
STAT3022 Applied Linear Models Semester 1

Tutorial & Lab Sheet 3 Solution

Tutorial Problems

Question 1

The effect of height (H) and weight (W) on catheter length (L) on n = 12 children with congenital
heart disease was analyzed using two models:

Model 1: Li = β0 + β1Wi + β2Hi + εi, εi ∼ NID(0, σ2
1)

and
Model 2: Li = γ0 + γ1Wi + εi, εi ∼ NID(0, σ2

2).

Assume that both models pass the diagnostic tests. Use the output after this question only
(i.e. do not use R) to answer the following questions.

Question 1 Output

dat <- data.frame(

"H"=c(42.8, 63.5, 37.5, 39.5, 45.5, 38.5, 43, 22.5, 37, 23.5, 33, 58),

"W"=c(40, 93.5, 35.5, 30, 52, 17, 38.5, 8.5, 33, 9.5, 21, 79),

"L"=c(37, 49.5, 34.5, 36, 43, 28, 37, 20, 33.5, 30.5, 38.5, 47))

fit1 <- lm(L ~ W + H, data = dat)

summary(fit1)

##

## Call:

## lm(formula = L ~ W + H, data = dat)

##

## Residuals:

## Min 1Q Median 3Q Max

## -7.048 -1.258 -0.259 1.899 7.004

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) 21.0084 8.7512 2.401 0.0399 *

## W 0.1908 0.1652 1.155 0.2777

## H 0.1964 0.3606 0.545 0.5993

## ---

## Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

##

## Residual standard error: 3.943 on 9 degrees of freedom

## Multiple R-squared: 0.8053, Adjusted R-squared: 0.7621

## F-statistic: 18.62 on 2 and 9 DF, p-value: 0.0006336

fit2 <- lm(L ~ W, data=dat)

summary(fit2)
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##

## Call:

## lm(formula = L ~ W, data = dat)

##

## Residuals:

## Min 1Q Median 3Q Max

## -7.994 -1.481 -0.135 2.091 7.040

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t|)

## (Intercept) 25.63746 2.00421 12.792 1.60e-07 ***

## W 0.27727 0.04399 6.303 8.87e-05 ***

## ---

## Signif. codes: 0 ’***’ 0.001 ’**’ 0.01 ’*’ 0.05 ’.’ 0.1 ’ ’ 1

##

## Residual standard error: 3.802 on 10 degrees of freedom

## Multiple R-squared: 0.7989, Adjusted R-squared: 0.7788

## F-statistic: 39.73 on 1 and 10 DF, p-value: 8.871e-05

c(qt(0.95, 9), qt(0.95, 9), qt(0.95, 10), qt(0.95, 11))

## [1] 1.833113 1.833113 1.812461 1.795885

c(qchisq(0.025, 9), qchisq(0.975, 9), qchisq(0.025, 10), qchisq(0.975, 10))

## [1] 2.700389 19.022768 3.246973 20.483177

X <- model.matrix(~ W, data=dat)

solve(t(X) %*% X)

## (Intercept) W

## (Intercept) 0.277938162 -0.0051043889

## W -0.005104389 0.0001338856

(a) Write down the fitted models, including the estimates of the error variances. (Lecture 4 & 6)

Solution:

Model 1: L̂ = 21.0084 + 0.1908× W + 0.1964× H, σ̂2
1 = 3.9432 = 15.54725

Model 2: L̂ = 25.63746 + 0.27727× W, σ̂2
2 = 3.8022 = 14.4552.

where σ̂1 and σ̂2 can be read from Residual standard error of summary(fit1) and summary(fit2)

respectively.

(b) Calculate a 90% confidence interval for β2. What can you conclude from your interval? (Lecture
4)
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Solution: A 90% CI of β2 (H) is β̂2 ± t9,0.95ŜE(β̂2) = 0.1964± 1.833× 0.3606 = (−0.465, 0.857)

where ŜE(β̂2) can be read from summary(fit1) for Std. Error of β3 (H). The CI includes 0 so it
looks like H can be dropped from the model.

