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Material covered

(1) Continuity and differentiability of parameter integrals
2) Properties of Lj-spaces

4

(2)
(3) Inequalities involving L,-norms
(4)

Applications of measure theory to essential supremum

Outcomes

After completing this tutorial you should
(1) be able to apply the theorems on continuity and differentiability of parameter integrals
(2) be able to work with L,-norms

(3) get an preliminary understanding of L>°-norms

Questions to complete during the tutorial

1. Suppose that p,p1,p2 € (1,00) are such that 1/p = 1/p; + 1/p2. Use Holder’s inequality to
show that for measurable functions fi, fo

11 f2llp < [ f1llp: [ f2lpe-

2. Show that for |z| <1

1
et—x
theorem. Calculate the integrals by using that sint = Im e®.

Hint: Use a geometric series to expand

in powers of x and the dominated convergence

00 0 1
3. Let I'(s) := / 2 e™® dz be the Gamma function and ((s) := Z — the Riemann zeta
0 n

n=1
function defined for s > 1.

1 o0
(a) Show that EF(S) = / 25 te ™™ dz for all s > 0.
0

1 [e%e) s—1
(b) Ihovethatg(s)::IKS)]ﬁ éﬁ__]_dx for all s > 1.

(c) Prove that

N < z5~llogx I(s)
“Qn@A s s v L

for all s > 1.
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Extra questions for further practice
4. Let p be a measure defined on the o-algebra A of subsets of X. Supposse that p(X) < oo and
let 1 <p<q<oo.
(a) Show that ||f||, < w(X)YP=1/4| f||,, that is L,(X,C) C L,(X,C).

(b) Give an example to show that the above is a proper inclusion if 1 < p < ¢ < oo. In
particular the inequality implies that every function in L,(X,C) is also in L,(X,C).

(c) Give an example to show that L,(X,C) C L,(X,C) is not true in general if p(X) = oo.

5. Let p be a measure on the o-algebra A of subsets of X. If f: X — C is a measurable function
we define

Il i= ess-sup| f(a)] = int{t > 03 (€ X 7(2)] > 1)) =0},
re
We call this the essential supremum of | f| and set

LX(X,C):={f: X — C| f measurable and || f]|oo < 00}.

(a) Let f e £L2(X,C). Show that N :={z € X: |f(x)| > ||f|loc} has zero measure, and that
Ac :={z € X:|f(z)| > || fll~o — €} has positive measure for every ¢ > 0. Hence explain
the term “essential supremum”.

(b) Let N be the set from (a) and M a set of zero measure with N C M. Show that
supgex\m |f(2)| = ess-sup,ex [ f(2)]
(¢) For f,g € L2°(X,C) and o € C prove the following:
(i) Show that ||f|lcc = 0 if and only if f(z) = 0 almost everywhere.

(i) faflloo = lalllflloo
(i) (IS + glloe < 1flloo + llglloo

(d) Prove that Holder’s inequality remains true if p = 1 and ¢ = oo, that is,

[ sodn] < 151hlsl
X
for all f € LY(X,C) and g € L>®(X,C).

6. Generalise Question 1 as follows: Let p,py € [1,00], k=1,...,n, with 1/p=1/p1+ -+ 1/pn.
Show that for measurable functions fi,..., fn

11 Fullp < fillpy 1 f2llps - - Ll

7. Suppose that f, — f in LP(R) with p € [1,00) and that (g,) is a bounded sequence in L>(R)
with g, — ¢ pointwise. Prove that f,g, — fg in LP(R).



Challenge questions (optional)

8. Let p be a measure on the g-algebra A of subsets of X. If f: X — C and

1 flloo := ess—@yp|f(x)| = inf{a >0:pf{r e X: |f(z)] >a}) = 0}.

Let (f,) be a Cauchy sequence in £*°(X,C), that is, with respect to the (essential) supremum
norm.

(a) Show that there exists a set N C X with pu(N) = 0, so that

sup [ fn(x) — fm(2)] = ess-sup | fu(2) = fim ()]

z€X\N zeX

for all n,m € N.

(b) If N is the set from the previous part, show that f, — f uniformly on X \ N for some
feLeX,C).

(¢) Let L*(X,C) = {[f]: f € L=(X,C)}, where [f] is the equivalence class of f with
respect to the equivalence relation given by f ~ g if f = ¢g almost everywhere. Show that
L>(X,C) is a complete normed space.



