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Questions marked with * are harder questions.

Material covered

(1) Convolution and applications

2) Applications of Holder’s inequality

(2)
(3) Properties of convex functions
(4)

4) Applications of parameter integrals and dominated convergence theorem

Outcomes

After completing this tutorial you should

1) be able to compute simple convolution integrals

2) be able to prove some properties of convolution

3

be aware of the issues arising for convolution with singular functions.

(
(
(
(4

)
)
)
) be able to prove inequalities for convex functions, and deriving from Holder’s inequality.

Questions to complete during the tutorial

1. Let f := 1jg ) be the indicator function of [0, 1] on R. Calculate the convolution f* f and sketch
its graph.

Solution: For fixed x € R, z —y € [0, 1] holds if and only if y € [x — 1, z]. Hence

[e.o]

LMﬂwzjmﬂmwmwwzj Lo — 9o (v) dy

—00

o0 o0

— [ et @ dy = [ e @) dy = m{le ~ 1,5 0 [0,1).
—00 — 0o

Consider the intersection [x — 1,2] N[0, 1] as x varies. If z < 0, the intersection is empty. If

0 <z <1,itis [0, ], with measure z. If 1 <z <2 it is [x — 1, 1], with measure 2 —z. If x > 2,

the intersection is again empty. Hence

x ifo<ax<l1,
(fxfx)=42—2 ifl<z<2
0 otherwise,

and f x f has graph:
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Notice that fx f is continuous, even though f is not continuous. In Question 2 we see a general
reason for this.

. Let 1 < p,g < oo with 1/p+1/g = 1 with 1/o0 := 0 by convention. Show that convolu-
tion *: LP(RY,C) x LY(RY,C) — BC(RY,C), where BC(RY,C) is the space of bounded and
continuous functions from RY to C.

Hint: Use the definition of convolution and the continuity of translations on LI(RY C) for
1< g <o0.

Solution: By definition of convolution, Holder’s inequality, and the translation invariance of
integrals

|(f % 9)(2)] < /RN [fllg(z = 2)[dz <[ fllplImzglle = [ fllpll9llq

for all x € RY, where 7,(2) = g(x — 2) is translation. Hence f is bounded and ||f * glloc <
| fllpllgllg- We next show the continuity of f * g. We assume that 1 < ¢ < co. By definition of
convolution

(Fa)@ —(Fro)| = | [ e =2a= [ Ee-nd]
—| [, 1 ota =2 - gty - 2) de] < [ 1G)lote - 2) ~ gty - 2] =
RN RN
Applying Hélder’s inequality and the translation invariance of the integral we get
[(f*g)(@) = (f*x9)(y)] < /RN [f(|gla = 2) = gy — 2)| dz < || fllplTa—yg — 9llg.

where §(x) := g(—x) is the reflection of x. By continuity of translation on LI(R",C) we get

|(f * 9)(@) = (f * 9)W)] < Fllpll7a—yg — 3llg = 0

as y — x. Hence f * g is continuous. If ¢ = co we use the fact that f x g = g * f and use what
we proved above.

1
Let N(x) := |—’ denote the Newtonian potential of a unit point mass located at the origin. The
x

potential of a body of mass density o(z) is given by the convolution

V()= (Vo)) = [ oW _ g,

Rr3 |2 — Y|
(Convolution is the superposition of the potential of masses p(y) over the whole space.)
(a) If p € LY(R3) N L>®(RYN), show that V € BC(R?).
Solution: Integration in spherical coordinates shows that

1
1
N(z)dx = 47r/ —r2dr = 211? < oo.
|z[<1 o’



and N(z) <1 for |x| > 1. Hence, if B := B(0,1) is the unit ball, then N; := 1N €
L'(RY), Ny :=15:N and N = N; 4+ N,. Hence by Question 2 we have

N x o= Ny %o+ Nox o€ BCR?)

since each convolution is a pairing of an L' and an L function, using that o is in both
by assumption.
Show that AN (z) =0 for all z # 0. (Au := div(grad u) is the Laplace operator)

Solution: Note that

9 0 JAr 2z; zi
T = ]+ x5+ 3= =
oz, = g VI T T T = 2? vz +a3 o]

for 1 = 1,2,3. Hence by the chain rule

i_ T

grad = -0
[ [

and therefore by the chain and product rules

1 T 3 T-T 3 3
A—~=—-div—s=—"-7%+3—=—-—-+—=0
|z| |3 z® |5 z® |z

for all x # 0.

