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Material covered
(1) Fubini’s theorem and applications

(2) Product measures

Outcomes

After completing this tutorial you should
(1) be able to understand and be able to appy Fubini’s theorem.

(2) have an idea about the construction of a product measure.

Questions to complete during the tutorial

1. Let f(z,y) = (2® — y?) /(2% + y*)? for 0 < z,y < 1. Show that

/01</01f(:v,y)dy)d:c:;:, /01</01f($,y)dx> dy=—% and /01(/01 ]f(a:,y)|dy> dr = co.

Solution: From
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ot -y g( —x )

(22 +y2)2 Oz \z2 + 92
implies that
r=1 —1

z:(]: 1+9y?2’

122 g2 _w
5T a0t = 5
o (2% +9?) %ty

1, 1 .2 .2 1 _
5=y -1 1, | us
7d$>d :/ ——— dy = —tan = ——.
/0(/0 (22 + y2)2 4 0o 1+1vy? 4 () y=0 4

We know that . . ) )
&’d)d =
Jo () el ) o = o

and so
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because otherwise Fubini’s Theorem would be contradicted. But let us verify this directly:
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Clearly
N |
/dx:oo and /2dx<oo,
0T o 1+
and so
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2. For 1> 0 consder 10 = ([ o) 1 [T g,
or consider f(t) /Oe x +/0 T

(a)

Show that f is constant.

Solution: We show that f is differentiable with zero derivative. By the fundamental

theorem of calculus .
d
pn e~ dmefﬁ,

so by the chain rule and the substitution y = z/t

d t 2 2 2 [t 2 s [t 2 9 1 20142
</ e’ d;v) =2¢" / e drx = 2te™! / e Y dy = 2t/ e 0+ gy,
dt \Jo 0 B 0

The other integral is a parameter integral. Assuming that we can differentiate under the
integral we get

1 —t2(1+a2 1 —t2 (142> 1
4 £ dr — / g£ dr — _2t/ et (1+2?) g
dt 0 ]. + "1:2 0 at ]. + "1:2 0

and therefore . L
f'(t) = Qt/ e 0 gy — 2t/ e 0+ gy — 0
0 0

for all t > 0. We finally need to check whether we can differentiate under the integral

sign. We note that
o 67t2(1+x2)

gi T | = e s
T

for allt € [0,T7]. Since fol 2T dx = 2T < oo the theorem on the differentiation of parameter
integrals applies, showing that the integral is differentiable for ¢ € (0,7). Since this works
for all T' > 0 we conclude that f is differentiable for all ¢ > 0.

By looking at f(t) as t — 0 and ¢ — oo deduce that / e " du = /7/2.
0

Solution: Since f is constant we have

lim f(t) = lim £(¢).

t—0 t—00
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We compute the two limits. Clearly

¢ ) 0
/e_‘” d:c—)/ew
0 0
t 5 (o]
/6_5‘3 d:c—>/
0 0

e—t2(1+x2) 1
Sk
1+22 | = 1422
for all z € [0,1] and all ¢ > 0. Since the right hand side has a finite integral over [0, 1] we
can apply the theorem on the continuity of parameter integrals and conclude that

1 o—t*(1+2?)
der — =0
/0 T1ya2 7 / de

1 —t2(1+2?) 1 g 1
/ ed:v/ dx:tan_lx‘ -
0 1 + .’L'2 0 1 =+ x2 0 4

as t — oo. Combining everything we get

—hmf()— lim f(t) = (/Oooe_dea:>2.

2 t—0 t—o0

ast — 0 and

as t — oco. Now

ast — 0 and

Taking square roots on both sides our claim follows.

(c) Use (b) and Fubini’s Theorem to show that / e 1P 4z = 7N/2 where |z| is the Eu-
RN
clidean norm of z.

