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Summer School 2012
Tutorial Solutions 8

1. The homogeneous solution satisfies

dn _
=508 = 0.

The auxiliary equation is A — 5 = 0, so A = 5. Therefore
th (t) == 065t

where C' is an arbitrary constant.

Let ¢,1(t) satisfy
dd)pl
dt

— d¢p1 = sint.

For a solution, try
¢p1(t) = Asint + B cost.

Therefore
¢ (t) = Acost — Bsint.
Substituting,
Acost — Bsint — 5Asint — 5B cost = sint.

Equating coefficients of cost and sint gives A — 5B = 0 and —B — 5A = 1 with solution
A= -5/26, B = —1/26. Therefore

) 1
bp1(t) = T sint — 2—6cost.

Let ¢p2(t) satisfy
d¢p2
dt
For a solution, try (note that e is contained in ¢y (t))

— Behyg = (t+ 1)e.

bpa(t) = (D¥* + Et)e™.

Then
¢ro(t) = (2Dt + E + 5Dt* + 5Et)e”.
Substituting:
2Dt + E 4 5Dt*> + 5Et — 5Dt> —5Ft =t + 1

leading to (note the cancellation of the ¢ term) D = 1/2, E = 1. Therefore

1
Ppo(t) = (§t2 +t)e™.
The general solution is therefore
5 1 1
_ st 92 e L ) 5t
o(t) =Ce 56 sint 5% Cost+(2t +1t)e

and ¢(0) = 0 gives C' = 1/26.



2. The transformed equation is

3.

s?Y (s) — sy(0) — /(0) + 5[sY (s) — y(0)] —6Y(s) = /0 e "ttt
1

—_ 1 — —3(s+1) )
s+1 ( ¢ )
Therefore )
2 _ Y _ 2 — 1 _ —3(S+1) .
(s 4+ 5s—6)Y(s) s+1( e )
Solving for Y(s), and using s* +5s — 6 = (s — 1)(s + 6) leads to
Y(s) = 35 + 2 — 1 —3(s+1)
(s+1)(s=1)(s+6) (s+1)(s—1)(s+6)
1 5 _9 _ 1 1 1
_ __10 14 35 _ 10 14 35 35,73
s+1 s—1 546 s+1 s—1 546

Inverting the transform gives

1 1 1
yt) = ——e '+ —e' — —e ™ —ePH(t - 3) (—Ee_(t_?’) + ﬁet_g + %6_6@_3))

where the second term follows from the “t-shifting” formula.

(a)

For the steady-state, 0u/0t = 0, so the heat equation reduces to d*u/dz? = 0 which
has solution @(z) = Az + B. The condition @(0) = 0 gives B = 0. Therefore 4/(z) = A
and the condition u'(r) = 0 gives A = 0. Therefore u(z) = 0. (Note that this also
follows on physical grounds - all the heat eventually drains from the z = 0 end of the
bar.)
Let u(x,t) = X(x)T'(t). Then XT" = X”T and dividing by XT gives
T/ X/I
T X
We thus have the two ordinary differential equations X” + AX =0 and 7" = —\T.

Since there are zero boundary conditions at each end it is clear that a sinusoidal
solution is needed, so choose A > 0. Thus the solutions of these equations are

X(x) = Acos(VAz) + Bsin(VAz) and T(t) = Ce ™.

u(0,t) = 0 gives X(0) = 0 so A = 0. Therefore X'(z) = BvAcos(v/Az) and the
condition du(m,t)/dx = 0 gives X'(7) = 0 and hence

BV cos(VAr) = 0.

Choosing B = 0 just gives the trivial solution X () = 0, so we must have cos(v/Ar) = 0,
which gives

-\

\/Xw:(2n+1)g, n=0,1,2,....

A separable solution is thus

on + 1 on+1\°
un(:v,t):Ansin( n2—i— x)exp (—( n2~|— ) t), n=0,1,2,...

and the general solution is

oo 2
u(z,t) = ZA” sin (2n2+ 1:10) exp (— <2n2—|— 1) t) :
n=0




(c¢) The initial condition u(z,0) = f(x) gives

flx) = io:An sin (2n2—l— 1x) :
n=0

Multiplying each side of this equation by sin((2m + 1)x/2) and integrating
oo with respect to x gives

o 2 1 > i on + 1 2 1
/0 f(x)sin( m;— x) de = ;;An/o sin( n2+ x)sin< m2+

m .
= Ang, since all other terms are zero.

Therefore . ) |
An:—/ f(x)sin(n+ x)dx
T Jo 2
(d)
2 o 2 1
A, = —100/ sin(n+ x)dx
T 0 2
~ 200 2 2n+1 + cos(0)
= a1 Ccos 5T CoS
400 ) 2n+1 0
= —————, since cos Tl =
(2n+ )7’ 2 ’
Thus

from 0 to

x) dx



