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ABSTRACT. In this note we prove that almost cap sets A C Fg, ie., the subsets of Fg that do not contain

too many arithmetic progressions of length three, satisfy that |A| < cq for some c¢q < q. As a corollary we

prove a multivariable analogue of Ellenberg-Gijswijt theorem [3].

1. INTRODUCTION

We denote by F, the field with q elements. Let a,b,c € F, \ {0} be such that a +b+c=0. Aset A CF}
is called a cap set (for the tuple (a,b,c)) if any solution (z,y,2) € A% of the equation ax + by + cz = 0 is
of the form z = y = z. In a breakthrough paper Lev-Croot-Pach [2] showed that for n large enough, any
cap set! A C Z% for the tuple (1,1, —2) satisfies that |A| < r}, for some 74 < 4. Extending their method,
Ellenberg-Gijswijt [3] showed that for any ¢ there exists ¢, < ¢ such that any cap set A C Fy satisfies
Al < ey

In this paper we obtain analogous upper bounds on the cardinality of almost cap sets in Fy. These sets
satisfy a much weaker structural rigidity than cap sets. We say that a set A C Fy is an (e,8)—cap set for
€,6 > 0 and the tuple (a,b,c) € (F,\ {0})® with a + b+ ¢ = 0, if there exists A’ C A with |A’| > 6|A| and
such that for every x € A’ the number of pairs (y, z) € A satisfying az + by + ¢z = 0 is less than |A|°.

Our main result gives an upper bound on the maximal cardinality of an (e, §)—cap set A C Fy. For any
choice of € > 0, a = (a,b,c) € (F, \ {0})? satisfying a + b+ ¢ = 0, and a set A C F} we denote by A the
following set:

AS = {x € A| T at least |A|° pairs (y,2) € A% with ax + by + cz = 0}.

Theorem 1.1. There exist € > 0 and ¢, < q such that for any 6 > 0, A C Fy with |A] > cq and
a=(a,b,c) € (F,\ {0})? for sufficiently large n we have

[Aal = (1 = 9)A.

In other words, there exists € > 0 such that for any § > 0, the (¢,0)—cap sets A C Fy satisfy that |A| < ¢}
for sufficiently large n.

To prove Theorem 1.1 we use Tao’s symmetric reformulation [5] of the method of Croot-Lev-Pach-Ellenberg-
Gijswijt together with Lovett’s lower bound on the slice rank of tensors in terms of the cardinality of an

independent set [4].

We also extend the Ellenberg-Gijswijt [3] upper bound on the cardinality of cap sets to the case of more

than three variables.
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IThe notion of the cap set naturally extends to modules over rings.
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Theorem 1.2. Let ai,...,aq € Fy\ {0} for d > 4 be such that a1 + ...+ aq = 0. There exists cq < q such

that for n sufficiently large, any set A C Fy with |A] > ¢y contains all distinct x1, ..., xq satisfying

(1) a1x1 + asxo + ... +agrg = 0.

Acknowledgements. The authors thank the Australian Mathematical Sciences Institute (AMSI) for their
support of the second author through the Vacation Research Scholarship Program. The first author was
supported by the Australian Research Council grant DP210100162.

2. SLICE RANK OF d-TENSORS VERSUS TAO SLICE RANK OF FUNCTIONS ON A?

Let ACFy, and F': A — F, be a function for d > 2. Following Tao in [5], we define the Tao slice rank of
F, denoted as T-srank(F), as follows:

If there exist functions f: A — F,, g: A%! - F, and i € {1,...,d} such that F(x1,...,zq4) = f(z;)g9(x?),
where x' is the (d — 1)-tuple obtained from (z1,...,z4) by removing z;, then we define that T-srank(F) = 1.
We define that T-srank(F) < k for k > 2 if there exist functions F,...,Fy : A? — F, of Tao slice rank
equal to 1, and such that F' = Z?Zl Fj.

Denote by V' a finite dimensional vector space over F,. Any multilinear function 7" : Vi 5 F q is called a

d-tensor. The slice rank of a d-tensor T', denoted as s-rank(7"), is defined as follows:

We define that s-rank(T) = 1 if there exist 1-tensor 7} : V. — F, and (d — 1)-tensor Ty : V4=t — F,,
and i € {1,...,d} such that T(v!,...,v?) = T} (v")Ta(v?), where vi € V¢=1 obtained by removing v’ from
(vh, ..., v?), for any (v,...,v?) € V4. We define that s-rank(7T) < k for k > 2 if there exist k d-tensors
T, ..., TF: Vi I, of the slice rank equal to 1 such that T = Zle T,

For every F : A4 — F, we correspond the d-tensor T on the space V of all functions from A to Fy defined
as follows:
(2) Te(froofa)i= Y Flay,..,wa)fi(z)... fa(wa).
(11,...,zd)€Ad
The next lemma follows immediately from the definitions of the slice rank of d-tensors, the Tao slice rank of

functions on A? and the relationship between F' and T.

Lemma 2.1.
s-rank(Tg) < T-srank(F).

Assume that T is a d-tensor on the space V = ]Fév . By multilinearity of T we have:
T(z,... 2% = Z Cah, .xid, for (z!,...,2%) e V¢,
a€g[N]4
where any vector v € V is represented in the coordinates as v = (v, ...,vy), and @ € [N]? = {1,...,N}4

has coordinates aq,...,aq. We define that a set Z C {1,...,N} is an independent set for T if for any

a=(ai,...,aq) € I such that ¢, # 0 we have that a; = ... = ag.
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Theorem 2.1 (Lovett [4], Theorem 1.7). There exists a constant ¢ = C(d, q) such that for any d-tensor T
we have

s-rank(T) > |Z|,
for any independent set T C {1,...,N}.

