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The short solutions suffice except for the following questions.

4.  (ii) The inverse of [ g ? } does not exist because its determinant is 6(1) — 2(3) = 0.
[0 -1 0 1 00 1 00 0 01
v) |0 21]010|~|010] =100
|1 00 0 01 0 01 210
1 0 1] 100 1011 00
] 0-1-2]010]|~|012]0-10
| —1 1 0 0 01 011 1 01
10 1 1 00 1 00 2 1 1
~ 101 2 0O -1 0| ~|[0 10 2 1
0 0 —1 1 11 0 01 -1 -1 -1
2 4 6 1 00 1 2 3 1/2 0 0
vi) | 7 11 6| 010]|~|0 -3 -15| -7/2 10
-6 —6 12 0 01 0 6 30 3 01

0 0 0 * k%
so the matrix is not invertible.
-4 3 3 1 00 —4 3 3 1 00
(vii) 8 7 3 01 0]~ 0 13 9 2 1 0
4 3 3 001 0 6 6 1 01

1 —3/4 —3/4 | —1/4 0 0 100 —1/8 0 1/8
~ 10 1 1 1/6 0 1/6 |~ |0 10 1/8 1/4 —3/8
0 0 —4 | —1/6 1 —13/6 00 1| 1/24 —1/4 13/24

7T —4 -7 5

IR R

5. By the formula for 2 x 2 matrices, the inverse of { o 3 1 is { -4 3 } , so that

7. Observe that

1 11 1 00 1 11 1 00 1 00 6 -1 -1
2 2 3 01 0|~1001 -2 10~(010 -3 0 1
3 4 3 0 01 010 -3 01 0 01 -2 1 0



1 1 1 6 —1 -1
so the inverseof | 2 2 3 | is | —3 0 1 | . Observe also that
3 4 3 -2 1 0
1 1 1 T 2
2 23|yl =101,
3 4 3 z 1
so that
T 6 —1 -1 2 11
Yy = -3 0 1 0 = -5
z —2 1 0 1 —4

(i) This is false. For example take

[yt [] o3 4]

Then ) i
00 =1] " 0 1
(ABC)™ = { 1 0 -1 0]
yet i
o [T 0770171 0] Jo -1
ATBTCOT = {O 1 10 0O -1] |1 o0]°

(ii) This is true, since (ABA)™' = A™'(AB)™' = A'B~ 1A~ .
(iii) This is true. By uniqueness of inverses, since A™'A = AA™' = I, we have

immediately that (A71)~1=A.
(iv) This is true. Observe that

(—A)(—Ail) = (—1)(—1)1414*1 = AAY =T
and
(—AH(=A) = (-)(-DAT'A = AT'A =T,

so that, by uniqueness of inverses, (—A)™' = —A~1 | yielding

e
(v) This is true, since C'(ABC™)'AB=C"1(C")'B'A'AB=1.

(vi) This is false even for 1 x 1 matrices, since (A+ B)~! may not exist. For example,
take A =1 and B = —1, so that A+ B = 0 has no inverse. Even when
(A+ B)™! exists, the statement is typically false. For example, take A =B =1,
sothat (A+B)™'=1/2#2=A"1+ B!
(vii) This is true, since A ' (I + A)A=ATA+ A TAA=T+A=A+1.
(viii) This is true, since (A+I)(A™' =) =AA"'—A+ A —T=A"1-A.

(ix) This is true, since

A2 —2A+T1=0 — 24— A? =1
— ARI-A) =2 -A)A=1
— A71:2[—A



10.”

11.

12.

13.

(x)* This is false. For example, take A = [ _? (1) } # 1, yet

- 3 2] [ 42 1 0]
T B B S ER e

Observe that
1 -2 3 1 -2 3 1 =2 3
-3 1 2| ~10 =5 11 ~10 =5 11 ,
-3 —4 A 0 —10 A+9 0 0 A—13
so that the method of finding the inverse by row reduction fails if and only if A = 13.
~1
5 6 5 6 5 —6
-1 _ — - 1
Observe that (5M)~' = [ 5ox } so that 5M = { 5 5 } = —3 { 5 5 } :
yielding
M- 1 5 -6 | -1/5 6/25
25| =5 5| 1/5 —1/5 |-
Observe that
1 2 3 1 00 1 2 3 1 00 10 =7 -3 20
2311010 ~|0 -1 =5 -2 1 0|~]01 5 2 -1 0
3121001 0 -5 =7 -3 0 1 0 0 18 7 =5 1
1 00 —5/18 1/18 7/18
~ 1010 1/18  7/18 —5/18
0 01 7/18 —5/18 1/18
1 2 3 1
so the inverse of | 2 3 1 — 5 . Observe also that
18
31 2
1 23] [= a
2 31 y| =101,
31 21| =2
so that
x 1 -5 1 7] [a 1 —ba+b+Tc
T 1 7 =5 b | = 8 a+7b—bc
z 7T =5 1] |c Ta —5b+ ¢
If any of the diagonal entries is zero, then the matrix has a row of zeros so is not

invertible. If all of the diagonal entries are nonzero then

d 0 - 0 10 --- 0 10 --- 0 it 0 - 0
0 dy --- 0| 01 -0 0 1 0 0 dyt -~ 0
0O 0 --- d, 00 --- 1 00 --- 1 0 0o -.. d;l

so that the inverse exists and is the diagonal matrix with reciprocals down the diagonal.



14.* If n = 1 then I —J =1 —1 = 0 which is not invertible. Suppose n > 2. Then
J? =nJ, so that

1 1 1 n

n — n — n — n—1 n—1

J .

1
and similarly (I - HJ) (I—J)=1I,sothat (I —J) ' =1~ —
-3-A 0 1
so that A — AI is not invertible if and only if A =2 or A = —3.
(ii) Observe that

1—A 2 1 A—4 1 A—4 10

-1 4-A 1-Xx 2 0 AN—5\+6 01
if and only if A =5\ +6=(A—2)(A—3) #0. Hence A — AI is not invertible
if and only if (A —2)(A—3) =0, thatis, A=2 or A =3.

(iii) Observe that

15. (i) Observe that [QEA 0 ]N[l O}ifandonlyif)\%2and AN£ -3,

—3-X 0 2 —4 4 T—)
—4 —1—)\ 4 ~ 0 3—XA A—3
—4 - - —3— 0 2
11 )\—7/4 1 (A—17)/4
~ 10 3-) 0 3— )\ A—3
0 A+3 (N — 4/\—13 0 (X2 —25)/4
11 (A —17)/4 11 (A—17)/4
~l0 1 (N=25)/24|~]0 1 ()\2—25)/24 ,
0 3—X  A-=3 00 A=3)A=1)(A+1)/24

which can be row reduced to the identity matrix if and only if
A=3)A—=1)(A+1)#0.

Hence A — Al is not invertible if and only if
A=3)(A—=1)(A+1)=0,

that is, A\=3, 1 or —1.



