CHAPTER 1

Numbers and sets

A sk any person in the street what mathematics is about andahswer will almost

certainly be “numbers”. In fact mathematics also includesdtudy of logic and struc-
ture and geometry, but ideas about numbers, real numbegsticydar, are fundamental to
calculus and many other branches of mathematics.

In this chapter we review and extend previous work on numaedssets, particularly the set
of real numbers, before introducing the set of complex numbe

1.1 Different types of numbers

Our understanding of numbers, what they are and how they ,wt@kelops from simple
counting through fractions and negative numbers to an airen of irrational numbers
and real numbers. Mathematically, different types of nurebelong to different sets:

The set ofnatural numbers {0,1,2,3,4,...}, which we denote by the symb&l. It is
closedunder the operations of addition and multiplication. Tisagidding two positive inte-
gers gives another positive integer, as does multiplyiegtkogether.

The set ofintegers {...,—4,-3,-2,-1,0,1,2,3,4,...}, denoted by is the set of whole
numbers, including both positive whole numbers, negatikelesnumbers and zero. The set
of integers is closed under the operations of addition,ragbon and multiplication.

The set ofrational numbers, denoted by, is the set of all numbers of the fornym where

n andm are integers andh # 0. Some examples arg —i, § Rational numbers include

decimals which either terminate or repeat. Note that thegiers are a subset of the rational
numbers, since they are of the fonmim wherem = 1. The set of rational numbers is
closed under the operations of addition, subtraction, iplidation and division, provided

that division by zero is excluded.

The set ofreal numbers, denoted byR. This includes all rational numbers and all irrational
numbers. Irrational numbers cannot be expressed/as wherem andn are integers, al-
though some may be interpreted geometrically. For examfilds the length of a diagonal
of a unit square. The irrational numbeiis the ratio of the length of the circumference of a
circle to the circle’s diameter.
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The set of real number®, contains all the other number sets. In fact we can summtrése
numbers sets diagrammatically

/ Real NumbersR \

eg. m, e, —/5, 0.1010010001 . . .

/ Rational Numbers(Q \

eg. 1, -4 0.1, -72,03

Integers,Z Natural Numbers N

=2, -1,00,1,2,3, ...

S =

1.2 Sets and notation

Set notation is a convenient and precise way to write abdléations of objects. This type
of notation is widely used in mathematics, both in this cewasd in other units of study.

Definition
A set is a collection of objects which are calletkmbers or elements.

A set can be denoted by its name, for example the set of reabersR, or written as a

list, for example {,b,c,d }. When sets are written as a list of elements, each element is
separated from the others in the list by a comma and the wisblis surrounded by braces.
Three dots may be used to mean “and so on” if the list of elesnsnllarge; for example
N=1{0,1,2,3,...}.

Some useful set notation

Correct mathematical notation conveys information adelyaand concisely. Here is some
notation that is used with sets.

The symbole means “is an element of”. For exampi& € Z should be read as—3 is an
element of the set of integersj;c B, reads % is an element of the sét” or “y is a member
of the setB”.

The symbolC should be read as “is a subset of” For exampl€ Z, is read as “the set of
natural numbers is a subset of the set of integers” or “thefsghtural numbers is contained
in the set of integers”. Sometimes you may see the symabehich means that the smaller
set is strictly a subset of the larger; the two cannot be edroalexample, it is most precise to
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write N C 7Z as the two sets can never be the same. The reversed symbeans “contains”
For exampleR O Q, reads “the set of real numbers contains the set of ratiomaloers”.
There is also a symba) which means “contains, but is not equal to” AfC B thenB O A.

A forward slash through any of these symbols above means.‘Rot example—1 ¢ N says
in words “—1 is not an element of the set of natural numbers”. Another gty ¢ Z, is
read as “the set of real numbers is not a subset of the setegfarg.”

There are other symbols which describe sets formed fronr g#ts.

The expressioml U B denotes the union of sett with setB. Theunion of two sets is the set
of elements which occur in either one or both of the sets. Elament occurs in both sets, it
is only listed once in the union. For examgle 2,3, 4, } U {3,4,5,6} = {1,2,3,4,5,6}.

The intersection of setd and B is written A N B. Theintersection of two sets is the set of
elements which occur ibothof the sets. For example, 2,3,4,} N {3,4,5,6} = {3,4}.

The symbol\, which is read “minus”, is used to indicate the set of elern@vttich are in one
set but not in another. That id,\ B is the set of all elements which arehbut not inB. So
for example{1,2, 3,4, }\{3,4,5,6} = {1, 2}.

A set can be represented in a simple, graphical way Wgra diagram. Each set is drawn
as a circle, a square or some other closed shape. Shapesergprg sets may overlap one
another if sets have elements in common. Sometimes, theeaterof the sets are written on
the Venn diagram but often they are not. Different parts oeanv/diagram can be shaded to
illustrate different parts of the set.

Venn diagrams are a useful way to represent relations batseis. Note thatl\ B is not the
same aB\ A.

A B A B

AUB A\B

ANB B\A

If we want to specify a set whose elements fulfil a certain doydthen we do this in the
following way:
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Examples 1.2a

)

i)

ii)

A={ze€Qlz >0}
In words, this says “A is the set of all rational numbersuch thatz is positive”.
Alternatively “ A is the set of all positive rational numbérd he vertical slash should
be read as “such that”.

Let W be the set of words in English. Then
B = {z in W | z begins with the letter “P}

reads ‘B is the set of all elementsof the set of English words such thabegins with
P” or “B is the set of all English words that begin with P.”

C={xcZ|5cZ}
In words this says€' is the set of all integers such that:/2 is an integer” or “C is the
set of all even integers”.

D={zeR|-1<z<1}
This reads D is the set of all real numbers which are greater tharand less or equal
to1” O

It is worth taking the time to convert these sorts of exp@ssiinto words when you come
across them. Mathematical notation is both precise and.tdi® use information presented
in this way well, you need to understand exactly what thetiataneans.

