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(.)116 1 1 6 111 6 101 4
Yla2 -3 2 0 —5 | —10 01| 2 01| 2]

so that x =4 and y =2.
(ii) By back substitution, z= -2, y=34+z2=1, =6 —2y — 32 = 10.

1 1 -1 0 1 1 -1 0 11 -1 0
i 2 -1 1 9| ~110 =3 3 9| ~110 1 —1 -3
1 0 1 10 0o -1 2 10 00 1 7
1 00 3
~ 1010 4, sothat x =3, y=4, z=17.
0 01 7
-3 2 1 4 1 -1 -1 —4 10 1
(ii) 4 1 3 9| ~[0 -1 -2 -8 ~]0 1 2
1 -1 -1 —4 0O 5 7 25 0 0 -3 —15
1 00 -1
~ 1010 -2 |, sothat r=—-1, y=-2, 2=5.
0 01 5

By back substitution: (i) z=t, y=2—2=2—t, x =4+ 2z =4+ 2¢;

i) z2=t, y=—14+22=-1+2t, v =-2y—32=-2(—-1+2t) =3t =2-Tt.

(i)—4_5 7_N4—5 T 3 61 (10
-3 8 -1 ] 1 3 6 0 —17 —17 01

sothat =3 and y=1.

1 2 1] 1] 1 2 1] 1 1 01 7
G) | =1 1 2| 2 ~ 0 3 3| 3 ~ 010 -3
| 23 2| 5] 0 -1 0| 3 00 3 12
100 3]
~ |10 10 -3 |, sothat xr =3, y=-3, 2=4.
00 1 4 |
(i)"l 11‘2}N'1 11‘2}N{10 2‘1'
1 -13 |0 -2 2| =2 01 —1

so that, by back substitution, z =t¢, y=1+¢t, t =1—2t.
(i) I A 1] [6 -4 -14] 2] [1 -1 —12
5 =3 =2 —2 5 =3 =2 -2 5 =3 =2

1 -1 —-12 0 1 0 17 -1
0 2 58 -2 0 1 29 -1 |’

so that, by back substitution, z =¢, y=—-1—-29t, v = -1 — 17¢.
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Y1321 0 0 —4

so that, by back substitution, z =t¢, y=—-2t, v =1¢.

[ -1 1 1 —1 ] 0] 1 -1 -1 1] 0
(ii) 2 01 1|0 ~1]0 2 3 —-1]0
1 =21 3| 0| 0 -1 2 210
10 -3 -1]0 100 21]0
~ 101 -2 -=2]0|~1]010-=21]0]/,
00 7 3]0 001 20
so that, by back substitution, w =t, z = —%t, Yy = %t, T = —%t.

If we assign zero to each variable then each equation is satisfied, so that there is at
least one solution of any homogeneous system. Hence all homogeneous systems are
consistent.

(12 7] 5 1 2 7 5 1 2 7 5
i) |1 1 4 3 ~ 0 -1 -3 -2 ~ 0 -1 -3 -2
| 2 3 11 7 0 -1 -3 -3 0O 0 O -1
so that the system is inconsistent, that is, has no solution.
1 2 1 -1 4 12 1 -1 4
(ii) 2 4 -1 4 -1 ~ 00 -3 6 -9
| -1 -2 2 -5 5 00 3 —6 9
1 21 —1 4 1 20 1 1
~ 0 01 -2 3 ~ 001 =2 3|,
000 O 0 000 O 0
so that, by back substitution, w=1¢, 2=3+2t, y=s, t =1—2s—1.

Call the polynomial
p(x) = ax® + ba® + cx +d

where a, b, ¢, d are constants to be determined, so that p'(z) = 3az? + 2bx + ¢. But

p(l)y=-2, p(-1)=-10, p'(1)=0, p'(-1)=12,
yielding the system
a + b + c¢c + d = =2
—-a + b — ¢ + d = —-10
3a + 2b + ¢ = 0
3a — 2b + ¢ 12
and augmented matrix
1 1 11 -2 11 1 1 -2
-1 1 -1 1 —10 o 2 0 2 —12
3 2 10 0 0 -1 -2 -3 6
3 =2 10 12 0 -5 -2 -3 18
11 1 1 -2 1010 4
01 0 1 —6 0101 —6
00 —2 =2 0 0011 0
00 -2 2 —12 000 4 —12



1 00 -1 4 1 0 00

010 1 —6 01 00 -3

0 01 0 3 0010 3|7

000 1 -3 0001 -3
vielding a =1, b= -3, ¢=3, d= —3, so that p(z) = 2> —32* + 32z — 3.

