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Material covered

(1) Properties of the Lebesgue integral.

(2) Elementary properties of measurable functions.

Outcomes

After completing this tutorial you should
(1) know the main invariance properties of the Lebesgue measure
(2) be able to work with dyadic decomposition to prove properties of the Lebesgue measure.

(3) be able to use the definition of measurable functions.

Questions to complete during the tutorial

1. Consider an arbitrary subset A C RY.
(a) Show that m*(A) = inf{m(U): A C U, U open}.
Hint: Use the definition of the Lebesgue outer measure and the fact that any union of
open sets is open.

Solution: 1If m*(A) = co the claim is obvious. Hence assume that m*(A4) < oo. By
the monotonicity of outer measure we have m*(A) < m*(U) = m(U) for all open sets U
with A C U. Hence we need to show that for every € > 0 there exists an open set U with
A C U such that m*(A) + ¢ > m(U). By definition of the Lebesgue outer measure there
exist open rectangles Ry with A C UZO:() Ry and

m*(A) +e > vol(Rr) = > m(Ry).
k=0 k=0

We set U := (J,—, R. Since arbitrary unions of open sets are open U is open. By the
sub-additivity of measures we also have m(U) < >~72 ; m(Ry,) and therefore

o0
m*(A) +e> Y m(Ry) = m(U),
k=0
so U is an open set as required.
(b) Hence show that there exists a Borel measurable set B with A C B and m*(A) = m(B).

Solution: If m*(A) = oo, then the statement is obvious, so assume that m*(A4) < oo.
According to (a), for every n € N there exists an open set V;, D B such that m*(A) <
m(Vy) < m*(A) 4+ 1/n. Define Uy := Vi, Upy1 := Vygp1 NU,. Then m(U,) < m(V;,) and
Upt1 C U, for all n € N. Also

m*(A) <m(U,) <m(V,) <m*(A)+1/n
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for all n € N. We set B := (.2, Up. Then A C U, and by the monotonicity properties
of measures and since m(U;) < oo

n—oo

m*(A) < lim m(U,) = m(ﬂ Un) =m(B) <m*(A).
n=1

Since countable intersections of Borel sets are Borel sets, B is a Borel set as required.

2. From linear algebra it is known that every invertible matrix 7' can be written as a product
T = E1EsFs ... Ey, where Ej, are elementary matrices corresponding to one of the following
row operations:

(I) Multiply one row by A € R;

(IT) Add one row to another row.

Denote by @ the unit cube (0,1) x (0,1) x --- x (0,1). For the proofs below you may use that
the Lebesgue outer measure is translation invariant.

(a)

If E is of the form (I), prove that my(E(Q))) = |A|.
Solution: Let

1 0 - --- 0
0

E = A
: .0
_0 e e 0 1_

which multiplies the j-th component of a vector by A. Hence if we have a rectangle
R = (al,bl) X oo X (aj,bj) X oo X (aN,bN), then

E(R) = (al,bl) X e X (/\aj,/\bj) X e X (aN,bN)
if X > 0. If A < 0 replace (Aaj, Abj) by (Abj, Aa;j). Hence the volume of that the image is
vol(E(R)) = |A| vol(R)

Hence for an arbitrary A C RY
m*(E(A)) = inf{Zvol(Rk): EMA) < | Rk}
k=0 k=0

_ inf{|/\| 3 vol(Ry): B(4) € | Rk} = [\m*(A).
k=0 k=0

Here we use that there is a one to one correspondence between the rectancles R; and Rk
by E(Ry) = Ry.

If E is of the form (II), prove that my(FE(Q)) = 1.

Solution: Add row ¢ to row j. The corresponding linear transformation E acts like
E(l’l, . ,.’L‘N) = (1'1, ey Tj—1, T + Tiy Tj4l,- - ,I'N).