1.3

Intervals and the real number line

Interval notation
Sets of real numbers which lie between two end points, sudheatast example, can be
represented usinigterval notation. For example

B={zeR|-1<z<1}=(-1,]1]

A curved brackeis used to show that an endpoint (such-dsin the example) is not included
in the set and aquare brackeis used when the endpoint is part of the set.

The real number line
Every real number can be located on thal number line. For example:

N
o
N
3
I
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It is straightforward to sketch sets that are written usirtgrnval notation on the real number
line.

Note that an open dot is used if the end point of the intervabtsncluded in the set. If the
endpoint is part of the set, then a closed dot is used.

An interval where neither endpoint is part of the set is ch#laopen interval.

(a,b) ={xr €R|a <z < b}

o
oo

The interval(a,b) = {x € R|a < z < b} and the pointa, b) in the Cartesian plane are
written in exactly the same way. They are not, however, tineesthing. It is usually clear
from the context whethdi, b) represents a point or an interval.

If both endpoints are part of the interval it is calledi@sed interval.

la, b ={z € Rla <z < b}

It is also possible that one endpoint will be in the set ancbther will not be. For example,

(a, b)) ={r €R|a <z <b}

Qo
o

o [a, b) ={z €R|a < x < b}

There is special notation for sets of the number line thagrexinfinitely in one direction or
the other.
(a,00) ={z € R|z >a}; (—00,a)={r Rz <a}

[a,00) = {z €R|z >a}; (—o0,a]={z Rz <a}

Note thatoo is not a number, rather, it represents infinity. Beth and —oo always take a
round bracket. Here are some other examples:

Examples 1.3a
) A=[7,29] = {z e R|7T <z <29}

% (7, 29]
0 7 29

i) S=(2,00)={zeR|zx>2}

}
T

0

N O
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iy V=(-3-1)U[25={reR|-3<z<—-1lor2<z <5}

o o—1 -3, —-1)U2,5
-3 10 2 5 ( JU25

iv) T'= (—00,0) U (0,00) = {x € R|z # 0} = R\{0}. As you can see there may be a
number of ways of writing down a set.

> R\ {0}
O

Themodulus or absolute value |x| of a real number gives the distance on the real number
line from x to zero. The modulus af is defined in this way:

x if x>0,
|z| = .
-z ifxz <.

For examplé5| = 5 and| — 10| = 10.

The distance between two numbers on the number line can @alegdressed using modulus.
The distance betweenandy is given by|z—y| = |y —x|. For example, the distance between
3and—4is|3 — (—4)| = |3+ 4] = 7 which is what we intuitively expect to be the distance
from —4 to 3. Alternatively we could have writteh—4 — 3| = | - 7| = 7.

1.4 Imaginary numbers
Suppose that you are asked to solve the equation
22 4+1=0.

Your first response might be to say that there will be two sohgas it is a quadratic equation.
Very quickly you might write down the line;

22 =—1.

At that point you might conclude, correctly, that there aper@al solutions to the equation.
But what if we agree that there exists a number which is thersqroot of—1? Then we
could write:

r=+v-—1.

Such a number does indeed exist, although it is not a real agrabd is known as amagi-
nary number. We denote it by (although some branches of engineering usestead). Since
1 = +/—1 we can write

i = (V=12 = -1 =(—i)%

and so the equatiar? + 1 = 0 now has two imaginary solutions, namelgind —i.
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What about the equations
2?4+ 4=0andy’+7 =07

The first of these has imaginary solutians= +v/—4 = +2./—1 = +2i; the second has
solutionsy = ++/7i.

Any non—zero real multiple afis an imaginary number. The square of an imaginary number
is a negative number. For example —20i, —i/5, 0.125¢ andri are all imaginary numbers,
and(3i)? = -9, (—20¢)? = —400, (—i/5)* = —1/25 and so on.

1.5 Complex numbers and solutions to quadratic equations

Now, suppose that you are given this equation to solve:
2 — 4 +5=0.

Using the quadratic formula:

44+ +/—4
x:T:2:I:\/—1:2j:i.

These solutions are not purely imaginary, although theyngdolve an imaginary number.
The solution® + 7 and2 — 7 arecomplex numbers. They have a real part and an imaginary
part. For example, the real partdft i is 2; we writeRe(2 + i) = 2. The imaginary part of a
complex number is the coefficient gfso the imaginary part &+ is 1 orlm(2+4) = 1. You
may like to show by substitution that+ i and2 — i are indeed solutions af? — 42 + 5 = 0.

Examples 1.5a
i) Consider the complex numbart- 8i. Rg3 + 8i) = 3 and Im(3 + 8i) = 8.

i) If z=1/2— 5ithen R¢z) = 1 and Im(z) = —5.
iif) For the purely imaginary number7i, Rg—7:i) = 0 and Im(—7:) = —7.

iv) For the real number 4 (which, of course is also a complexiner) R¢4) = 4 and
Im(4) = 0. O

If we allow complex numbers as solutions to quadratic eguatthen every quadratic equa-
tion will always have solutions, either both real or both qxbex.

We can see this in general if we look at the quadratic formikee solution to the quadratic
equatiomnuz? + bz + ¢ = 0 is given by

—b+ Vb — 4dac
x = )
2a

Whetherax? + bx + ¢ = 0 has (purely) real or complex roots depends on the expression
b*> — 4ac which is known as the discriminant.

is real ifb? — 4ac >0
x
is complex ift? — 4ac < 0.
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Example 1.5b The solutions ta:?+6z+25 = 0 must be complex sindé —4ac = —64 < 0.
Using the quadratic formula, the solutions are found to{3e+ 4i and —3 — 4i. These
solutions are complex conjugates of each other. This wilekemined further in the next
chapter. O

1.6 Arithmetic with complex numbers

Complex numbers can be added or multiplied together, sttettaone from the other or
divided by one another.

Consider two complex numbers:= a + bi andw = ¢ + di. Here the real part of is « and
the imaginary part of is b. The real part ofv is ¢ and the imaginary part ab is d.

