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ABSTRACT. We investigate to what extent a minimal topological dynamical system is uniquely determined
by a set of return times to some open set. We show that in many situations this is indeed the case as
long as the closure of this open set has no non-trivial translational symmetries. For instance, we show that
under this assumption two Kronecker systems with the same set of return times must be isomorphic. More
generally, we show that if a minimal dynamical system has a set of return times that coincides with a set
of return times to some open set in a Kronecker system with translationarily asymmetric closure, then that
Kronecker system must be a factor. We also study similair problems involving Nilsystems and polynomial
return times. We state a number of questions on whether these results extend to other homogeneous spaces

and transitive group actions, some of which are already interesting for finite groups.

1. INTRODUCTION

We study the question of whether knowing the exact times a point in an unknown dynamical system enters
an open set is enough to determine the system. In this paper, a topological dynamical system is a pair (X, T')
where X is a compact metric space with metric d (all metrics will be refered to as d even for different spaces
if no ambiguity arises) and T': X — X is a homeomorphism. Recall that (X,T') is minimal if for all zo € X
the orbit T%x¢ = {T"xq | n € Z} is dense and is transitive if some orbit is dense. If o € X and U C X is

an open set then we can define the set of return times
Rix,r)(x0,U) ={ne€Z|T"zy € U}.

Thus our question may now be stated as follows: Given two minimal topological dynamical systems (X, 7})
and (X2, Ty) with 2y € X1,72 € Xy and Uy C X;,Us C Xy open such that Rx, 1) (71, U1) = Rx,, 1) (22, Uz2),
then is it necessarily true that (X;,77) and (X3, T5) are isomorphic? If so, is there an isomorphism mapping
r1 to o7

Recall that an isomorphism ¢ : (X;1,71) — (X2, T») is a homeomorphism ¢ : X; — X5 such that ¢ o Ty =
T3 o ¢. One can contrast this to the Taken’s Reconstruction Theorem [6] as well as recent developments
[2] where one instead is given a system (X,T) where the dimension of X is d and asks whether the delay
observation mapping X — [0, 1]24*! given by x + (h(z), h(Tx), ..., h(T?¥*1x)) is injective for some generic

continuous h : X — [0,1]. Thus our question can instead be posed as asking to what extent the mapping

(X7 T, o, U) = (]IU(TnxO))nEZ

is injective up to isomorphism.

1.1. Reconstructing Kronecker Systems. Let us now start with some motivating examples where no

such isomorphism exists.
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Example 1.1. Let X; = Xo =T = R/Z and suppose « € T is irrational. Let

1 1
Up=U; = (—€6€6)U(—€e+ §,e+§) cT.

Then for each n € Z we have that na € U; if and only if n(a + %) € U,. However, the minimal systems

T,z +— z+ «) and (T,z — = + o + 1) are not isomorphic.
(T, : 5 P

Example 1.2. Let X1 =T, Xo =T?, a1 = v2 € T and ap = (\/5, \/§) € T?. Let U; C T be any non-empty
proper open subset and let Uy = Uy X T. Then clearly nay € U; if and only if nas € Us. Yet X7 and X, are

not even homeomorphic.

These two examples highlight that open sets with non-trivial translational symmetries are a source of issues.

For a compact abelian metrizable group (K, +) and A C K we can define the stabilizer
Stabg (A) ={ke K | A+ k= A}

Note that in our examples above the stabilizers are not trivial; the stabilizer of (—¢,€) U (—e + 3,€e+ 3) is

{0, %} while the stabilizer of Uy x T, for U; C T non-empty and proper, is the vertical subgroup {0} x T.

Our first main result demonstrates that the only way two non-isomorphic Kronecker systems can yield the

same set of return times is if the closure of one of the defining open sets has a non-trivial stabilizer.

Theorem 1.3. Let (K1, +) and (K3, +) be two compact metrizable abelian groups and suppose that ay € K3
and ay € Ky are such that Za; = K; for i = 1,2. Suppose that U; € K; and Us C K, are open sets such
that the stabilizers of their closures are trivial, i.e., Stabg, (U;) = {0}. Then if

{neZ|nay e} ={neZ|na € Us}

then there exists an isomorphism of topological groups (so continuous) K; — K3 mapping oy to as.

Note that if one removes a point not on the trajectory {nco; | n € Z} from U; then U; remains open and the
return times and the closures do not change, so it is indeed natural to study the stabilizer of the closure U;
rather than Uj;.