Geometrically E transforms ) by shearing it parallel to the j-th coordinate axis as shown
in Figure 1 which shows a cross section of @ and E(Q) in the plane spanned by the i-
th and the j-th coordinate axis. The cross-section of ) is the square ABCD and that
of E(Q) is the parallelogram ACED. The plane through line AC perpendicular to the
ij-plane subdivides @) and E(Q) into triangular prisms Py, P, and P3. Note that P;
is obtained from P; by translation of one unit in the j-th coordinate direction. By the
translation invariance of my we have my(P1) = my(Ps) and so

my (E(Q)) = mn(P2) + my(P3) = my(P) +my(P1) = my(Q) = 1.



7-th coordinate axis

i-th coordinate axis

Figure 1: Effect on (0,1]" adding row i to row j.

(c) If T is a linear transformation on RY, prove that my(T(Q)) = | det T'|.

Solution: We use that T'= E1FE3F5. .. E,,, where Fj are elementary matrices as in the
previous parts. By applying the previous parts we get

mn(T(Q)) = [ | det Ey| = |det T|mn(Q) = | det T|.
k=1

(d) Let U C RY be open and T a linear operator on RY. Show that my(T(U)) = | det T].
Then argue why the same is true for any measurable set.

Hint: Use dyadic decomposition of open sets and Question 1.

Solution: Let U be an open set. According to lectures we can decompose U into a

disjoint union
U=J @
keN

where Q) are diadic cubes. If that cube has edge of length 27" then by the previous
part and the translation invariance of the measure, m(Qy) = 27"V m(Q). Hence by the
countable additivity of m

m(TU)) =Y m(T(@Q) =Y 27" m(T(Q))

keN keN

= 27N det T|m(Q) = |det T| Y~ m(Qx) = | det T|m(U).

keN keN
Next we use Question 1. If A C RV is arbitrary, then
m*(T(A)) = inf{m(U): T(A) CU, U open}
= |det T|inf{m(U): AC T Y (U), U open} = | det T|m*(A)

Here we use that T is a linear bijective function and so T~1(U) is open if and only if U
is open and hence m*(T'(A)) = |det T'|m*(A).
(e) Why is my(T(U)) = 0 if T is not invertible?

Solution: If T is not invertible, its image is in a lower dimensional subspace of RV
which has measure zero.

3. Let u: A — [0,00] be a measure on X. Suppose that f = (f1,..., fn): X — RV,



(a) Suppose that Aq,..., Ay CR. Show that f~1[A; x --- x Ay] = ﬂ]kvzl A
Solution: Suppose that x €= f~1[A; x --- x Ay]. This is the case if and only if

f(l‘) = (fl(ﬂ?),fg(l‘),,f]\[(x)) €A1 Xoees ><14N-

Equivalently fi(z) € A1, fa(x) € Asg,...,fn(z) € An, which means that x € ﬂfle AR
(b) If f is measurable, show that fj is measurable for every k =1,..., N.

Solution: Let U C R be open. We look at the inverse image of the open set
Rx:- - XxXRxUXRXx--- xR,
where U is in the k-th position. According to the previous part
FIRx - xRxUxRx- xR =XN---NXNf'UxXN--NX=f U]

is measurable. Hence f; is measurable.
(c) If fi are measurable for every k = 1,..., N, show that f is measurable.

Solution: Suppose that Q = I; x --- x Iy is a dyadic cube. Then by (a) and since fj
is measurable

N
FHI o x Iy) = () ]
k=1

is measurable. If U is an open set we write () = UjeN Qj, where Q; are disjoint dyadic
cubes. Hence
o=y et = U e
jEN jEN

is measurable as claimed.

Extra questions for further practice

4. Consider a Lebesgue measurable set A C RV,
(a) Show that m(A) = sup{m(K): K C A, K compact}.
Hint: First assume that A is bounded and approximate S N A€ by open sets from outside
for some compact set S O A. Then look at unbounded A.

Solution: Let A be a bounded Lebesgue measurable set. By the monotonicity of
measures m(K) < m(A) for all compact sets K C A. Hence we need to show that for
every € > 0 there exists a compact set K C A with m(K) > m(A) —e. Let S be a
compact set such that A C S. By Question 1(a) there exists an open set U such that
m(U) < m(SN A°) +e. We then set K := S NU° Then by the additivity of measures

m(K)=m(SNU%) =m(S)—m(U) >m(S) —m(SNA®) —¢
=m(S) —m(S) + m(A) —e =m(4) — ¢,

so K is a compact set as required. Next we look at the case of unbounded A. We
set A, := AN B(0,n), where B(0,n) is the ball centred at zero with radius n. Then
m(A,) — m(A) as n — oo by the monotonicity of measures. Given € > 0 we choose
n € N such that m(A,) > m(A) — /2. Then we choose a compact set K such that
m(K) > m(A,) —e/2. Hence

m(K) >m(A,) — = >m(A) — =m(A) —e.

