let A C RY and Ry, k € N, open rectangles with A C Ureg Ri- Then
also A C U2, Ry, that is, every cover with open rectangles induces a cover with closed
rectangles. Hence by definition m*(A4) < m*(A). To prove the opposite inequality fix
€ > 0 and choose open rectangles such that A C (J;, Ry, and

> vol(Ry) < m*(A) +&.
k=0

By enlarging Ry slightly on each side we can construct open rectangles R.; such that
Ry C R.j, and vol(R.;) < vol(Ry) +¢/2FF!. Then clearly A C Ur— Ry and

oo o0
kE_: vol( Ry <kZOV01 Ry) +k202k+1 kzovol Ry) +e <m*(A) +e.

Since the above works for every choice of € > 0 we conclude that m*(A) < m*(A). Hence
equality follows.

Let R be a rectangle and £, > 0. Show that R can be covered by countably many
rectangles R; with diam(R;) < ¢ such that vol(R) +& > > 2% vol(R;).

Solution: For j = (j1,jo,...,7n) € RY and k € N define the open cubes

(J1 i+l JN JN +1
Quai= (g3 ) %o x (50 75)

They define a countable decomposition of RY such that for every k € N, we have
Ujezny Qjx = RY. We now choose k such that diam(Q;) < & for all j € ZV. Given a
rectangle R we then define rectangles by Q; N R # (. Denote that collection of rectangles
by R}, i € I. That collection is at most countable, R C | J,.; R} and R, MR, =0 fori# j.

Hence in particular
vol(R) =Y vol(R)).
j=0

Given ¢ > 0 we choose open rectangles R; such that R;. C R; and vol(R;) < vol(R}) +
£/27*L. Then

€
vol(R) +¢e = ZVOI(R;) +e> Z (VO](R;-) + ﬁ) > Z vol(R;)
jeI j=€l Jj=¢€l
as required.

Show that m*(A) = ms(A) for all A C RV,



Solution: Clearly m*(A) < ms(A) from the definition and properties of an infimum. To
show the other inequality fix ¢ > 0 and choose rectangles R;, j € N such that A C U;)il R;
and

o0

m*(A) +¢e > ZVO](Rk)

k=0
By part (b), for each rectangle Rj we can choose a covering Rj; of rectangles with
diam(R;;) < 0 and Y 22, vol(R;y) < vol(Ry) + /281, Then only choose those of R;,
which have non-empty intersection with A. This collection is countable and we denote it
by R., i € N. Then clearly

Ac|JRicAs
i=0
and

S vol(R) < 373 vol(Ry) < Z(vol(Rk) + #) — e+ > vol(Ry).
=0 k=0 j5=0 =0 =0

Putting everything together we get

mi(A) < vol(R}) < e+ Y vol(Ry) < m*(A) + 2.
=0 =0

Since the above argument works for every choice of € > 0 we get mj(A) < m*(A), hence
proving equality.

Prove the distributive laws.

Solution: For the proof we extensively use the definition of the intersection and the
union of sets without saying so every time.

(i) Assume that z € (ﬂiel Ai) UB. Then x € (,c.; A; or x € B. In the first case

x € A; forevery i € I, and so x € A; UB for all i € I. In the second case x € B, so
x € A; U B for all i € I again. Hence in both cases z € ();c;(4; U B). This shows

that

iel iel
To prove the opposite inclusion assume that = € (,c;(A; UB). Then z € A;N B
foralli € I. If 2 ¢ B, then x € A; for all i € I, so x € (;c; A;. In the other case

x € B. In either case x € <ﬂl€ I Ai> U B by definition of a union of sets. Hence
i€l i€l
Since we have proved both inclusions, equality follows.
(ii) Suppose that z € (Uie[ Ai> NB. Then x € | J;c; A; and # € B. Hence there exists
J € I with x € A;j. Therefore x € A;N B and so z € (Uiel Ai) N B. Hence
i€l iel

to prove the opposite inclusion assume that = € (),c;(A; N B). Then there exists
j € I such that x € A; N B and therefore x € B and x € A;. Hence z € (J;; A;

and so r € (Uze I Ai) N B. This proves the opposite inclusion

(U Ai) NBD ﬂ(AZ- N B).

el el



(b) Prove de Morgan’s laws.
Solution:
c
(i) Suppose that = € (ﬂiel Ai> . Then x ¢ (A, so there exists j € I such that

x & Aj, that is, z € Aj. Hence z € Uicr A and so

(N Ai)c c | A

el i€l
To prove the opposite inclusion let = € (J;c; A7. Then there exists j € I such that

C
x € Af, that is, x ¢ A;. Therefore x € ();.; 4; and so z € <ﬂiel Al-) . Hence
N4)=Us
iel icl
and equality follows.

(ii) We prove the second law by using the first one by using that (B€)¢ = B for every
set:
0= () = (o) = (Ua)
il icl il i€l

Challenge questions (optional)

9. Let F': R — R be a right continuous increasing function, that is, F(t) = lims_,;4 F(s) for all
t € R. For a < b define vp((a,b]) := F(b) — F(a). If A CR let

Wo(A) = inf{ZVF(Ik): I = (arbil A< | Ik}.

k=0 k=0

(a) Show that . is an outer measure (called the Lebesgue-Stieltjes outer measure)

Solution: We first prove that pj,(#) = 0. For that we choose I}, := (0,0] = () for all
k € N. Since § € [U;en(0,0] = 0 the definition of u}} implies

0 < (0 <ZVF ((0,0)) < ((0) F(0)) = 0.
k=0

Hence pj:(0) = 0. We next show the countable sub-additivity. Let A, Ay, C R, k € N
and A C Uiio Ap. Let € > 0 and choose intervals I, such that A; C U Ljy, and

Wi (Ag) + /280 > 577 vp (1), Then

Aac YU

k=0 j=1
and hence
<ZZ”F ik SZ( 2k:+1> ZMF (Ar) +
k=0 7=0 k=0
Since € > 0 was arbitrary we get p}.(A) < 377 ui(Ag). This completes the proof.
(b) Show that p}.((a,b]) < vp((a,b]) = F(b) — F(a).

