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Material covered

(1) The Radon-Nikodym theorem

(2) An application of the projection theorem

Outcomes

After completing this tutorial you should
(1) to apply the Radon-Nikodym theorem and associated properties of the density functions.

(2) be able to apply the projection theorem in a simple situation.

Questions to complete during the tutorial

No tutorial because of the Quiz.

Extra questions for further practice

1. Let p, v and A be o-finite measures defined on the same o-algebra A of subsets of X. The Radon-
Nikodym theorem asserts that if ¥ < p then there exists a measurable function g: X — [0, c0)

such that
[ gav=[ sodu
X X

for all f € L'(X,v). The function g is often called the Radon-Nikodym derivative and denoted

dv - . .
n We show that this is justified by proving familiar properties of derivatives.

i
(a) If v < p, then the function g from the Radon-Nikodym theorem is essentially unique,
that is, any two differ at most on a set of measure zero.

Solution: Suppose that g1, go are two functions so that

V(A)Z/glduz/gzdu
A A

/91—9261#:0
A

forall A€ A. If h:= g1 — g2 # 0 on a set of positive measure, then P := {z € X: h(x) >
0} or N :={x € X: h(z) < 0} has positive measure. If u(P) > 0, then

for all A € A. Hence

/(gl—gz)dﬂ>0
P

which is impossible. Hence u(P) = 0 and similarly p(N) = 0, so g1 = g2 almost every-
where.
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(b)

Suppose that v < X and u < \. Prove that

d(v+p) _ dv Lo dp
dA dx  dA
almost everywhere.

Solution: By the Radon-Nikodym theorem there exist g = % and go = % such that

v(A) = /Agl d\ and w(A) = /Agg d\
for all A € A. Hence
v+ 1)(A4) = 2(A) + ) = [ (g1+ g2) i
A

for all A € A. By uniqueness of the Radon-Nikodym derivative we have
DUR
almost everywhere.
Suppose v < p and g < A. Prove the “chain rule”
dv _ dvdp
d\  dpd\
almost everywhere.

Solution: By the Radon-Nikodym theorem there exist functions g1, g2: X — [0,00)

such that
/fwz/MMu and /fw=/MﬂA
X X X X

for all measurable functions f: X — [0,00). Hence in particular

V(A)/ 1Ad1/:/ Lagi duz/ 1Ag1g2d/\=/g1gsz
X X X A

for all A € A. By uniqueness almost everywhere of the Radon-Nikodym derivative we

have
dv du dv

@59192 =
as claimed.

Suppose v < p and p < v. Prove that
dv [d,u}—
dp  Ldv
almost everywhere.

Solution: By the Radon-Nikodym theorem there exists a function g: X — [0, 00) such

that
/fw—/mm

for all measurable functions f: X — [0, 00). If we apply the above identity to f replaced
by the non-negative measurable function f/g we get

fdy_/deu

x 9

for all measurable functions f: X — [0,00). By the uniqueness of the Radon-Nikodym
derivative
d L _pd)

-~ ldv



2. Let u be a probability measure defined on the g-algebra A of subsets of X. Suppose that A € A
is such that pu(A) € (0,1). Let f € L2(X) and define

_ fAfdulA S ae fd“uc.
1(A) 1(A°)

Let M be the subspace of Ly(X) spanned by 14 and 14c. Show that g is the orthogonal
projection of f onto M.

Solution: We only need to show that (f —¢g|14) = (f—g|1ac) =0. Then (f —g|h) =0
for all linear combinations of 14 and 14¢. By definition of the L?-inner product

(f—g\lA):/X(f—g)lAdu=/ f—9)du= /f— fAc(jgulAcdﬂ

_ B Jatd M fAfdr“ _
= [ ran- [ a5t /f ul(4) = 0.

Similarly (f — ¢ | 14c) = 0, completing the proof.