This completes the proof.



(b)

If A is Lebesgue measurable, show that there exists a Borel set C with C C A and
m(A) = m(C).
Solution: According to (a), for every n € N there exist compact sets K,, C A such that
m(K,) = m(A). Weset C1 := K; and Cy, 41 = C,, UK, 41. Then, C,, C Cp11 C A for all
n € N and

m(A) > m(Cy) > m(K,) — m(A)

for all n € N. Set C' := |J;2,Cp. Since C, is compact C' is a Borel set, and by the
monotonicity of measures m(C,) — m(C). Hence by the squeeze law m(A) = m(C).

5. Let p: A — [0,00] be a measure on the space X with p(X) < co. Suppose that f: X - Risa
p-measurable function.

(a)

Let A, := {x € X: |f(x)] > n}. Show that A, is measurable and that u(A4,) — 0 as
n — 0o.

Solution: The sets A, are measurable because |f| is measurable. Clearly A; D As D
... Also, N2, Ay, = 0 because, if z lies in this intersection, then |f(z)| > n for each n,
and so |f(x)| = oo, which is contrary to our hypothesis that f is a function with values
in R. Since p(A1) < p(X) < 00), we see that pu(A,) = m(N,2; An) = p(0) = 0 by the

monotonicity properties of measures.

Given € > 0, show that there exist a simple function and a set U C X such that ¢p: X — R
with |f(z) — p(x)] <eforall z € U and u(X \U) < e.

Hint: Look at non-negative functions first.

Solution:  Suppose first that f: X — [0,00). By part (a), we can pick n so large
that pu(Ay) < € and also 1/2™ < e. Now let ¢ be the nth simple function constructed in
lectures (see proof of Prop. 9.2 in printed notes). Then A, is the set called A, pon there.
On all the other sets A, ; we have |f(z) — ¢(z)| < 1/2" < e. Hence, except on the set
A,, (which has measure less than €), ¢(x) differs from f(x) by less than € in modulus.

If f: X — R takes positive and negative values, let X+ = {x € X: f(z) > 0}, let
X~ ={z € X: f(x) <0}, and let o, and f,, be the nth simple functions constructed
in lectures (see proof of Prop. 9.2 in printed notes). Then A, is the union of {z €
X: f(x)lx+(x) >n} and {x € X: — f(z)lx-(z) > n}. So outside A,,, a,(x) and S, ()
are within 1/2" of f(x)lx+(z) and —f(z)1x-(z), respectively. Let ¢ = a,, — B,. Then,
outside A,,, p(z) differs from f(z) by less than e in modulus.

Challenge questions (optional)

6. Suppose S C [0,1] is a set which is not Lebesgue measurable.

(a)

(b)

Show that the indicator function 1g is not measurable.

Solution: Clearly {z € [0,1]: 1g(z) > 0} = S is not measurable by assumption on S.
Hence 1g is not measurable.

Construct a function f: [0, 1] — R which is not measurable, but the sets {x € [0,1]: f(z) =
a} = f~1({a}) are measurable for all a € R.

Solution:  Suppose that S C [0, 1] is not Lebesgue measurable. Let f(xz) = z for
z € S, and let f(z) = —x for x € [0,1] \ S. Then f: [0,1] — R is a function which does
not take the same value twice. Hence, for each a € R, the set {x € [0,1]: f(z) = o}
is either empty or a singleton, and is therefore certainly Lebesgue measurable. But
{z € [0,1]: f(z) > 0} equals S\ {0} or S, depending on whether 0 € S or not. In
either case, {x € [0,1]: f(z) > 0} is not Lebesgue measurable, and so f is not Lebesgue
measurable.