Solution: Fix an interval (a,b]. We can produce a cover by Iy := (a, b] and the intervals
I; = (0,0] = 0 for k > 1. Then (a,b] € (Jp—, I and

wi((a,b]) < ZVF I) < F(b ) + Z = F(b) — F(a) = vg((a,b])

k=0

as claimed.



*(c) Show that u}.((a,b]) > vr((a,b]) = F(b)—F(a) and hence from (b) p3((a,b]) > vr((a,b]).
Solution: The opposite inequality is a bit more tricky. We have to show that for every

possible cover (a,b] C Jpey I with intervals of the form I = (ag, by] we have

o

<> ve(Iy). (1)
k=0
We distinguish two cases.
(i) First assume that finitely many of the I;’s cover (a,b]. Renumbering we can assume
that (a,b] C Uj_, L. Now order all endpoints of these k intervals in (a, b] and denote them
bya==¢§ <& < <& =>b. Thenforeachi=1,...,mtheinterval J; := (§-1,&] C Iy
for some k. Hence I/F(J) < vp(Ix) and so

n

Z vp(Iy) > P(Ik) > Y ve(Ji) =D (F(&) = F(&i-1) = F(b) — F(a).
i=1 i=1

k=0 =0

(i) If there is no finite sub-cover, the proof is more difficult. Fix ¢ > 0 and choose
6 > 0 such that F(b, + &) — F(by) < /21, Set I, := (ag, by + 6]. Then we have
(a,b] € Upeg Ier and

> ve(I) = (F(be + ) — Flar))

k=0 k=0
= (F(bx+0k) = F(be)) + > _(F(br) — F(ay))
k=0 k=0

o0 0o 0o
g
< E Z/F(Ik) + E W < E I/F(Ik) +e. (2)
k=0 k=0 k=0

By the right continuity of F' we can also choose ¢ > 0 such that F(a+¢d)— F(a) < . Now
clearly by construction, the open intervals (ag, by + €) cover [a + §,b]. Since [a + ¢, ] is
compact the Heine-Borel theorem implies that there is a finite sub-cover. Renumbering
we can assume these intervals are I, k = 0,...,n. Then (a + §,b] € J;_y Icx- The
argument used in (i) above implies

F(b) — F(a + 5) < Z VF(Isk) < ZVF(IEIC)'
k=0 k=0

Using (2) and F'(a+0) — F(a) < € we get
F(b) — F(a) < (F(b) — F(a+9)) + (F(a+6) — F(a))
<€+ Z VF(Iek) <2+ Z VF(Ik).
k=0 k=0

Since the above procedure works for every choice of € > 0 we finally get (1).

10. Let u: A — [0,00] be a Borel measure measure on R with u(R) = 1. Define the function
F(t) = pu((~o0, ).
The function F' is called the distribution function of the measure p and is often used in proba-
bility theory.
(a) Show that F' is increasing and right continuous.

Solution: If s <t, then (—o0,s] C (—o0,t] and so by the monotonicity of measures

F(s) = u((~o0.5]) < p((~00.1]) = F(t),



so F'is increasing. For the right continuity fix ¢ € R and let ¢,, be a decreasing sequence
with t, — t. Then (—o0,t,] 2 (=00, t,+1] for all n € N and

(—o0,t] = ﬂ (—o00, ty].

neN

Since p((—o0,tp]) < u(R) =1 < oo the monotonicity properties of measures implies

lim F(t,) = lim p((—00, t,]) = M(ﬂ (—oo,tn]> = (=00, 1)) = F(1).

n—oo n—oo
neN

Since this is true for all decreasing sequences with ¢, — ¢ it follows that F is right
continuous.

show that lim;_,_~ F(t) = 0 and lim;_,» F(t) = 1.

Solution: Again by the monotonicity of measures

lim F(t,) = lim p((—o0,t,]) = u(m (—oo,tn]) = () = 0.

n—oo n—oo
neN
for every decreasing sequence t,, — —oo and

lim F(ty) = lim (=00, ta]) = p(|J (~00,ta]) = n(R) = 1

n—00 n—00
neN

for every increasing sequence t, — oo. Hence F(t) — 0 if t — —oo and F(t) — 1 if
t — oo.

Show that pur({t}) = F(t) — lims_;— F(t) (The height of the jump of F' at t).

Solution: Since the function is bounded and monotone lim,_,;— F'(s) exists at every
point ¢ € R. Now for every increasing sequence t, with ¢, — ¢ we have from the
monotonicity property

p{t} = u(ﬂ (tn,t]> = lim p((tn,t]) = lim F(t,) — F(t) = lim F(s) — F(t)

n—o00 n—o00 s—1—
neN

as claimed.

Show that a bounded increasing function on R can have at most countably many discon-
tinuities.

Solution: Since F' is monotone, left and right limits exist at every point. Let .5, :=
{t € R: lims04 F(s) — limgo— F(s) > 1/n} be the set of discontinuities with a jump
larger than 1/n. This is a finite set for every n as otherwise the function is unbounded.
The set of all discontinuities | J,, oy Sn is therefore at most countable.