Addition
z+w = (a+bi)+ (c+di)
= (a+c¢)+ (b+d)i
Rule: Add real parts to real parts and imaginary parts to insay parts.
Example 1.6a

B—4i)+(1+2i) = 3+1+(—4+2)i

= 4—-2
O
Subtraction
z—w = (a+bi)—(c+di)
= (a—c)+ (b—d)i
Rule: Subtract real parts from real parts and imaginarysgesin imaginary parts.
Example 1.6b
(3—4i)—(1+2i) = 3—1+(—4—2)i
= 2—-062
O

Multiplication
2w = (a-+bi)(c+ di)
ac + adi + bei + (bd)i?
= (ac —bd) + (ad + cb)i

Rule: Expand the brackets in the normal way, rememberingithzan be simplified to-1
and collect terms into real and imaginary parts.
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Example 1.6¢

(3—4i)(1+2i) = 3—4i+6i— 8>
3+2i+8
= 11+2

To divide one complex number by another we need to know albeutamplex conjugate.

Definition The complex conjugate of the complex numbet = a + ib is
Z=a — 1b.

Notice that ifz = a + ibthenzz = zz = a® + V. In particular,zz is always a non—-negative
real number andz = 0 if and only if = = 0. This observation is exactly what we need when
dividing one complex number by another non—-zero complexbarm

Examples 1.6d
i) 3+5t=3—5¢

i) 2_7Ti=247Ti

iii) If zis a real number then = z. If z is a purely imaginary number then= —z. For
example3i = —3i. O

Division If w # 0 then to find= we multiply both top and bottom by the complex conjugate
of w.

z 2w

w ww
(a+bi) (c — di)
(c+di) (c — di)
ac — adi + cbi — (bd)i*

2 — cdi + cdi — d?i?
(ac+bd) + (cb — ad)i
2+ d?

This process is similar to rationalising the denominata qtiotient of surds. Multiplying by
the complex conjugate of the divisor produces a real numb#ra denominator and allows
the number to be written in the form+ bi.
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Example 1.6e

5—10i (5 — 104)(1 — 24)

1421 (14 2¢)(1 — 29)
5= 20i+ 20
1 — 20+ 20— 442
_ —15—20
N 5
= —3—4

Equality

Two complex numbers are equal to each other if and only if blo¢ir real and imaginary
parts are equal. In other wordszit= a + bi andw = ¢+ di, thenz = wifand only ifa = ¢
andb = d.

1.7 The set of complex numbers

We can think of a real number as a particular type of complewlyer, one with zero imagi-
nary part. The complex numbers include real numbers and éseat which encompasses the
set of real numbers and hence all of the other number sets.

Definition The set of complex numbers C is the set of all numbers of thg
form a + ib wherea andb are real numbers and = —1.

Alternatively, we could write:

C={a+ib|abeR,i*=—1}.

We also have
NczcQcRcC.

The complex numbers, like the set of real numbers, is closelbruaddition, subtraction,
multiplication and division.
Complex numbers, however, lack an important property oféaénumbers.

The set of real numbers @&dered; that is, if we have any two real numbersandy we can
say that eitherr > y orz < y or x = y. One of these alternatives will always be true.
Because of this property we are able to represent real nwopahe real number line.
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The set of complex numbers is not ordered. Consider two cexnpimbers:2 — 3i and
—1+ 5i. Clearly2 — 3i # —1+ 5i as neither their real nor their imaginary parts are the same.
But it makes no sense to write— 3i > —1 + 5: or2 — 3i < —1 + 5i. It doesmake sense to
write Re(2 — 3i) > Re(—1 + 57) andIm(2 — 3i) < Im(—1 + 5¢) but this is because the real
part and the imaginary part of a complex numbers are botmreabers.

Because the set of complex numbers is not ordered, comphakens cannot be represented
as points on aline. Instead, complex numbers are represasi@ints on the complex plane.

The Complex Plane

The complex plane or Argand plane allows complex numbers to be represented graphically.
The horizontal axis in the complex plane is called e axis. All real numbers lie on the
horizontal axis in the complex plane; positive numbers wright of the origin, negative
numbers to its left. The vertical axis is known as timaginary axis. All purely imaginary
numbers lie on the vertical axis. Each point in the complenglcorresponds to a single
complex number. This is a little different to the Cartesitane used in coordinate geometry,
where each point corresponds to an ordered pair of real namber example:

—1+4+3ie 3it e 2+ 3

Real axis
—21+ e 2 —

Imaginary axis\/\

The modulus of a complex number

For a real number, the modulus ofr, written as|x|, gives the distance on the real number
line from x to the origin at zero. For a complex numbet a + b7, the modulus ot, written
|z|, gives the distance in the complex plane froito the origin.
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a+ 1b
2
\a\é b
a

If = = a + bi then geometrically, by Pythagoras’ Theorem,

(1.7a) 2| = Va? + b2

Alternatively we can use the complex conjugate &6 find |z|. Sincezz = (a+0bi)(a—bi) =
a® + b? we can writgz| = V/2Z.

The modulus of a complex number is a real number and so it nssese to write something
like |1 + i] < |2 — 3i|; however two complex numbers with the same modulus needeot b
equal. For examplet — 3i| = |1 + 2v/6i| = 5. Note that the modulus is always a positive
real number or zero.

The modulus can be used to specify subsets of the complexemsmbhich can be graphed
in the complex plane.

Examples 1.7b
i) {z € C||z| > 2} is the set of complex numbetssuch that: is more than 2 units
distant from the origin.

Yy
2i|
// \\
/ \
/! \
4 x
'2‘\ I2
\ /
N _,/
-2

i) {z € C|1 < |z| < 3} isthe set of complex numbers which are between one and three
units distant from the origin.
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i) {z € C||z— 1] < 2}. As with real numbers|z — 1| is exactly the distance from
to 1. Hence, this is the set of all complex numbers whose distiianel is less than 2.
Geometrically, these are all points in the complex planedhainside the circle, centre

(1,0), radius 2.

