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Web Pagehttp://www.maths.usyd.edu.au/u/UG/SS/SS1001/

Assumed knowledge

Partial derivatives; dot products of vectors; the chaie.rul

Objectives
By the end of Tutorial 9 you should be able to:

9a know the definition of the gradient vectarf (or gradf) for general functiond of two variables, namely,
Of(x,y) = fxi+ fyj , and calculatélf at both general and specific points;

9b interpret the directional derivativg, f of a functionf(x,y) of two variables as the rate of changefoih the
direction of the vectou = mi +nj;

9c calculate the directional derivative of specific functiofi$wvo variables at a poire, b) in specific and general
directions;

9d interpret the directional derivatii@, f in the direction of a vectau as the dot produdi f - 0, wherel = u/|u|
(the unit vector in the direction af);

9e recall that the maximum value of the directional derivati4gef is attained whem is in the direction of the
vectorf and that the value d, f is then|Of|;

9f know that for functiond (x,y) of two variables, whe(a, b) is a point on the level curvi(x,y) = k, the vectors
+0f(a,b) are perpendicular to the level curve(atb);

9g know that for functiond (x,y) of two variables, the vectoes(fyi — fyj), which are perpendicular t@f, are
tangential to the level curves éf and are therefore directions in which the surfaeef (x,y) is horizontal.

Preparatory questions
1. Find the directional derivativBy f (x,y) if f(x,y) = 2x*— 3xy+ 5y? and
(@) u=3i+4j
(b) uis the unit vectoki ++/3j)/2.
FindD, f(1,1) in each case.

2. Let f(x,y) = 2x3 4 €siny. FindOf(x,y) and calculate the value &ff (2, 7).

Questionsto doin class

3. Suppose thallf (x,y) = (2xy? — )i+ (2x%y — x+Y?)]. Find:
(a) the direction of steepest increase fox,y) when(x,y) = (1,1);
(b) the magnitude of the steepest increase wey) = (1,1);
(c) the direction of steepest decreaseffor,y) when(x,y) = (1,1);
(d) the directions in which the surfaze= f(x,y) is horizontal a{x,y) = (1,1).

4, If f(x,y) =x—y?, find Of(3,—1) and use it to find the equation of the tangent line to the leuele
f(x,y) = 2 at the poin{3,—1). Sketch the level curve, the tangent line and the gradiestove
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5. Suppose that you are climbing a 1000 metre hill whose shagiegs by the equation,
z= 1000 0.01x° — 0.02?,

and you are standing at the point with coordingi®@ 100 764). Suppose also that the positixeaxis
points East and the positiyeaxis points North.
(&) Inwhich direction should you face initially in order t@ach the top of the hill via the steepest route?

(b) If you climb in that direction, at what angle above theikontal will you be climbing initially?

(c) Inwhich direction should you travel initially if you waito maintain your height above sea level at
764 metres?

6. (a) Find the directional derivative df(x,y) = /bx— 4y at the point(4,1) in the direction given by
V3i—j.

(b) Find the direction of steepest slope at the pfint), and the slope in that direction.

Questions for further practice
7. Let f(xy) =X — /y2 +8x.

(a) Find the directional derivative dfat the point(2,3) in the direction which makes an angle-eft/4
with the positive direction of the-axis.

(b) Find the value and direction of the maximum directioreivhtive of f at the point2, 3).
8. Find the directions in which the directional derivativefdk, y) = x? + sinxy at (1,0) has value 1.

9. Suppose that for a functian= f(x,y) and a poin{a,b), we havefy(a,b) = 1 andfy(a,b) = —2.
(@) Inwhich direction(sy is Dy f(a,b) = 0?
(b) Inwhich directioru is D, f (a,b) largest?

10. Calculatedy/dx wheny is defined implicitly as a function of by sin(xy) + y?’e ™ = x+4. What is the
slope of the tangent to the curve at the pdh2)?

Short answersto selected exercises

Full solutions can be downloaded at the end of the week.

1. Of = fi+ fyj = (6x2 — 3y)i + (10y — 3x)j. At (1,1), Of = 3i +7j.
(@ G=(3i+4j)/5: Dyf =0f 0= (18— 12x+31y)/5. At(1,1), D,f = 37/5.
(b) 0= (i++/3j)/2: Dyf = {6x%—3v3x+ (10v/3 — 3)y}/2. At(1,1), Dyf = (3+7v3)/2.

. Of = fxi + fy] = (6x2 + € siny)i + e cosyj. At (2,m), Of =24i — €.

N

3. (@ Of(LY)=i+2]. (b) [Of(LD)|=v5. (0) —(i+2j). (d) +(2i—j).
4. 0Of(3,—-1) =i+2j. Equation of tangent linex+2y=1.

(a) Direction (facing horizontally) of steepest asceni#60,100) = — (1.2i +4j), 73.3 degrees south
of west.

(b) Slope|0z] =4.176, angle 76° above the harizontal (very steep).
(c) Direction+(10i — 3j), 16.7° south of east or north of west.

o



6. (a) Duf(4,1)=(5v3+4)/16. (b) 81f =5i—4j, |Of| = /41/8.
7. (a) Dyf(2,3) =59/(5v2). (b) |Of| =+/3145/5, 56i —3j.

8. Two directions:u=j and u= (4i—3j)/5 or 4i —3j.

9. (a) £(2i+]). (©) i—2j.
dy _ ycosxy)—ye*-1, dy 3
o dx  xcogxy)+2yex ' at(0,2), dx 4’