1.2. Detecting Kronecker Factors of Minimal Systems. We now turn our attention to minimal topo-
logical systems. As demonstrated in Example 1.2 if a minimal system has a non-trivial factor, then it shares
a set of return times with it. Of course, this is also the case if one replaces in that example the rotation
(z,y) — (x + /2,y + v/3) with an ergodic skew product such as T? — T? : (z,y) — (z + /2,2 +y). Our
next result shows that essentially the only way a minimal system can share a set of return times with a

Kronecker system is if the latter is a factor of the former.

Theorem 1.4. Let (X,T) be a minimal topological dynamical system and U C X be a non-empty open
set and 2o € X. Let (K,+) be a compact metrizable abelian group and o € K such that Za = K and let
U’ C K be a non-empty open set. Suppose that

(1) meZ|TraeyeUy={necZ|naclU'}

and that Stabg (U’) = {0}. Then the pointed Kronecker system (K, 0,k — k + «) is a factor of the pointed
system (X, xo,T), i.e., there is a continuous map ¢ : X — K with ¢(xg) = 0 satisfying

d(Tz) =¢(z) +aforall z € X.
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Note that Theorem 1.4 immediately implies Theorem 1.3 (apply twice to both Kronecker systems to obtain
two factor maps that are inverses) since an isomorphism of Kronecker systems that preserves the zero elements
is necessarily a group isomorphism. The following example shows that we cannot replace the minimality

assumption with transitivity.

Example 1.5. (Insufficient to assume transitivity instead of minimality) Let X C [—1,1] be the set X =
{zn | n € ZU{—00,00}} where 1., = £1 and for n € Z,

—1+ﬁ n<0
1-1 n>0

Thus X is closed and all x,, with n € Z are isolated points. So we have a homeomorphism 7" : X — X
mapping , to x,4+1 and fixing x4.,. Hence it is transitive (all z,, with n € Z have dense orbits) but not
minimal. Now U = {z,, | n € 2Z} is open and the return times set 2Z = {n € Z | T™x( € U} is also equal to
{n€Z|naecU'} where U' = {0} C K =7/2Z is open and « = 1 € K. But there is no factor = from (X, T)
to the Kronecker system (K, k — k + 1) as it would yield the contradiction 7(zs) = 7(T%s0) = m(2oo) + 1.

1.3. Return times along a polynomial sequence. We recall the following result which follows imme-
diately from the Polynomial Weyl Equidistribution [7] and the fact that connected compact abelian groups

have no non-trivial characters with finite image.

Proposition 1.6. Let K be a connected compact abelian group and suppose that P(z) € Z[z] is a
non-constant polynomial. If o € K is such that Za = K then P(Z)a = {P(n)a | n € Z} is dense in K.

Given this, it is natural to ask whether we can extend Theorem 1.3 to the case where we only know the set
of return times inside a polynomial sequence, i.e., the set {n | P(n)a € U}. The next result shows that this

is indeed the case.

Theorem 1.7. Let K; and K> be compact connected abelian groups and suppose that «; € K; with
Za; = K;. Let P(x) € Z[x] be a polynomial with P(0) = 0. Let U; C K; be non-empty open sets and let
Ri={n€Z| P(n)a; € U;}. If Ry = Ry and Stabg, (U;) = {0} and Stabg, (Uz) = {0} then there exists an
isomorphism K; — K3 (of topological groups, so continuous) mapping P(n)a; to P(n)as for each n € Z.

In particular, if P(Z) is not contained in any proper subgroup of Z then this isomorphism maps «; to as.

Example 1.8. Consider the polynomial P(n) = n% —n and let a; = V2 eTand as = V2 + é € T. Then
for any open set U C T we have that {n € Z | P(n)a; € U} = {n € Z | P(n)as € U} and indeed there is an
isomorphism (the identity map) mapping P(n)a; to P(n)as as they are equal, but there is no isomorphism

mapping o to as.

We remark that it seems that there is no obvious way to extend Theorem 1.4 to polynomial times under the
assumption that X is connected since an example of Pavlov [4] shows that there exists a minimal connected

system (X, T) such that {T"2x0 | n € Z} is not dense for some z( € X.
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1.4. Return times sets of nilmanifolds. It is natural to try to extend Theorem 1.3 on the return times
in Kronecker systems to other homogeneous spaces such as nilmanifolds. The following is a partial result on
this which establishes that if a Kronecker system (K, +) and a minimal nilsystem (G/T',T') share the same
return times, with the closures of the defining open sets having trivial stabilizers under translations of K

and G respectively, then they must be isomorphic as dynamical systems.