Yy
//’——-\\\
7 N
Y \
/ \
\
II v )
I / \
} x
-1 1 '3
\ 1
\ /
\ /
\ 4
A S 4
N 7
\\i_—’//

iv) {zeC|lz+2—1i] >1} Here|]z+2—1i| =|z— (—2+1i)|is the distance from
a complex numbet to —2 + i. So this set is the set of all complex numbers whose
distance from-2 + i is greater than one unit. In other words, this is the set affsaon
the complex plane with are strictly outside the circle ofiuad and centre-2 + i.

v) Here is a different type of subset of the complex numbérss C [Imz < 0} is the set
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of all complex number whose imaginary part is less or equaéto.
Yy

O

In the next chapter we will explore some uses of the complametepresentation of complex
numbers and show how an understanding of the geometry ofleempmbers is useful in
performing certain types of calculations.

Exercises
In addition to doing the following exercises you should l@khe on-line quiz
www. mat hs. usyd. edu. au/ u/ UG JM MATH1001/ Qui zzes/ qui z1. ht m

which covers the material in this chapter. You can get toghige from the course homepage.

1.1 In each of the following perform the indicated operationd give the final answer in
the formax + iy:

a) (5—2i)+ (2+ 3i0) h) (a+ib)/(a —ib)
b) (2—1)— (6 —3i) ) 1/(3+ 29)
c) (24 3i)(—2 — 3i) ) 230t 6t
d) —i(5+1) k) (1+ )/(1 — i)
e) 1/i D [o/(1 =)+ [(1 —14)/i]
f) (a+ib)(a —ib) m) (1/@)—31/(1—@)
g) 6i/(6 — 5i) n) 1% — 4% — 4

1.2 Simplify the following expressions:

1 1+3i
a)l
) m1+z d)‘3+z’
b) Re M o | A+
L+ 2 B3(1 + 4i)?

) | cosf+isinf|, whered is any angle
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1.3 If z = x + iy, express each of the following explicitly in termsxoftindy:

a) Re(z/2) e) |29

b) |(2/2)] 0 (4 1)/( — 1)
c) Im 23 g) Re(1/2%).

d) Re z*

1.4 If z =5+ 12; andw = 3 + 44, expressv + z, z — w, zw andz/w in the forma + ib.
Use these results to verify that

a) [zw| = |z[|w| €) [z +w| < |z] + [w]
b) |z/w[ = |z]/w| d) [z —w| = |2 — |w].
1.5 Show that for any complex number|z| = |z|.
1.6 If Z = z, what can you say abouf®
1.7 If z =3 — 24, plotz, —z, Z and—Z as points in the complex plane.

1.8 Give a geometric justification of theiangle inequality
|21 + 20| < |z1| + |22,
wherez; andz, are any two complex numbers.

1.9 In each of the following cases, find the locus of points in thmplex plane satisfying
the given relation (describe the locus, sketch it, and d#&/eartesian equation):

a)Ilmz>0 f) |z—5|=6

b) 0 <Im(z+1) <27 g) |z+2i| >1

c) -1<Rez<l1 h) |z +1 =]z — 1|

d) Re(iz) =3 ) |z +3|+|2+1=4
e) Re(z+2) = -1 D lz+3—|z+1 ==+l

1.10 If z is a variable complex number, mark clearly on an Argand diag(i.e., on the
complex plane) the regions described by:

a) Rez > —2and0 <Imz <3 d) |z—2+i >1andRez > 2
b) Rez > —20r0 <Imz <3 e)l<|z—2+i| <3and
C) 2< |zl <3and-7 <argz <] —3 <argz < 3.



CHAPTER 2

Polar form and roots of complex numbers

2.1 Polar and Cartesian forms of complex numbers

In the last chapter we introduced the set of complex numbetshowed how such numbers
can be graphed on the complex plane. To graph any complexemumb a + bi we need two
pieces of information: the real part of the numbend the imaginary part of the number
We can plot the same number, however, with two differentgseaf information: the distance
|z| of the point from the origin and the angle of the line from tleépto the origin, measured
anti-clockwise from the positive real axis. This angle ikm as the argument afor arg:.

Y
z=a-+1b
b T+
; |
=
\FL\ rsind
argz =6 ‘
| T
TCOSQ—CJL

If we let |z| = r andarg z = 6 then we can see that
Rez=a=rcosf andImz =b = rsiné.
Therefore, instead of writing = a + ib, we can write
z=rcosf +irsinf = r(cosf +isinh).

This is known as theolar form of a complex number. In polar form, a complex number is
specified by its modulusand its argumertt. The form of complex number+ib, introduced
in the last chapter, is called tl@artesian form.

Complex numbers can easily be changed from one form to andthenumber is in Cartesian
form z = a + ib, then the modulus = +/a? + b? and the argumer#t can be found using

16
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tanf = 3 Becausean ¢ has the same values in the first and third quadrants and in the
second and fourth quadrantss essential that you plot the complex number on the cample
plane when you are finding its argumefithis will make it very clear in which quadrant the
argument lies.

Examples 2.1a
i) Write —3 + 3i in polar form.

Herer = | —3+3i| = \/(—3)2 + 32 = v/18 = 3/2. Plotting—3 + 3i on the complex
plane gives:

3 T

Hencearg(—3+ 3i) is in the second quadrant. By inspection we can seetlagt-3 +
3i) = 3w /4. Alternatively we find thatan § = —1 and hencé = 3x /4. Without the
diagram we are left with the alternativés= —7 /4 or 3w /4. As we knowan™!(—1) =
—Z (Ifyou use a calculator, in radian mode, it will tell you thah —' (—1) ~ —0.7854.)
The diagram easily distinguishes between right and wroswars. So

—3 4 3i = 3v2(cos 3m/4 + isin 3w /4) .

i) Write —1 — +/3i in polar form.