Assume that o € L>®(R3) with bounded support. Show that AV (z) = 0 if = ¢ supp(o).

Solution: Fix xg € R3 such that 2o € supp(¢). We can then choose ¢ > 0 such that
B(xo,2¢) Nsupp(o) = 0. Also let R > 0 such that supp(¢) C B(0, R). Now note that if
x € B(xg,¢e) and |z — y| < g, then |zg —y| < |zg — 2| + |z — y| < 2. As o(y) = 0 for
y € B(xo,2¢) we have that

2 2

&
< . ,
Ty = W= lew)l

9 o(y) ‘: i — yillo(y)]
Oz |z —y|

Since p has compact support it is integrable, and so the theorem on the differentiation of
parameter integral tells us that

9 _ (z; — yi)o(y)
Ba;’ ) = /R3 oy ¥

for all z € B(xg,¢). Similarly,

& _oy) o)l | (zi—yi)?loly)| _ (1 4
9 _ _(l 4
Ox} \w—y\‘ e P o o <€3 +83)|9(y)|

for all x € B(xzg,¢). Hence the theorem on the differentiation of parameter integrals shows
that

1
|z — y|

AV (z) = /Rg oA dy = /OQ(y) dy = 0.

for all x € B(xo,¢).

If o € C2(R3), show that —AV = 4mp.
Hint: Cut out a ball about the singularity and apply Green’s formula.

Solution: If we naively interchange differentiation and integration as in the previous
part, we get zero, but that cannot be correct. The argument in the previous part relied on
the fact that we could “blend out” the singularity of the potential, by using that o(y) =0
in a neighbourhood of the singularity. In general we cannot do this, so we need another
way to compute the derivatives of V. The integral N % o is a singular integral whose



properties are much more difficult to derive. This is one of the main aims of harmonic
analysis. To solve the question we use that

(V< 0)@) = (ox M) = [ 2 ay

As o € C%(R3) we have

do 030
— € C,
8:61‘ 3331 ( )
Let now supp(p) C B(0, R) and
%0
wemmac 52 5L
If we fix £ € R? and § > 0, then
9 oz —y)| | 0% oz - ‘ My
dzi y] I R it

for all z € B(xo,§) and all y € RV, Hence the theorem on the differentiation of parameter
integrals applies and so

AV:/ Ag(z —y) dy:/ Ao(y) dy
r: Yl R3 [T — Y|

for all x € B(xg,¢). Since the above applies to every choice of zg € R? the formula holds
for all x € R3. We next use Green’s formula

/ ulAv — vAudy = / (uVv —ovVu) - vdsS,

Q o0

where v is the outer unit normal to the region £ and dS integration with respect to
surface measure. (This is a consequence of the divergence theorem, see vector calculus).
Green’s formula allows us to to move the Laplacian from ¢ to the Newtonian potential.
We do that for fixed x € R3. We have to choose the region first. We note that

/ 20W) 4~ i Acy) ,
R 9y

3 "T _y’ 6—0% Js<|z—y|<Ro |z — y

so the region we choose is the annulus § < |z —y| < Ry. where we choose Ry large enough
so that o = 0 and also Vo = 0. This is possible since ¢ has compact support. Hence by
Green’s formula and since the outward unit normal on |z —y| =0 is (x — y)/d

Ao(y 1
/ ) dy:/ o(y)A dy
d<|z—y|<Ro [z — y §<|z—y|<Ro |z -y

(z—y) Voly) o (—y) - (z—y)
- /|x y|=4 5‘$ - y‘ a5 lx—y|=8 Q(y) 5|$ - y|3 45

1
The first integral on the right hand side is zero since A—— = 0 for |z — y| > ¢. For the
=Yy

second integral we use that the surface area of a sphere of radius § is 4762, and so

