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Material covered
(1) Definition and simple properties of the Fourier transform
(2) Applications of the Fourier transform

(3) Inversion formulae for the Fourier transform

Outcomes

After completing this tutorial you should
(1) should be familiar with the basic properties of the Fourier transform
(2) be able to prove simple properties of the Fourier transform

(3) have an idea on how to apply Fourier transforms to solve a simple partial differential equation

Questions to complete during the tutorial

1. Let f € £LY(R). Express §(t) in terms of f(t), where

2. Let f € £LY(R,R). Using the Riemann-Lebesgue Lemma, show that

/ f(z) cos(Azx) dx — 0 and / f(x)sin(A\x) dz — 0
R R

as |[A] = oo (A € R).

3. Let f € L'(R) such that [;|zf(z)]dz < oco. Show that the Fourier transform fof fis
differentiable and that

f(t) = —2mi /OO zf(x)e 2™ dy

—00

for all t € R.

Extra questions for further practice

4. Let f € LY(R). We have seen in Question 3 that if [*_|zf(z)|dz < oo, then the Fourier
transform f is differentiable.
(a) Show that if [* |2?f(x)|dz < oo, then the Fourier transform f is twice differentiable,

and derive a formula for f”(t). Generalise to higher derivatives.

(b) What can you say about the differentiability of f if 75 2" f(2)| da < oo for some n € N?
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5. (a) Suppose that f € L'(R) N Co(R) N CL(R) such that f’ € L'(R). Show that f’ = 2mitJ.
This means differentiation is turned into multiplication by the Fourier transform.

(b) Generalise the above to higher dimensions. We assume that f € LY(RY) N Co(RY) N
CY(RY) with partial derivatives in L'(RY). Show that

—

o .

6. Consider the heat equation

Z;L—Auzo in RY x (0, 00)
u(z,0) = ug(z) in RV

This question guides you through a solution to the heat equation using Fourier transforms.

(a) Assuming that u is a sufficiently nice solution, show that

D6, t) + AR IEPAE) =0, a(60) = io(€)

is the Fourier transform of the equation with respect to the xz-variable.

(b) Solve the ordinary differential equation in the previous part to find u(&,t) for (&,t) €

RY x (0, 00).
(c) Show that the solution to the heat equation has the form u(x,t) = (g; * uo)(x), where
2|2
gi(z) = (47T7f)_N/267%. You may assume that g € L'(RY). (g; is called the heat

kernel.)

7. Let g: R — R be the odd function which satisfies g(x) = e * if z > 0 (and ¢g(0) = 0). Calculate
the Fourier transform g(t) of g, and verify that it is odd.

*8. Suppose that f € £!(R) is differentiable at a point zg. Show that
A

F (o) = F(yeit= dy.

lim

A—o0 —A

Hint: First look at the case zp = 0 and f(0) = 0. For the general case consider h(z) =
2

f(@+x0) = fzo)e™ ™.

Challenge questions (optional)

9. Generalise the result in Question 8 as follows: instead of assuming that f is differentiable at x,
assume merely that f(z]) = limxﬁwg f(z) and f(zy) = limhm(T f(x) exist and that the left
and right slopes

w—)azar T — X TTo T — o
exist. Show now that " n _
/ f(t)e%ritwo dt — M
A 2

as A — o0.
Hint: Define a function h by setting h(0) = 0 and h(z) = f(zdz) te=™ — ¢g(x) for z # 0,

where g(z) is as in Question 7, ¢ = (f(zg) + f(z5))/2 and ¢ = zf(xar) — f(zg))/2. Apply
Question 8 to the function h(x).