The modulus is given by = \/(—1)2 + (v/3)2 = /1 +3 = 2. Plotting—1 — /37 in
the complex plane we have:
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1 AN i

__—\/gi

arg(—1 + 1/3i) lies in the third quadrant. Singenéd = /3 thend = 4x/3. (We
could also writed = —27/3 equally correctly.) Therefore 1 — v/3i = 2(cos4n/3 +
isin4m/3) in polar form.

iil) Find the modulus and argument 8f+ 7:.

The modulus is* = /32 + 72 = /58. In the complex plang + 7i lies in the first
guadrant:

7it

We find thattanf = I and sof = tan™'I ~ 1.17. In polar form3 + 7i =
VB8 (cos(tan™" I) + isin(tan™" I)).
iv) Write —29 in polar form.

Although—29 is a real number it can still be written in polar form. Cledrly29| = 29
and from the complex plane we see(—29) = .
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N

—29

Hence—29 = 29(cos m + isin ) in polar form.

v) Convert8(cos(—n/6) + isin(—x/6)) to Cartesian form.

It is usually much simpler to convert a complex number frorfapéorm to Cartesian
form than to convert a complex number from Cartesian to dolan. All that needs to
be done is to evaluate the cosine and sine and simplify thétirggexpression. So

8(cos(—7/6) + isin(—/6)) = 8 (? _ %) YN

T

SE]

vi) Convert5(cos(m/2) + isin(7/2)) into Cartesian form.

5(cos(m/2) +isin(m/2)) = 5(0+ i) = 5i

Y
59

/2
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Sometimes the polar form of a complex numbeér,os # + isin ) is abbreviated to cis 6
where

cis @ = cosf + 7 sinf.

So, for exampleg cis () = 8 (cos () +isin () .

6 6
For a complex number we can choose how to expresg z. For examplearg(—1 + 7) can
be given agn /4 or —57/4 or 117 /4. We could write it most generally &sr /4 + 2k where
k € Z. In fact any complex number has an infinite number of arguseshich all differ by

integer multiples oRx. This becomes important when we take roots of complex nusnber
later in this chapter.

-1+

To eliminate this ambiguity we can specify the principalargent ofz, Argz:

Theprincipal argument of z, Argz is the particular argument afsuch that

— < Argz < .

Hencearg(—1 + i) = 37 /4 or =57 /4 or 117 /4 and so on, but Arg = 37 /4 only.

It is important to understand that complex numbers haveiptelarguments when equating
two complex numbers in polar form. Consider the complex nemsb = r(cosf + isin 0)
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andw = s(cos¢ + ising). If z = w then they both correspond to the same point in the
complex plane. Hence they are the same distance from thia ¢tingt is,» = s) and have
the same principal argument (thatés= ¢ + 2k, wherek is an integer).

o> Aside A note on special angledn the examples above you will see that most of the polar
angles that we used were angles with exact sines or cosioiegtisnes known as special
angles. For example, any angle which is a multipler 4 has either sine or cosine equal to
zero. Socos(m/2) = 0, sin(w/2) = 1 andcos m = —1, sin 7w = 0, for example.

The anglesr/6 andr /3, which correspond to 30 and 60 degrees respectively, andraysls
that are multiples of these have special values for sine asithe, as does/4 (45 degrees)
and its multiples. You will have learnt about these speaakes at high school. As they are
used extensively in this chapter, it is important that yalisethem as soon as possible if you
have forgotten about them. You may find it helpful to look at tlght-angle triangles with
angler /4 or /3 andn /6.

N
~

1 ’ [1

It is easy to find sinesland cosines from these trianglese sind |]s given by the length of
the side opposité divided by the length of the hypotenuse and 6§ is given by the length
of the side adjacent té divided by the length of the hypotenuse. For examgde(r/4) =
sin(r/4) = 1/4/2 andcos(7/3) = 1/2, sin(7/3) = v/3/2. <

2.2 Arithmetic in polar form

Complex numbers in polar form can be added or multipliedtogye subtracted one from the
other and divided by one another or raised to a power. We séajlhowever, that polar form
is particularly useful when multiplying or dividing compl@umbers of raising a complex
number to a power.

Consider two complex numbers:= r(cosf + isinf) andw = t(cos ¢ + isin ¢). Here the
modulus ofz is r and the argument of is §. The modulus ofv is ¢ and its argument ig.

Addition and subtraction

z4+w = r(cosh—+isin@) + t(cosd + isin¢)
= rcosf +irsinf + tcos ¢ + it sin ¢
= (rcos@+tcos¢g)+i(rsinf +tsing).
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Subtraction is done in a similar way. Generally, there telipoint in changing a complex
number from Cartesian form to polar form to perform addit@mnsubtraction. Using po-
lar form for addition and subtraction is more complicated gives no extra insight to the
problem.

Example 2.2a

6(cosg+isin%> —2<cos%+isin%) :6cosg+6ising—2008%—2isin%

T T . . . T
= (6cos§—20086> +z(6sm§ —281n6>

O

The solution in this example, although it involves sines emglnes is no longer in polar form;
polar form isstrictly in the formr(cos 6 + i sin 6)

Multiplication
zw = r(cosf + isinfh)t(cos ¢ + isin @)
rt(cosf + isin 0)(cos ¢ + isin ¢)
rt(cos 0 cos ¢ + i cos fsin ¢ + i sin 6 cos ¢ + i* sin O sin )
rt((cos @ cos ¢ — sin Osin ¢) + i(cos @ sin ¢ + sin § cos ¢))
= rt(cos(0 + ¢) + isin(d + ¢)).
The last line uses the angle sum formulae of trigonometry:
cos(a + () = cosarcos f — sin asin 3
sin(a + ) = sin acos 3 + cos asin 3.
We see that the modulus of the productisthe product of the two moduli of the numbers

which we multiplied together and that the argument of thelpobis(6 + ¢), the sum of the
arguments of the original two numbers. In general

To multiply complex numbers in polar forrmultiply the moduli ancaddthe
arguments. That s,

(r(cos@ +isinf)) (t(cos @ +isin¢)) = rt (cos(d + @) +isin(f + ¢)) .

