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Additional note 5

Lecture 13

1. Revision questions of L12

• In polynomial regression, should we drop insignificant terms?

Answer: Not any insignificant terms but the highest order insignificant terms.

• What is the problem of polynomial regression? How to solve it?

Answer: As the covariates are x, x2, x3, etc, they are highly correlated giving rise to collinearity.
We can avoid the high dependency by transforming the p dimensional space in x to be orthogonal
(independent) to each other for each component xi.

• What are the adv and disadv of orthogonal regression?

Answer:
Adv: As each component is independent of each other, the adding or dropping of variables will
not change the p-values of the variables in the model and so the model is more stable.

Disadv: With orthogonal transformation, the parameter estimates are more difficult to interpret.

• Will orthogonal regression improve the model fit?

Answer: No. The RSS remains unchanged as it makes use of the same data set with the same
amount of information.

2. Why LS estimator gives mean regression?

Answer: Mean regression refers to building a regression model at the mean of the distribution. So
as you are setting µi = β0 + β1xi say, where E(Yi) = Ŷi = µi is the mean of the normal distribution,
you are doing a mean regression. If you attach a regression model to the median (same as the mean
for symmetric distribution) of the data distribution, you then do median regression. In general, if you
can express any u-th quantile Qu(θ) (u ∈ (0, 1)) of a distribution in terms of a regression model, ie,
Qu(θ) = β0u +β1uxi where θ is the vector of all model parameters including σ2 say and the regression
parameters β0u, β1u depend on the quantile level u, you are doing quantile regression. This gives more
information about the effect of x across the whole data distribution as the effect of x on the mean
may differ a lot on higher (lower) quantile levels.

LS estimates mininise loss function RSS =
∑

i(Yi − Ŷi)2 =
∑

i(Yi − β0 − β1xi)2 which is contained in
the log normal density

`(θ) = −n
2

log(2πσ2 − 1

2σ2

∑
i

(Yi − µi)2

in which µi = β0 + β1xi is the mean of the normal distribution. Hence the LS estimates β̂0, β̂1 which
minimise RSS will maximise `(θ) with mean function µi = β0 + β1xi.

Lecture 14

1. Revision questions of L13

• In different robust regression estimator, L1, M, GM, MM, do you know what they mean?

L1: Use absolute loss (instead of square loss in LS) to reduce the impact of outliers with large
residuals in the overall loss function.

M: ML type estimator with more general loss functions apart from absolute loss (L1) to reduce
the impact of outliers. Eg includes Huber, Hampel and Tukey bisquare.
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GM: generalised M estimator uses weight function.

MM: use hybrid method.

• What are the adv and disadv of these estimators?

Adv for L1: the absolute loss from outliers is less than using square loss.

Disadv for L1: the absolute loss function is not smooth at 0 and hence linear programming
rather than the usual differentiation method is used for estimation.

Adv for M: an improvement over L1 to make it a smooth function at 0. Downweight the impact
of outliers whenever their residuals are outside certain threshold.

Disadv for M and L1: robust to Y -outliers (measured by cook’s distance) but not x-outliers
(measured by leverage hii) as they consider choices of loss function for residuals.

Adv for GM, LMS, LTS: use weight, median or trimming to reduce the effect of x-outliers in
the estimation of distribution centre (no more details are needed).

Adv for MM (modified M): use hybrid method to combine the adv of different estimators in
the estimation of centre of the distribution, scale and loss function.

2. Treatment constraint is usually adopted by packages. It gives the interpretation as can be seen from
µ̂ = Ȳ1• and α̂i = Ȳi• − Ȳ1• that µ represents the level of treatment 1 and αi represents the difference
in the effect of treatment i from treatment 1.

3. Under H0 : α1 = α2 = · · · = αt = α0 say, it implies all αi = 0 because under the treatment constraint
with α1 = 0, all αi = 0 if they are all equal and under the sum constraint with

∑
i niαi = 0, it implies∑

i niαi = α0
∑

i ni = 0⇒ α0 = 0 as n =
∑

i ni will not be 0.

4. Proof of the result in slide 12:

RSSH0 − RSSH1 =
t∑

i=1

ni∑
j=1

(Yij − Ȳ••)2 −
t∑

i=1

ni∑
j=1

(Yij − Ȳi•)2 =

t∑
i=1

ni(Ȳi• − Ȳ••)2

Proof:

t∑
i=1

ni∑
j=1

(Yij − Ȳ••)2 −
t∑

i=1

ni∑
j=1

(Yij − Ȳi•)2 =
t∑

i=1

ni∑
j=1

(Y 2
ij − 2Yij Ȳ•• + Ȳ 2

••)−
t∑

i=1

ni∑
j=1

(Y 2
ij − 2Yij Ȳi• + Ȳ 2

i•)

=
t∑

i=1

ni∑
j=1

(−2Yij Ȳ•• + Ȳ 2
•• + 2Yij Ȳi• − Ȳ 2

i•) =

t∑
i=1

ni(−2Ȳi•Ȳ•• + Ȳ 2
•• + 2Ȳi•Ȳi• − Ȳ 2

i•)

=
t∑

i=1

ni(Ȳ
2
i• − 2Ȳi•Ȳ•• + Ȳ 2

••) =
t∑

i=1

ni(Ȳi• − Ȳ••)2

since

ni∑
j=1

Ȳ 2
i• = niȲ

2
i• and

ni∑
j=1

Yij Ȳi• = niȲi•Ȳi•, etc.
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