2

1 0 -3 -3 1 0 -3 -3
107 | =2 =X 1 2 ~|10 =X =5 —4 | ~]0 1 22 2
1 2 A 1 0 2 A+3 4 0 =\ =5 —4
10 -3 -3 10 -3 -3
~ 101 43 2 ~ 10 2 A+3 4
0 0 —54 22 | —442) 00 A+5)(A=2) | 41-2)
(i) To be inconsistent, we require (A + 5)(A —2) = 0 and 4(A — 2) # 0, so that
A=-—5.
(ii) To have infinitely many solutions, we require (A + 5)(A —2) =0 = 4(A —2), so
that A =2.
(iii) To have a unique solution, we require both (i) and (ii) to fail, that is, A # 2, 5.
1 4 2 3 1 4 2 3 1 4 2 3
11. (i) 1 4 3 5 ~ 0 01 2 ~ 001 2|,
-1 -4 0 1 0 0 2 4 000 0
which has an infinite solution, using one parameter.
1 4 2 3 1 4 2 3 1 4 2 3
(ii) 1 4 3 5 ~ 0 01 2 ~ 0 01 2|,
-1 -4 0 -1 0 0 2 2 000 -2
which is inconsistent, that is, has no solution.
1 4 2 3 1 4 2 3 1 4 2 3
(iii) | -1 -2 3 6 ~ 0 25 9 ~ 01 2 41,
| -1 -3 0 1 01 2 4 0 0 1 1
which has a unique solution.
11 -2 3 1 -1 11 -2 3 1 -1
(iv) | =2 =24 6 2 0 ~ 00 0 12 4 -2
| 0 0 0 =3 -1 4 00 0 -3 —1 4

11 -2 31 -1
~ 00 031 —4 1,
00 000 14

which is inconsistent, that is, has no solution.
12. If we call the ages of the family members A, B, C, D respectively, then the information

tells us that A+B+C+D =70, B=3(C+D), A+10=2((C+10)+(D+10))—20,
C—4=(A—4)—(B—4). This becomes the following system of equations:

A+ B + C + D = 170

B - 3C - 3D = 0
A - 2C - 2D = 10
A - B - (C = —4



with augmented matrix

11 1 1 70 1 0 4 4 70
0o 1 -3 -3 0 0O 1 -3 -3 0
1 0 -2 =2 10 0 -1 -3 -3 —60
1 -1 -1 0 —4 0 -2 -2 -1 —74
10 4 4 70 1 000 30 10 00 30
01 -3 -3 0 0100 30 0100 30
00 -6 —6 —60 0 011 10 0010 4 |7
00 -8 —7 —74 0001 6 0001 6
yielding A=30, B=30, C=4, D=6.
2 31 -1 4 231 -1 4
13. -2 -3 1 2 -3 ~ 002 1 1
2 3 2 2 2 0 01 —2
230 -4 6 2300 2
~ 001 3 =2 ~ 0010 1],
000 =5 5 0001 -1
so that, by back substitution, x5 =t, x4y =1t, x3=—t, xo =35, 1 = —%s —t.

14.* We have z° = A(x —1)3+ B(z —1)>4+ C(x — 1) + D for all = (by continuity). Putting
x =1 gives D = 1 immediately. Putting x = 2, 0, —1 respectively yields the system

A+ B+ C = 71
A+ B - C = -1
—8A + 4B — 2C = -2

with augmented matrix

11 1 7 1 11 7 101/ 4
11 1| =1|{~]0 20| 6|~]010] 3],
-8 4 -2 | -2 0 12 6 | 54 00 6| 18

yielding A=1, B=3, C=3, D=1.

15.* Counting carbon, hydrogen and oxygen atoms we get the homogeneous system

8T -z =0

18x - 2w = 0

2y — 2z — w = 0
8§ 0 -1 0 1 0 —1/8 0
with coefficient matrix | 18 0 0 -2 ~ 00 9/4 -2
02 -2 -1 01 -1 —1/2

1 0 —1/8 0 100 —-1/9

~ o1 -1 -1/2| ~ |0 10 —25/18 |,
00 1 -8/9 001 -8/9

with parametric solution = = t/9, y = 25t/18, z = 8t/9, w = t, having small-
est positive integer solution z =2, y =25, 2 =16, w = 18, yielding

2C8H18 -+ 2502 — 16002 + 18 HQO .