Example 2.2b

T ... m .. T m .. T
<6(cos§ + isin §)> (2(0086 + isin 6)) = 12(cos§ + isin 5)
We can write down the answer straight away as the moduluseithe product of 6 and 2

and the argument will be/3 + 7 /6 = /2. O
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Division
r(cosf + isin 6

)
t(cos ¢ + isin @)
)
)

SHR

r(cos @ + isin )t(cos ¢ — isin @)
t(cos ¢ + isin ¢)t(cos ¢ — isin @)

You should note that a complex number in the faKvs ¢ — i sin ¢) is notin polar form and
so the rule for multiplication in polar form does not applyowkver, a number of the form
t(cos ¢ — isin ¢) can easily be put into polar form because

—sing =sin(—¢) and cos¢ = cos(—a).
Consequently,
t(cos ¢ — isin @) = t(cos(—¢) + isin(—¢)),
so we have writterf. in polar form. Hence, we have
2z r(cos@ +isinf)t(cos(—¢) + isin(—p))
w t(cos ¢ + isin ¢)t(cos ¢ — isin ¢)
rt(cos @ + isin 0)(cos(—¢) + isin(—g))
t2(cos? ¢ + sin ¢)
= %(cos(@ — @) +isin(d — ¢)).

We see that the modulus of the quotient j$, the quotient of the two moduli of the original
two numbers and that the argument of the quotiefitis¢, the difference of the arguments
of the original two numbers. In general

To divide complex numbers in polar form wividetheir moduli andsubtract
their arguments.

Example 2.2c

6(cos 5 +isin ) 6( <7r 7r> Lisi (w 7r)> 3( T s 7r>
=—(cos|=—=)+isin(=—— = cos — +isin — ) .
2(cos § +ising) 2 3 6 3 6 6 6

We can write down the answer immediately as the modulus willHe quotient of 6 and 2
and the argument will be /3 — 7/6 = 7 /6. O

Raising to an integer power Let us consider the problei(cos 6 + isin))?. Using the
rule for multiplication in polar form this becomes(cos 20 + i sin 26). Following on from
this we can write

(r(cos@ +isin®))® = r*(cos 20 + i sin 20)r(cos § + isin 0) = r*(cos 30 + i sin 30).
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Similarly (r(cos 6+isin §))* = r(cos 40+isin 40). Itis easy to see thatfere {1,2,3,...}
(r(cos@ +isind))" = r"(cosnf + isinnd).

It is a useful exercise to prove this by induction. In facistis true not only whem is a
positive integer but for all integer values of

To raise a complex number to any integer, raise the modulihretimteger and
multiply the argument by the integer.

Example 2.2d
8 8 8
(6 (cos% +ising)) = 6° <cos?7r +isin§)
2 2
= 68 (cos?7T —I—z'sin%) .
sincecos 87/3 = cos 27 /3 andsin 87 /3 = sin 27/3. O

In the special case when a complex number of modulus 1 isdrédsan integer power, we
haveDe Moivre’s theorem .

For anyn € Z,

(cosf + isinB)" = cosnf + isinnf.

Examples 2.2e

)

3T - -7 T T

3r . .. .
3 (cosz + isin Z) (4(cos - + isin 7)) =12 (cos 1 + isin Z)

3(cos ¥ +isin®) 3 B¢ 57
4(cos == +isin L) Z(COSZ “SIHZ)‘

iii) Find (2 4 2i)(1 — +/3i) in polar form.

First, let us put both numbers into polar form. This simpéiftae multiplication and
we will also need these numbers in polar form for the next gpdamit is essential to
draw a diagram:
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2T

—\/gi“

Here|2+2i| = /4 +4 = /8 = 2¢/2and|1—/3i| = /1 + 3 = 2. From the diagram,
0 = arg(2 + 2i) is in the first quadrant angl = arg(1 — v/3i) is in the fourth quadrant.
Sincetan§ = 1, § = T and sincean ¢ = v/3, ¢ = —7/3. So we have

2+2i)(1—V3i) = 22 (cosg +isin %) 2 (COS%W +isin %ﬂ)

NG (cos(% + _%) +isin(% + %ﬁ))

NG <cos(%) —l—isin(z—;)) .
iv) Find (2 + 2i)/(1 — +/3i) in polar form.

The numberg?2 + 2i) and (1 — /3i) are already in polar form from the previous
example.

(242i) 2v/2(cos T + isin T)

(1-v3i)  2(cos 5 +isin)
= V2 (COS(z =Ty yisin(C - j))

4 3 4 3

= V2 (COS% +isin%) )
v) Find (2 + 2i)/(1 — v/3i))",
The quotient has already been calculated in polar form irptheious example.
(2+2i) \" _ o T\
<(1—\/§i) = [ V2(cos D + isin 12)
1 T T
o 5 6 o SO
= (22) (cos 5 + isin 2)

= 23 cosj+isinj
2 2
= —8&.



26 MATH 1001 Differential Calculus
2.3 Roots of complex numbers

What is meant by “a root of a complex number”, and how couldhsuanbers be found? For
example, what is a cube root ef2 + 2:? By analogy with roots of real numbers, an obvious
answer is to say it's a complex numbewhose cube is-2 + 2i. It turns out that the easiest
way to findz is to use polar form; if we let = r(cosf + isin 6) then our task is to find all
values ofr and all values of such that® = r*(cos 30 + isin 30) = —2 + 2i. Let’s also put
—2 + 2¢ into polar form:

The modulus i$ — 2 + 2i| = /8. The diagram shows that the principal argumentrig4 (in
the second quadrant) and s@ + 2i = v/8(cos 2* + isin 2*). Then we have

73(cos 30 + isin 360) = v/8(cos ??Tﬁ + isin ??Tﬂ)

Since the left and right hand sides are both representedebgaime point in the complex
plane, we must have’ = /8 and36 = ?j{ + 2km wherek can be any integer. Therefore

r=+2 and 6 =m/4+ 2kn/3.
The unknowr: we seek is then given in its most general form as
2 = V2(cos(m/4 + 2kx /3) + isin(m/4 4 2kn /3)).