3. PROOF OF THEOREM 1.1

Let 6 > 0 and a = (a,b,c) € (Fy \ {0})? be such that a +b+ ¢ = 0. Let € > 0, and we assume that A C F}!
is an (e, d)—cap set. Le., there exists a subset A’ C A with |A’| > §|A| and such that for every x € A’ there
are at most |A|¢ pairs (y,z) € A? with

axr +by+cz=0.
Denote by F'(x,y, z) = don (ax + by + cz). Then we have F'(x,y,2) = > c 43 Cada, (Z)0a, (¥)0a; (2), for

1 if acy + bag + cas =0

Coq =
0 otherwise.

Following the construction (2), the corresponding 3-tensor Tr on V = {f : A — F,} is equal to
Tr(f1, for f3) = Y cafi(on) fa(az) fa(as).
a€A3

By the assumption on A’ C A, we deduce that
(3) {ea #0]a C (A)°} < A=

Using Caro-Wei lower bound [1],[6] on the independence number in a 3-uniform hypergraph, there exists

Z c A’ an independent set satisfying
1
Il > Cy —,
=62

€A’
where d, = |[{ca # 0|1 = z,a C (A’)3}] and C; > 0 is a constant. The right hand side is minimised

whenever all the summands are equal. Also, it follows from (3) that Y- . dy < 67!A'|'*°. Therefore,

there exists a constant Co > 0 such that
|I| > 02|A/|175/3.

Finally, using Theorem 2.1 and Lemma 2.1, there exists a constant C3 = C(q,d,d) > 0 such that
s-rank(F) > Cs| A[* /3.

On the other hand, using the fact that F'(x,y, 2) is a polynomial in the coordinates of x,y and z, it was

proved in [3] that s-rank(F') < by for a positive constant b, < ¢. Finally, we choose € > 0 to satisfy
1
by " <aq,

1
and take any c, that satisfies by < ¢q < q. Then the statement of the Theorem holds true for chosen e

and ¢,.

O
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4. PROOF OF THEOREM 1.2

By rearranging, if necessary, we always can assume that for every k < d — 2 we have that a; + ...+ ay # 0.

Let us denote by by, k =2,...,d — 2, the quantities
bp=a1+...+ ag.

We apply Theorem 1.1 iteratively on the equations:

(4) by—otq—2 + ag—1T4—1 + aqxq =0,

and
bi—stq—3 + aqg—2xq—2 = bg—2tq—2

brtk + ap+12k+1 = bpritist

boto 4+ asxs = bsts
and

a171 + azwe = bats.
Fix 6 > 0. By Theorem 1.1 there exists € > 0, such that for sufficiently large n there exists a set Ag_o C A
with |A4_2| > (1 — §)|A| and such that for every t4_o € Ag_o there are at least |A|° pairs (v4_1,24) € A?
satisfying the equation (4). Applying Theorem 1.1 once again, there exists Ag_3 C Ag_o with |Ag_5| >
(1 —8)|Ag—2| such that for every t4_3 € A4_3 there are at least |Aq_s|° pairs (xq_2,tq—2) € A%, satisfying
the equation

bg_3tq—3 + ag—2T4—2 = bg_otq_o.
In such way we construct a chain of subsets Ag_2 D Ag—3 D ... D Ay with |Ax_1| > (1 — §)|Ag|, for
k=2,...,d—2. Each Ay, satisfies that for any t;, € Ay there exist at least |Agy1|¢ pairs (zx41,tp+1) € Aiﬂ
satisfying the equation
btk + arr1%p+1 = brr1tptr-

Using Theorem 1.1 again, there exists A; C Ay with |A;| > (1 —§)|A2| and such that for every t5 € Ay there

exist at least |As|€ pairs (z1,22) € A3 satisfying
a1x] + agxe = bgtg.

Finally, we construct a solution for (1) consisting of distinct elements of A as follows. Take a pair of distinct
(v1,72) € A2 C A? satisfying that ayz1 + agwy = boty for to € As. Then there exist at least |A3z|¢ pairs
(w3,t3) € A3 C A? satisfying bats + agws = bsts for to that we already chosen. Find (z3,t3) among these
solutions such that x3 € {x1,z2}. Assume that we already constructed distinct {z1,..., 2} € A* satisfying

that a1y + ... 4+ agxy = bity, for some t;, € Ay. Since there exist at least |Ay1| pairs (Tg41,tp4+1) € Aiﬂ

satisfying

btk + ap 1241 = bry1tey,
we can choose one of the solutions (xgy1,tk4+1) € A%_H satisfying that xgy1 & {x1,...,zr}. Notice that
there exists t;41 € Ag41 such that the sequence (x1,...,2541) € AR gatisfies

a1y + ... F App1Th41 = bppatrta.
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We continue this process till we reach distinct {x1,...,24_2} € A satisfying
a1, + ...+ ag_2xg—2 = bg_otq—2

for some tg_5 € Ag_o. Since there are at least |A|¢ pairs (x4_1,74) € A? satisfying
bg—otqg—o + ag_1T4-1 + aqrq = 0,

we can choose the solution (z4_1,74) € A% such that x4 # v4_1 and v4_1,24 € {21,...,74_2}. This finishes

the proof of the Theorem. O

Remark. It seems to be more natural to try to prove Theorem 1.2 using directly Tao’s reformulation [5] of
Croot-Lev-Pach-Ellenberg-Gijswijt approach together with Lovett’s lower bound (Theorem 2.1) on the slice
rank of the corresponding tensor. Unfortunately, this does not work out, since the lower bound on the slice

rank that we obtain is not sufficiently strong.
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