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Tutorial 12

SS1001: Differential Calculus Summer School, 2012
Web Pagehttp://www.maths.usyd.edu.au/u/UG/SS/SS1001/

Assumed knowledge

Basic algebra, differentiation, Taylor polynomials andngbex numbers.

Objectives
By the end of Tutorial 12 you should be able to do the following

12a understand the definition of a series and be able to tell wingpls series, such as geometric series,
converge and when they diverge;

12b know the Taylor series for functions sucheiscosx and sirx, and be able to derive them;
12¢ be able to find the Taylor series for simple functions;

12d know that a Taylor series for a functidi{x) converges td (x) precisely wher?1 limRy(x) = 0;
—>00

12e be able to show when the Taylor series of simple functionsege;

12f be able to use the binomial series,

(14xP =1+ pxt PRV o PP=D(P=2) 5 PP=1)--(p=n+1)

n
21 3l nl Xt

and know that it converges for gle R whenx € (—1,1);

12g know Euler’s formulag® = cos6 +isinf, and how to derive it using Taylor series.

Preparatory questions

1. Which of the following series converge, and if so, to what?
_ 9,09 9
(@ 0999999.. = G+t 1Et -
1 1 1
(b) 1+§+§+2—7—|—
(¢ 1-1+1-1+1—...

1 1 1
@ L+l g+g+ gt

2. Find the Taylor series for c¢2x).
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Questionstodoin class

3. Show that ifx € [—1,1] thene* can be approximated to within@®5 by the polynomial

1 X2 3 X
Xt ot g

You may assume that< 3.

4. (a) Find an expression for thé derivative of the function IfL + x) aboutx = 0.
(b) Find the Taylor polynomial of orderfor In(1+ x) aboutx = 0.

(c) Write down the formula for the Taylor series of It X) using sigma notation.

5. (a) Write down the Taylor polynomials abaoxit= O of orders four and five for cos

X2

(b) Deduce that cos= 12 CTI ﬁ + Rs(x), where|Rs(X)| < g

(c) Use part??) to estimate cos 1, and determine the accuracy of your égtima

6. In this question we show how to obtain a Taylor series for %ir) without having to find a
formula for thenth derivative of this function. We do this by using the binahseries, together
with knowledge of the first derivative of sif(x).

(@) Show that the binomial series expansiONﬁ!l:X about the point O is

11 1. 5o (2n—1
1ol 13, 135, 5. (n-1) ,

© 1.3
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(b) Hence find a series ferli

V1-x2
(c) Find the first derivative of = sin~(x).
(d) Find a series for sint(x) by term-by-term integration.

Questionsfor further practice

7. (@) Find then™ derivative of the functiorke * by calculating the first few derivatives and
establishing a pattern.

(b) Using part (a), computé™ (0), for all n > 0.

(c) Hence compute the Taylor series abwst O for xe*.

8. (a) Write down the Taylor series (about= 0) for the function cos.

(b) Write down a series for cqgx, x > 0.
x3
6 [ X -

\Y,
o

(c) Show that cos/x) =1— 54— +R5(\/>_<) where|Rs(v/X)| <

1
(d) Showtha4 / Rs(v/X)dx| < 0.0004.
0

1
(e) Estimate/ cosv/X) dx, correct to three decimal places.
0



9. (a) Write down the Taylor series for sirtaboutx = 0.
(b) Find the remainder teriRon, 2(X) for sinhx.

(c) Given thatx"/n! — 0 asn — o for all x € R, show that limRz,2(x) =0 for all x € R.
n—oo

Short answersto selected exercises

Full solutions can be downloaded at the end of the week.

1. (&) Therepeating decimal®9999.. is a geometric series with leading teﬁ%land common
ratior = 5. The geometric series formula gives the sunﬂrg@?_l% =1.

(b) Geometric series with=1/3. Sum: ¥ (1—r)=3/2.

(c) The sequence of partial sufis 0,1,0,1,0, ...} does not tend to a limit, and so the given
series diverges.

(d) Recall that the Taylor series fef is 3,_ox"/n!, which converges t@" for all x € R.
Therefore s> 1/nl =el =e.

valid for all x € R. Replacingx

{(22"/(2n)1 0.

2. The Taylor series for cosaboutx = 0 is S_o(—1)"x2"/(2n)!
by 2x gives the Taylor series for c(#x): cosX = S, _o(—1)"

3. € =Py(X)+Ra(X), wherePy(x) = 1+x+x2/2! +x3/314-x* /4! and|Ry ()| = |€x°/5!| < 3/5! =
0.025.

4. (a) Letf(x)=In(1+x). Then f(0) =0 andf™W(x) = (-1)"Yn-1)!(1+x)", n>1,
which impliesf(™ (0) = (-1)"1(n—1)!.
o3 X 1 X

(b) P”(X):X_E+§_Z+"'+(_l) -

00

© Nnil+x=Y (—1)“)‘—:.
k=1

5. (@) Py(x)=Ps5(x) =1—x2/2!+x4/41.

(b) Rs(x)=— %%C)XG and|cogc)| < 1imply |Rs(x)| < g
(c) cogl) = Ps5(1) +Rs(1), wherePs(1) = 13/24 = 0.54167 andRs(1)| < 1/6! = 0.00139;

a calculator gives c@$) = 0.54030 and s®s(1) = —0.00137.

6. (a) Inthe formula for the binomial series fat+ x)P, putp= —1/2 and replace by —x.

1 © 1.3.5...(2n—1)
2 _ 2n
(b) Replacex by x< and getm _l+nZ1 ) x, xe (—-1,1).
d
© &=V

(d) sinix= /(1— xz)‘l/2 dx. Integrate the series in part (b) term by term, then evalilete
arbitrary constant by letting = 0.

7. (a) Letf(x)=xe X Thenf(x) = (—~1)"(x—n)e .
(b) FM(0) = (~1)™n,
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(c) xe _n:l(_l) 1(n—1)' , same asxnzo(—l) e

(<] 2N oY n
@ 3 1" Gy ®) 3 1" (e) 0764

00 X2n+1
@ Zo (2n+ 1)
() Rono(x) = (;‘ffg! 230 < (o] < x|,
(€) Roni2(X) — 0 asn— o« because k coshc) < coshx), x # 0, and|x|>"*3/(2n+4-3)! — 0

asn — oo,