Sincek can be any integer it appears at first sight that there areteifirmany complex
numbers: whose cube is-2 + 2:! In fact, it turns out that there are exactly three. To seg thi
let’'s experiment with some different values of the integer

Whenk = 0, we obtain

2z = V2(cosm/4 +isinm/4)
11
= 140

Plotting this answer on the complex plane we get:
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- i 1+i

R

Whenk = 1, we obtain

T 27 o T 27
z = \/§<COS<Z+?)+ZSIH<Z+?))

11 11
= V2 (cosl—27T +isin1—27r)

Whenk = 2, we obtain

T A4r o T 4r
z = \/§<cos<1+?)+@sm<z+?))

197 . 197
= ﬂ(cosﬁ—ﬂsmﬁ)

—5r .. =bmw
= ﬂ(cosTJr@sm 12)

If we choose other values éfit turns out that we simply replicate one of the three values o
z that we've already calculated. For examplé; i —1, then

T =27 o T =27
z = \/§<cos(1+—3 >+lsm<z+—3 ))

= o () i ().

which is one of the values already found.

If all three distinct solutions are plotted on the complextya we see that all lie on the circle,
of radiusy/2, centred on the origin and each is separated from the otlgers angle o2 /3.
The complex number-2 + 2i has exactly three distinct cube roots. The reason for tHIs wi
become clear in the next section.
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FISE

—\/§i

How many complex roots does a real number have? Let us loble &btrth roots of 6. You
already know tha2* = (—2)* = 16. Hence 2 and-2 are fourth roots of 16. Are there other
fourth roots?

We are looking for alk such that? = 16. Writing 2 = r(cos #+i sin §) and16 = 16(cos 0+
isin0) we have
2t = r%(cos 460 + i sin 40)

and hence* = 16 and40 = 0 + 2kw = 2kn, wherek can be any integer. Therefore= 2
andd = £Z, for any integetk. This givesz = 2(cos ’Z + isin 27).
We shall now choose various valuesiato find explicit values ot.
Whenk = 0 we obtain
2z =2(cos0+isin0) = 2.

Whenk = 1 we obtain

T T
:2< m .. _>:2.‘
z COS2—|—’LSln2 )

Whenk = 2 we obtain
z=2(cosm+isinm) = —2,

and whenk = 3 we obtain

B 37T+_, 3T _ o
z = cos2 zsm2 = —21.

All other values ofk give one of the four answers already found, namely +2i. For

example, ifk = 7, we obtainz = 2(cos 7 + isin ') = —2i.

Therefore 16 has tworeal fourth roots but it has foutcompleXourth roots. When these roots
are plotted on the complex plane, they all lie on the circtbusi2, spaced at angie/2 apart.



Chapter 2: Polar form and roots of complex numbers 29

Y

In fact, every non—zero complex number (which includesyexeal number) has two complex
square roots, three complex cube roots, four complex faodts and so on. In general

Every non—zero complex number haslistinct complex:th roots.

Therefore if we seek to find all cube roots of a complex numioeexample, we know that
there will be three cube roots. Knowing how many roots to Ifmsks useful in deciding how
many different values of to use in finding roots.

Example 2.3a Find all fifth roots of—/3 — i, that is, allz such that® = —/3 — i.

First, we put—/3 — 4 into polar form. The modulus of v/3 — i is | — v/3 — i| = 2. Plotting
—+/3 — i on the complex plane we see that the principal argumentd$ — i is —%’T.

y
|

V3

Writing z = r(cos 6 + isin #) then gives

2% = 7r%(cos 50 + i sin 56) = 2 (cos (%&T) + isin (_TM)) .

Thereforer = 25 andg = - + %T’r for any integerk. The required values of are then
obtained by setting = 0, 1, 2, 3 and 4 in the equation

UL NI (e
COS 6 5 S 6 5 .

I\
I
N}
S
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We obtain five different values af

2.4 Roots of polynomial equations

We have already seen how to find roots of a complex number bgratahding that the roots
are solutions of a very simple type of polynomial equatiorhafcan be said about solutions
of more complicated polynomial equations suchas 1822 + 192z — 175 = 0? To discuss
this more general type of equation we need to be clear on what&an by a polynomial and
how we can use different number sets in writing down and aglpiolynomial equations.

A polynomial in z is an expression of the form
A2+ Q12" F 2" a2z + ag

wherez is known as theariable and the numbers,, a,,_1, . . ., a; andag are
coefficients.

If a, # 0 then the polynomial is said to haviegree n. The terma,z" is known as the
leading term.

Theroots of a polynomial equation are the numbers which satisfy

2"+ ap 12" P ay 02" P+t a1z +ag=0.

It is important to know in which number set the solutions ofadypomial equation lie. For
example, the problem “solve! — 16 = 0 over the real numbers” (or equivalently, “find
the real roots of* — 16 = 0”) has the answet = 2 or — 2. If the problem is changed
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slightly to read “solve:* — 16 = 0 over the complex numbers” (or “find the complex roots
of z* — 16 = 07), then the correct answer is= 2, 2i, —2 or — 2i. Clearly this polynomial
eqguation has more complex solutions than real solutions alfourth order equation and has
four complex roots, although it has only two real roots.

In general

A polynomial equation of degreehas at most. complex roots. All, some or
none of these roots may be real.

Example 2.4a Find all complex roots of the polynomial equatiegh— iz% = 0.

Observe that the left hand side can be factorised,; this gives
(2% —i) = 0.

Thus the roots of the original equation consist of all thetsad the equation® = 0 together
with all the roots of the equatio¥ — i = 0. The only root ofz?2 = 0 is z = 0. We now find
the roots of:® — i = 0. We write: in polar form.