Solution: We give a proof by induction. For N = 1 we have

/e_x2d$—2/ e_Ide:2ﬁ:7r1/2.
R 0 2

Suppose now that the assertion is true for N — 1, that is,

/ o7 g _ (N-D)/2.
RN—I

If x € RY, then we can write x = (y, 2) with y € R¥~! and 2 € R. Then |z|? = |y|? + 22
by definition of the Euclidean norm. Hence by Fubini’s (or more specifically Tonelli’s
theorem) we have

/ el dx—/ /ey|222 dz dy
RN RN-1 JR
:/ /e—y|26_z2 dz dy = (/ e lvl? dy) (/ =7 dz).
RN-1 JR RN-1 R

Using the induction assumption and the case N =1 we get
/ oIz g _ Z(N-1)/2_1/2 _ _N/2
RN

as claimed.

Let A be a o-algebra of subsets of X and B a og-algebra of subsets of Y. Denote by A x B the
smallest o-algebra of subsets of X x Y such that it contains all generalised rectangles A x B
with A € Aand B € B. Let C € Ax B. For x € X set Cp :== {y € Y: (z,y) € C} and for
yeYset OV :={x e X: (z,y) € C}. Define S:={C € AxB: C, e Bforallz e X}



(a)

Show that every measurable generalised rectangle in A x B is in §.

Solution: Let C = A x B with A € A and B € B. Then

B ifzeA
U0 ifz g A

Since B and () are measurable C € S.
Show that S is a o-algebra.

Solution: We prove the three properties of a g-algebra.

(i) Clearly 0 =0 x 0 € S.

(i) Suppose now that C' € S and fix x € X. If y € C¢, then (z,y) € C and so (x,y) € C°.
Hence y € (C¢),. On the other hand, if y € (C),, then (z,y) € C°¢ and so (z,y) & C.
Hence y & Cy, that is, y € CS. Therefore (C¢), = CS € B since B is a o-algebra.

(iii) Suppose now that Cj, € S for all k € N. If y € (Uyen Ck)e» then (z,y) € Upen Ck-
Hence there exists ko with (x,y) € C,, and so y € (C, ). This shows that (Uey Ck)e €
Uken(Cr)e- Iy € Upen(Cr)z, then there exists ko such that y € (Ck,),. But then
(z,y) € Ck, and so (z,y) € Upeny Cr- Hence Upen(Cr)e € (Upeny Ck)z- By putting

together both we get
U@re=(J Cr)e B
keN keN

since (Ck), € B for all kK € N and B is a o-algebra.
Show that C € B and CY € A whenever C € A x B.

Solution: Since S is a g-algebra containing all generalised measurable rectangles and
A x B is the o-algebra generated by the measurable rectangles we have A x B C S.
Interchanging the roles of z and y also &’ := {C' € A x B: CY € A} is a o-algebra a
similar argument shows that A x B C §’. Hence

AxBCSNS.

This implies that C, € B and CY € A whenever C € A x B.

Extra questions for further practice

4.

(a)

1 o0
Use Fubini’s theorem and the relation — = / e~ dy to show that
€z 0

lim
a—o0 J €T

Solution: by using the expression for 1/x above we have

% sinx @ [
/ dx = / / e "sinxdx dy.
o T o Jo

To be able to interchange the order of integration we check the conditions of Fubini’s
theorem. Using that |sinz| <z for all x > 0 we get

a (o] a oo a:L,
/ / \e_xysin:r\dxdyg/ / e_xy:rdxdy—/ —dy=a
o Jo 0o Jo o v

for all @ > 0. Hence we can interchange the integrals and get

a 3 o0 a
/ ST g = / / e Ysinx dydx.
o T o Jo
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To compute the inner integral note that sin z = Im e**. Now

/a e~ YT Jp — /a ew(i—y) dy = 1 em(i—y) ‘a = y+i (1 — eiae—ay)‘
0 0 i—y 0 142

Hence

a a ) y+i )
/ e Wsinxdy = Im/ e e dy = Im( 5 (1- e“le_ax))
0 0 L+y
1 e~ W

:1+yz_1+y2(

cos ax + y sin aa:) .