2
]/ )-Voly ds( / VoWl ;g o 4 47“5 AT ol = 0
|x—y|=6 5|.%' - Z/‘ |lx—y|=0d 4

as & — 0. The last integral is equal to

1 /
= o(y)ds
62 lz—y|=6

4



We would like to show that the above converges to 4mo(z). To do so note that

‘512/|m—y| __oly)dS — dmol 52‘/90 e ) — ol dS‘

— o(x)]dS.
_5 |w_y‘zélg(y) o(z)|

Now fix € > 0. By the continuity of o there exists o > 0 such that |o(y) — o(z)| < € if
|z — y| < 9. Therefore

[ et -ewias< s [ vas=ie
|lz—y|=48 |lz—y|=48

for all 0 < § < §g. As the above argument works for every choice of £ > 0 we get

(z—y)- (z—y)
—/|x ) 69(1/) P dS — Amo(x)

as 0 — 0. This concludes the proof.

Extra questions for further practice

4. Let f e L,(X,C)NLy(X,C) with 1 <p < g < oo. Use Holder’s inequality to prove that
£l < WIS A1

ifp<r<gand1l/r=0/p+(1-0)/q.

Solution: First assume that 1 < p <r < ¢ = 00. Then

(forrran) = ([ ueisran) ™ < (e [ 10ean)" =151,

Hence 6 = p/r so that 1/r =0/p+ (1 —0)/oc0. If 1 < p <r < g < oo we use the generalised
Holder inequality from Tutorials. From the assumptions we have

1 +1
TP

ST

Hence by the definition of the LP-norms
11l = NAPLA =2 < WA AP0 ey = 1NNl

as claimed.

5. A measure space (X, A, u) is called o-finite if there exists a sequence (X,,) of subsets with
X = U, en Xn and pu(X,) < oo for all n € N. Let p be a o-finite measure defined on the set X.

(a) Show that there exist measurable sets B,, C X with u(B,) < 0o, By € By C By C
and X = {J,,cry Bn-
Solution: By definition of a o-finite measure there exist X3 C X such that o(X}) < oo

for all k € N and X = (J, ey Xk We now set B, := |J;;_y Xx. Then By C By C By C
and (U2 Bn = Ujeo Xk = X. Finally, since pu(Xy) < oo for all £ € N we have

1(Bn) < 3 h—o 1(Xn) < oo.



(b) Show that there exist measurable sets A, C X with u(A,) < oo, A, N A =0if n # k

Solution: Let B, be sets such as those in (a) and define Ay := By and A,4+1 =
Byi1 \ Bp. Then p(A,) < u(B,) < oo for all n € N. Moreover B,, = (Jjo; Ay, so
UZO:O A = UI;“;[)Bk = X. Finally, if j < k, then A; N Aj = () since Aj - Bj but
Ay, C B\ B;.

6. Let u be a measure defined on X. Show that p is o-finite if and only if there exists a measurable
function f: X — (0,00) with [ fdu < co.

Solution: First suppose that p is o-finite. According to Question 5(b) there exist measurable
sets A, C X with pu(A,) <oo, Ay NAp=0ifn#kand X =J;7, A,. We let

1
F= 2w

n=1

Then f(z) > 0 for all z € X and

> 1 <1
=S = (A <Y = = .
f 2 iy pa ) = 2ge Tl

Hence f is a measurable function as required.

To prove the converse assume that f: X — (0,00) is such that [, fdu < oo. For n € N we set
Xy, ={zxeX: f(z) >1/n}.

Since f(z) > 0 for all 2 € X by assumption we have X = J,, .y Xn. Moreover

1
M(Xn):n/ dugn/ fd,ugn/fd,u<oo
n T Xn X

for all n € N. Hence pu is o-finite.

7. A function ¢: (a,b) — R is called convex if p(Ax + (1 — N)y) < Ap(z) + (1 — N)p(y) for all
z,y € (a,b) and all X € [0, 1].