Note that a 90% CI for β1 (W) is β̂1 ± t9,0.95ŜE(β̂1) = 0.1908 ± 1.833 × 0.1652 = (−0.112, 0.494)
which includes 0 as well, but the 0 is closer to the boundary values, therefore elimination of H and
refitting makes sense.

(c) What is the multiple correlation coefficient between L and (H, W)? (Lecture 7)

Solution: The multiple correlation coefficient is
√
R2

M1 =
√

0.8053 = 0.8973851 and equals by

definition the square root of the Multiple R-squared which is the correlation between Y and Ŷ as
a function of (H, W) for the multiple regression model in summary(fit1).

(d) Give a 95% confidence interval for σ2 in M2. (Lecture 4)

Solution: A 95% CI for the error standard deviation is

(
√

RSS/b,
√

RSS/a) =

(√
144.55

20.48318
,

√
144.55

3.246973

)
= (2.656522, 6.67221),

where RSS = σ̂2(n− p) = 3.8022 × (12− 2) = 144.55, a = 3.246973, b = 20.48318 for 0.95 = P (a ≤
χ2

10 ≤ b) and σ̂2 can be read from Residual standard error of summary(fit2).

(e) Calculate the sample coefficient of correlation between the L and W values. (Assumed knowl-
edge)

Solution: The correlation coefficient is
√
R2

M2 =
√

0.7989 ≈ 0.894 which is the correlation

between Y and Ŷ as a function of W (or x) only in simple linear regression. Hence it gives the
correlation between (Y, x)=(L,W) and can be obtained from Multiple R-squared in summary(fit2).
This is a positive value as γ̂1 is positive.

(f) Calculate a 90% confidence interval for the expected catheter length when the weight is 90 for
Model 2. (Lecture 4)

Solution: The predicted value of L when W=90 is

L̂ = µ̂0 = β̂0 + β̂1W = 25.63746 + 90× 0.27727 ≈ 50.592.

For this simple linear regression, the 90% CI for the expected value of L, ie E(L), when W = 90 is
the CI for µ0|x0 = 90 with SE estimate (Lecture 4; not PE estimate)

ŜE(µ̂0) = s

√
1

n
+

(x0 − x̄)2

Sxx

= 3.802

√
1

12
+

(90− 38.125)2

7469.063
= 2.532.

The SE can also be alternatively calculated from variance as

V̂ ar(Ê(L)) = V̂ ar(β̂0) + W2V̂ ar(β̂1) + 2WĈov(β̂0, β̂1)

= 3.8022
(
0.277938162 + 902 × 0.0001338856− 2× 90× 0.0051043889

)
SE(L̂) ≈ 2.532
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where these variances and covariance are obtained from solve(t(X) %*% X) multiplied to σ̂2
2 =

3.8022. The two formulae are equivalent since

V̂ ar(µ̂0) = s2

(
1

n
+

(x0 − x̄)2

Sxx

)
= s2

(
Sxx + n(x0 − x̄)2

nSxx

)
= s2

(∑
i x

2
i − nx̄2 + nx2

0 − 2nxox̄+ nx̄2

nSxx

)
= s2

(∑
i x

2
i + nx2

0 − 2nxox̄

nSxx

)
= V̂ ar(β̂0) + x2

0V̂ ar(β̂1) + 2x0Ĉov(β̂0, β̂1),

since Ĉov(β̂0, β̂1) = − x̄s2

Sxx
noting that (Lecture 5)

V ar(β̂) = σ2(X>X)−1 =
σ2

Sxx

(∑
i x

2
i /n −x̄
−x̄ 1

)
.

The 90% CI for the expected value of L when W = 90 is

µ̂0 ± t10,0.95ŜE(µ̂0) = 50.59165± 1.812461 · 2.532 = (46.0025, 55.1808).

Note that for prediction,

V̂ ar(Ŷ0) = V̂ ar(Ê(L)) + σ̂2 = s2

(
1 +

1

n
+

(x0 − x̄)2

Sxx

)
.