Alternatively we could compute the above integral by integrating by parts twice. Now

clearly
1 e W

1+_y2-_ 1ﬁ-y2

as a — oo for all y > 0. Since ye™® < 1 for all @ > 1 we have

(cos ax + ysin ax) —0

2
1+ y?

1542 (cosa:):—l—ysinax)’ <

for all y > 0 and all @ > 1. Since 1/(1 + y?) is integrable we can apply the theorem on
the continuity of parameter integrals to conclude that

) % sinx . & 1 e~ W )
lim dr = lim < 5 — 5 (Cos axr + ysin a:v)) dy
a=oo Jo T a—oo Jg \1+y 14y
:/ 2dy:tan_ y‘ — —
0 14+ Y 0
as claimed.
sinz

(b) Prove that Z L£1((0,00),R).

Solution: We can write

/OO|sinx]dx:§:/(”+1)“]sinx|d
0 T nm &

n=0
=, [nAm |smm| 1 /" =1
an::/ de:ﬂ'/o sma:dxnzz:ln.

nm

Since the harmonic series Y0 | 1 diverges we have

°° | sin x|
dr =
/0 ——dz =00

as claimed.

5. Show that

/°° " sin?(y) dy = 10g5'
0 Yy 4
by applying Fubini’s theorem, looking at the integrand as an integral of f(x,y) = sin(2zy)e™Y.

/OOO (/01 sin(2zy)e Y da:) dy.

Solution: Consider



The inner integral equals

— cos(2zy)

_ L2
e=1 e_yl — cos(2y) _,sin (y)
2y

= — Y
=0 2y ¢ Y

1
e_y/ sin(2zy) de = e™Y
0

Let I(z) = fooo sin(2zy)e™ Y dy. Two integrations by parts yield
o0
I(z) =2x — 4x2/ sin(2zy)e Y dy,
0
so that I(z) = 2z/(1 + 42?%). Thus

1 e’} ) L 1 o 1 )
; < ; sin(2zy)e dy) dr = e dx = Zlog(l + 4x*)

Fubini’s Theorem is applicable because

00 1 00 1 00
/ (/ ‘sin(Q:Uy)e_y‘ d:r) dy < / (/ e Y dx) dy = / e Ydy=1< 0.
o Jo 0 0 0

/OO - sin?(y) dy = 10g5.
0 Y 4

z=1 " logh

=0 4

Thus

Challenge questions (optional)

6. By a complete measure  we mean a measure such that if M is measurable and pu(M) = 0, then
every subset of M is measurable (and has measure zero). The Lebesgue measure defined on the
Lebesgue o-algebra is complete. It is not complete when only defined on the Borel o-algebra.

Suppose that u is a complete measure defined on the o-algebra A of subsets of X. Let f: X — R
be a measurable function and g: X — R a function with f = g almost everywhere. Prove that
g is measurable. Is this still true if g is not complete?

Solution: By assumption there exists a measurable set N C X with p(X) = 0 such that
f(z) = g(x) for all z € X \ N. Mow consider the set

No:=A{z € X: f(z) # g(2)}

Then clearly Ng € N and by the completeness of u the set Ny is measurable. Now let U C R
be open. If 0 ¢ U, then
{z € X: gx) —~ f(z) € U} C Ny

is measurable because of the completeness of p. Similarly
{reX:g(x) - flz) =0} =X\ No

is measurable. Hence if U is open and 0 € U, then U \ {0} is open and so

{reX:gx)-flz)eU}l={r e X:g(x) - f(z) e UN{O}} U{z € X: g(z) - f(x) = 0}

is measurable. Hence g — f is a measurable function. Hence g = g + (f — g) is measurable
because it is the sum of two measurable functions.

Assume now that p is not complete. Then there exist sets Ng, N such that No C N, N is
measurable, but Ny is not measurable. Then the constant function f = 0 is measurable and
g = 1y, is not measurable. However, f = g almost everywhere. Hence if f is measurable and
f = ¢ almost everywhere, then g does not need to be measurable.