(a) Show that ¢: (a,b) — R is convex if and only if

p(t) —e(s) _ p(u) — o)
t—s - u—1

whenever a < s <t <u <b.
Hint: Choose A € (0,1) such that ¢t = (1 — \)s + Au.

Solution: Suppose that ¢ is convex. Choose A € [0,1] such that ¢ = (1 — A)s + Au.

Solving for A we get

)\:t—s

u—s
Hence by the convexity

o(t) = (1 = A)s 4+ Au) < (1= A)p(s) + Ap(u)

= (1= 22 ols) + o) = pls) + " (ip(u) — (5)).

u—3S

If we rearrange, then (1) follows.

Assume now that (1) holds. Let s,u € (a,b) such that s < u. Fix A € (0,1) and set
t := (1 — X\)s + Au. Doing the above calculation backwards we see that

(1= A)s + ) = p(t) < (1= Np(s) + Ap(u),

proving that ¢ is convex.



(b) Let ¢: (a,b) — R be convex. Use (1) to show that

p(t) —e(s) _ plu) = p(v) @)
t—s - U —v

whenever a < s <t<u<v <b.

Solution: Using (1) twice we get

p(t) —o(s) o) —ot) _ p(v) —p(u)
t—s - u—t - v—u

(c) Show that a differentiable function ¢: (a,b) — R is convex if and only if ¢’ is increasing,.
Solution: Let s <t < u < v. Then (2) holds. If we let s — t and u — v we get
O (t) < ¢'(v), so ¢ is increasing.
Assume now that ¢’ is increasing. Let s < ¢ < u. By the mean value theorem there exist
s<¢<tandt<n<wusuch that

o(t) — p(s)
t—s

plu) — o(t)

=) <¢'n)=—"—

since £ < n and ¢’ is increasing. By (a) it follows that ¢ is convex.
Challenge questions (optional)
8. Define

L. (R) := {f: R — R | f measurable, /B |f| dx < oo for every B C R bounded}.

Let f € Li.(R). We say that f is weakly differentiable if there exists g € L{. (R) such that
/g«pdx = —/ fo¢' dx
R R
for all ¢ € C°(R).

(a) If it exists, show that the weak derivative of a function is unique almost everywhere.

Solution: Suppose that gq, go are weak derivatives of f, then

/R(Ql—Qz)wdx:—/ngo’dx—i—/Rfcp’dazzo

for all ¢ € C>°(R). Hence we need to show that if g € L] _(R) and

/gcpd:z::O
R

for all ¢ € C°(R), then g = 0 almost everywhere.
(b) If f is differentiable, show that g = f’ is the weak derivative of f.

Solution: Suppose that ¢ € C°(R). Choose a > 0 such that suppy C (—a,a). By
integration by parts

[rein=[ fedr=t@e@| - [ pede=- [ poin= [ poas
R —a —a —a R

since ¢(a) = p(—a) = 0 and supp ¢’ C supp ¢. Hence f’ must be the weak derivative by
part (a).



()

Compute the weak derivative of f(x) = |z|.

Solution: The given function is differentiable except at zero. Hence we will use inte-
gration by parts on the intervals (—oo,0 and (0,00) to get the weak derivative. Hence
let ¢ € C2°(R) and choose a > 0 such that supp ¢ C (—a,a). Then, using integration by
parts

/me'(a;) do = —/0 2 (x) d:c+/0a 2 (@) da

—a
a a

0
(ia —|—/ o(x) dx + xp(x) 0", o(x) dx

= —zp(x)

— / ’ sign(z)p(x) de = — / sign(z)p(x) dv

—a R

where sign(x) := z/|z| if z # 0 and sign(0) = 0 is the sign of . Hence the weak derivative
of |z| is sign(x).

Show that H () := 1jg ) is not weakly differentiable.
Solution: If ¢ € C°(R), then

a
[ @@= [ @)= ol - 0) = ~4(0)
0
Except for one point, namely z = 0, the function H is differentiable, so an argument

similar to that in part (a) shows that, if it exists, the weak derivative is zero. But that
contradicts the above since in general

@(0)7&0—/ROcpdx.