#checking

confint(fit1,level=0.9)[2:3,] #(b) CI of beta1, beta2

## 5 % 95 %

## W -0.1119365 0.4935920

## H -0.4646355 0.8573488

sqrt(summary(fit1)$r.squared) #(c) multi cor L & (H,W)

## [1] 0.8974033

c(sqrt(deviance(fit2)/qchisq(0.975,df.residual(fit2))),

sqrt(deviance(fit2)/qchisq(0.025,df.residual(fit2)))) #(d) CI of sig_2

## [1] 2.656255 6.671586

c(sqrt(summary(fit2)$r.squared),cor(dat$W,dat$L)) #(e) cor of L & W

## [1] 0.8938226 0.8938226

predict(fit2,newdata=data.frame(W=90),interval="confidence",level=0.9) #(f) CI mu0|x0=90

## fit lwr upr

## 1 50.59165 46.00238 55.18092
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xm=mean(dat$W); Sxx=var(dat$W)*(length(dat$W)-1); c(xm,Sxx) #(f) xbar, Sxx

## [1] 38.125 7469.063

Question 2

The aim of a study of weekly fuel consumption (Y in tons) was to develop a prediction equation
to predict Y on the basis of x1 (average hourly temperature, ◦F ) and x2 (the wind chill index).
Observations were taken over 8 weeks. Assume

Yi = β0 + β1xi1 + β2xi2 + εi, εi ∼ NID(0, σ2), i = 1, 2, . . . , 8.

The fitted least squares multiple regression equation is

Ŷi = 13.109− 0.09xi1 + 0.083xi2.

The residual sum of squares is 0.674, x̄1 = 43.975, x̄2 = 12.875 and

(X>X)−1 =

 5.434 0.0859 0.1189
0.0859 0.00147 0.0016
0.1189 0.0016 0.00359

 ,

where X is the 8× 3 design-matrix associated with the above multiple regression. Note that

qt(0.975, 5)

## [1] 2.570582

(a) Give an estimate for σ2. (Lecture 4)

Solution: σ̂2 = RSS/(n − p) = 0.674/(8 − 3) = 0.1348 where RSS is given with df = n − p =
8− 3 = 5.

(b) Obtain a 95% CI for β1. (Lecture 4)

Solution: Note that V̂ ar(β̂) = s2(X>X)−1. Hence V̂ ar(β̂1) = s2(X>X)−1
22 = 0.1348 × 0.00147.

A 95% CI for β1 is

β̂1 ± t5(0.975)ŜE(β̂1) = −0.09± 2.570582×
√

0.1348× 0.00147 ≈ (−0.126,−0.0538).

Since the CI is entirely less than 0 (excludes 0), β̂1 is significantly less than 0.

(c) Test the hypothesis that β2 = 0 against the alternative that β2 is positive using a false positive
rate of 0.05. (Lecture 4)

Solution: V̂ ar(β̂2) = s2(X>X)−1
33 = 0.1348 × 0.00359. To test H0 : β2 = 0 against H1 : β2 > 0,

the test statistic is

tobs =
β̂2

ŜE(β̂2)
=

0.083√
0.1348× 0.00359

= 3.773⇒ P(t5 ≥ 3.773) ≤ P(t5 ≥ 2.570582) = 0.025.

Since the p-value < 0.05, we have strong evidence at the α = 0.05 level against H0 : β2 = 0 in favour
of H1 : β2 > 0.
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(d) Can the above model be simplified? (Lecture 4)

Solution: From (b) and (c) we can see that neither x1 nor x2 can be dropped from the model.
A 95% CI for β0 is

β̂0 ± t5,0.975ŜE(β̂0) = 13.109± 2.570582 ·
√

0.1348× 5.434 = 13.109± 2.2

so we see that the model cannot be simplified (based on p-values).

(e) Give an estimate for the average fuel consumption if the average hourly temperature is 40(◦F )
and the chill index is 20. (Lecture 4)

Solution: An estimate for the average fuel consumption when x1 = 40 and x2 = 20 is obtained
by substituting into the regression equation

Ŷi = 13.109− 0.09× 40 + 0.083× 20 = 11.169.

The estimate is 11.169 tons.
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