OF

Clearly |i| = 1 andargi = w/2 + 2kw. As we are seeking cube roots, we expect three
solutions, so we will usé = 0, 1, 2 in the expression

(cos (7?/2 J?: le) ©isin (7?/2 —g 2k7r)>.

Whenk = 0 we obtaincos 7 /6 + i sin /6, whenk = 1 we obtaincos 57 /6 + i sin 57 /6 and
whenk = 2 we obtaincos 37 /2 + i sin 37 /2. Therefore the complex roots ot — i = 0 are

V3 | 1, =3 1, .
7+§Z,T—I—§Zand 2.

=

13

|

There are just four roots of the original equation, namely

3 —V/3
0, 3L Y8

1 L
9 T T Tah Th
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% Technical aside Most polynomial equations of degreewill have exactlyn complex
roots. The reason that we have to be careful here is that squatiens have repeated roots.
For example we say the polynomigl — 2z + 1 = (z — 1)? has adouble rootat 2 = 1, also
called a root oimultiplicity 2. If n is a positive integer then the equatioh = 0 has a root
of multiplicity n at z = 0. Itis true that every polynomial equation of degrebasexactlyn
complex rootscounted with multiplicity <

We have already seen in Chapter 1 that when a quadratic equeith real coefficients has
non—real complex roots, then these roots come in complexigate pairs. So for example,
the equation? + 42 + 5 = 0 has roots: = —2 + i andz = —2 — 1.

In fact

If the coefficients of a polynomial equation atreal then all of the non—real
complex roots occur in complex conjugate pairs.

For example, the polynomial equatioh— 16 = 0 that was discussed earlier in this chapter,
has two real root& and—2 and two imaginary root8; and —2: and these imaginary roots
are complex conjugates of each other. The coefficients efgblynomial,1 and —16 are
both real and so we expect complex roots will occur in comptaqugate pairs. By contrast,
the polynomiak? — i = 0, solved in Example 2.4a above, does not have all real casftic;

the coefficients aré, which is real and-: which is not real. The roots off —i = 0 are

VS 1 1 =¥3 4 1j and—i. Although they are all non—real complex numbers, they do not
occur in complex conjugate pairs.

If one complex root of a polynomial equation with real coedfits is known then its complex
conjugate can immediately be written down to give anothet.ro

Example 2.4b Find all roots ofz* — 1822 4 1922 — 175 = 0, given that3 — 4i is a root.

If 3 — 4i is a root, then its complex conjugate+ 4: is also a root. We write down the
guadratic expression with these roots. We can then dividertto the original polynomial to
get another quadratic which can be easily solved.2Se(3—41)) (2 — (3+4i)) = 22 —62+25
and we want to findz* — 1822+ 1922 —175) /(2* — 62 +25). Using polynomial long division:

22 +62 -7
22 —6z+25 )2 —182* +192z —175
2t —62° +2527
623 —432% +1922
62° —362> +1502
—722 442z —175
—722 442z —175
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Therefore we have

21822 +1922 — 175 = (2 — (3—4i))(z — (3+4))(2* +62—17)
= (2= (B —4))(z—B+4)(z—1)(z+7).

So the four roots of the polynomial ase- 41, 3 + 4i, 1 and—7. O

@ Technical aside It is not difficult to prove rigorously that if a polynomial egtion with
real coefficients has complex roots then these roots ocaomplex conjugate pairs.

First we need to show that+ w = zZ + w and thatzw = zZw.Try doing this by writing
z = a +ib andw = ¢ + id and calculating + w andz w.

Then, let us consider a polynomial
p(z) = a'nzn + an—lzn_l + a'n—QZn_2 + -+ a2+ aqg

wherea,,, a,_1, Gp_o, ...,a are all real.

Suppose there is some complex numbevhich is a root ofp(v) = 0. We want to show
that p(v) = 0 also. If we take complex conjugates of both sides of the éguate have
p(v) =0 = 0and hence

0 = p(v)
Ap U™ + Ay VL Qo2 - aqv + ag
= AU+ a0 @y 2 4 - U+ ag
= U+ A 0" T 0 2 4 4+ T U+ ag
0" + Ay UL 4 Ay 2 4 -+ ayT + ag
an (D) + a1 (0)" "+ o (D)4 -+ ay (D) + ag
= p(v)

As you read this proof try to work out why each line followsrirdghe previous line. <

Exercises
In addition to doing the following exercises you should l@khe on-line quiz
www. mat hs. usyd. edu. au/ u/ UG JM MATHLO001/ Qui zzes/ qui z2. ht m

which covers the material in this chapter. You can get toghige from the course homepage.

2.1 For each of the following numbers, give the numerical valti¢he real partz, the
imaginary party, the modulus- and the principal value of the argumeht Plot the
number as a point in the complex plane.
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a)l—iv3 L+i\?
b) 1/(1 — 1) €) <1—¢)
c) (i +v/3)? f 3—&—2..
d) 2(cos(7/6) + isin(7/6)) 241

2.2 Write each of the following complex numbers in polar form:

—41 -2+ 2 1—1

Use these results to perform the following operations ipfadrm:

a) (—2 +2i)(1 — i) c) (1—i)°
b) —4i/(—2 + 2i) d) (=2 +2i)'5 .

2.3 Use de Moivre’s theorem to simplify:

a) (cos(2m/3) + isin(27/3))° c) (cos(2m/3) — isin(27/3))°
b) (cos(m/3) + isin(m/3))" d) (sin(27/3) + i cos(2m/3))” .

2.4 Recall that ifp(z) is a polynomial with real coefficients and4fe C is a root ofp(z)
then so igo. Find the roots of the quadratic equatigiz) = 2% —3(1+i)z —2+6i = 0.
Verify that if w is a root ofg(z) thenw is not a root and explain why this does not
contradict the statement at the start of this question.

2.5 Find all the roots off (z) = z* — 323 + 72? + 21z — 26, given that — 3i is a root.

2.6 Find all the roots of* — 523 + 422 + 2z — 8, given thatl — i is a root.



