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4. We have
QP — 2i+j+3k, }Cﬁ%]:\/ﬁ, OF — i+2j—k
QR = V&, cﬁ%~cﬁ€=2<1>+1<2>+3<—1>:1,
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so that the cosine of ZPQR is
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(vii
(xi) the cosine of the angle between u and v equals —% .

(xii) the scalar component of u in the direction of v equals —% )

(xiv) the vector projection of u in the direction of v equals (2i —j) .
(xv) the vector projection of v in the direction of u equals —2(i — 2j) .

)
)
)
)
(xiii) the scalar component of v in the direction of u equals —
)
)
(xvi) the vector component of u orthogonal to v equals —z2(i+ 2j) .
)

(xvii) the vector component of v orthogonal to u equals —2(2i+j) .

6. The vectors are perpendicular because

= W-v— w2 W = w-v—v-w
=w-v—w-v = 0.
7. (i) the cosine of the angle between u and v equals —2

3v33 °

)
(i) the scalar component of u in the direction of v equals %
(iii) the scalar component of v in the direction of u equals % .
(iv) the vector projection of u in the direction of v equals Z(—4i +4j — k) .
(v) the vector projection of v in the direction of u equals Z(i+ 2j + 2k) .
(vi) the vector component of u orthogonal to v equals 5 (41i + 58j + 68Kk) .
)

(vii) the vector component of v orthogonal to u equals ——(381 32j + 13k) .
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8. Observe that

(a+b)-(a—b) =a-a—a-b+b-a—b-b
= |a)*~a-b+a-b—|bJ?

- |a|2_‘a‘2 = 07

so that a+ b and a — b are mutually perpendicular.

9. (i) The cosine of the angle between a major diagonal and an edge is
i-(i+j+k)| 1
i[li+i+kl V3"

yielding an angle of approximately 54 degrees.

(ii) The cosine of the angle between a major diagonal and a face diagonal is

(i+J) - 1+j+k) 2

i+illi+ti+tkl V6’

yielding an angle of approximately 35 degrees.

(iii) The cosine of the angle between diagonals on adjacent faces is

|+J) - i+ k)| 1

i+jlli+k 27

yielding an angle of exactly 60 degrees.

(iv) The cosine of the angle between major diagonals is

i+j+k)-(i-j+k)| 1
i+j+kl/li-j+k 3’

yielding an angle of approximately 71 degrees.

10.* Consider a semicircle and points O, P, (), R as shown:
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To show the angle at () is a right-angle, it suffices to show 627 . Cﬁ = 0. But this
follows from Exercise 8, since

Cﬁ:@—i-ﬁ and Qﬁ:@?_}_@:@_@

and the fact that ’@’ = }ﬁ ’ , the radius of the circle.

11. The projection of u in the direction of v is

u-v 15—-6+12

vV = v =
|v|? 9436 +4

%(3i—6j+2k) .

The component of u orthogonal to v is

u v = u—%(?.i—6j+2k) = %(26i+25j+36k).

v

Thus, the decomposition of u as a sum of vectors, the first parallel to v and the second
perpendicular to v, is

| w

u = —(3i—6j+ 2k) +%(26i+25j+36k) :

12. (i) The component of the force in the direction of —i+j is
(151 +20j + 6k) - (—i+]j)
| —i+jf

DO | Ot

(—i+j) = =(—i+]j) newtons,

and the component orthogonal to —i—+j is

5
15i + 20j + 6k — 5 (=i+j) = =(35i+ 35j + 12k) newtons .

N —

(ii) The component of the force in the direction of 2i — 3j+ k is
(151 4 20j + 6k) - (2i — 3j + k)
|2i — 3§ + k|’

12
(2i —3j+ k) = - (2i —3j + k) newtons ,
and the component orthogonal to 2i — 3j + k is
. . 12 . . 1 . .
151 + 20j + 6k + — (2i-3j+k) = - (129 + 104j + 54k) newtons .
13. If a and b are mutually perpendicular then a-b =b-a =0, so that

la+b]> = (a+b)-(a+b) =a-at+a-b+b-at+b-b

= |a* +0+04|b]* = |a]* + |b|*.

This is just the usual Theorem of Pythagoras where a and b label directed edges of a
right-angled triangle.



14.* Consider the following parallelogram, and put v = Pﬁ and w = Cﬁ:

Q R

Then the sum of the squares of the lengths of the diagonals is

[PR[*+|QS]* = PR-PR + Q8- Q3
= (VW) (VEW) + (W= V) (W)
= V' V4+2I2ZV- WH+W - WH+W - W—2V- W+ W W
=2v-vH2w-w = 2([v[* + |w]?),

which is the sum of the squares of the lengths of the sides.

15.* The diagonals of the parallelogram of the previous exercise are perpendicular if and

only if
QS-PL = 0,
that is,
(v+w) - (V-w) = v-v-w-w = \V|2—|W\2 =0,

that is,

v]? = |wl*,
that is,

v| = |wl,

that is, the parallelogram is a rhombus.