Theorem 1.9. Let X = G/T be a nilmanifold, where G is a nilpotent Lie group and I' < G is a cocompact
discrete subgroup. Suppose that 7 € G is such that (X, T) is minimal, where T': X — X is given by Tz = 7z
for z € X. Suppose that U C X is open and satisfies that Stabg(U) := {g € G | gU = U} consists of only
those g € G such that gz = z for all € X. Now suppose that (K, +) is a compact abelian group and o € K
is such that Za = K and V C K is open such that Stabg (V) = {0} and

neZ|TrzoecUt={neZ|nacV}

for some xg € X. Then the pointed system (X, xz,T) is isomorphic to the pointed Kronecker system
(K,0,k — k+ ), i.e., there is a homeomorphism ¢ : X — K with ¢(xg) = 0 satisfying

¢(Tz) =a+ ¢(z) for all z € X.

Note that Theorem 1.4 shows that such a continuous map ¢ exists but does not show that it is a homeo-

morphism (and indeed it may not be without the assumption on Stabg(U)). Thus it suffices to show the

existence of an inverse to ¢, which will be established in Section 4.

It is interesting to ask whether the same result holds more generally for two nilsystems rather than a nilsystem

and a Kronecker system. Furthermore, one can extend this question to more general homogeneous spaces.

1.5. An explicit reconstruction for Jordan Measurable sets. One way of stating Theorem 1.4 is that
one can uniquely reconstruct a Kronecker system (K, z — = +a), where K is a compact group with Za = K,
from the set R = {n | na € U} provided that U is some (unknown) open set with Stabx (U) is trivial. If
we further assume that U is Jordan measurable (recall that this means that my(U) = mg(U) where mg
is the Haar measure) then the following result shows that there is in fact a rather explicit reconstruction of

(K, ) from R. Let U= {z € C | |z| = 1} denote the unit complex numbers.

Theorem 1.10. Let K be a compact abelian group and let o« € K be such that Za = K and suppose
U C K is a Jordan measurable open set such that Stabg (U) is trivial. Let R = {n | na € U} and let

N
1
A= {)\ eU| i Z A"l (n) does not converge to 0 as N — oo} .

n=1
Then A = {1, \s,...} is countable and there is an injective continuous group homomorphism K — UN

mapping « to X = (M, A2, ...). In particular, K is isomorphic to the closure of the subgroup generated by X.

Note that this implies Theorem 1.4 in the case where the open sets are Jordan measurable but it is not
difficult to construct examples with U not Jordan measurable where this reconstruction is invalid despite

Theorem 1.4 still guaranteeing the uniqueness of the Kronecker system.



1.6. Further questions. We now gather some open questions. Our first question asks about a natural

extension of Theorem 1.9 to two nilsystems and more general homogeneous spaces.

Question 1.11. Let X; = G1/T; and X2 = G2/T'2 be homogeneous spaces, where G; are Polish groups
and I'; < G; are cocompact discrete subgroups. For all ¢ = 1,2, suppose that U; C X; is an open set with
closure having a trivial stabilizer in the sense that whenever g € G is such that gU; = U; then gz = x for all

x € X;. Suppose that 7; € G; are such that (X;,z — 7;2) are minimal systems and
{neZ|mMerelit={neZ|5zy €U}

for some z; € X; and x5 € X5. Then are the systems (X1, 2z — 72) and (X, — 7ox) isomorphic (via a

map sending 7 to x2)? If not true in general, is it true if G; are nilpotent Lie groups?

The next question asks whether one can extend our results on minimal dynamical Z systems to actions of
other groups. It turns out that this seems difficult even without any topology, so we assume full orbits rather

than just dense orbits as follows.

Question 1.12. Suppose that G is a group acting on sets X; and X5 transitively. Thus there are 1 € X3
and xo € Xy with Gy = X; and Gzy = X3. Suppose that Uy € X; and U; C X5 are subsets with trivial
setwise stabilizer, i.e.,

{9eG gl =Ui} ={1} ={9€ G| gU; = Ua}.
If{g€ G| gz €U} ={g € G| gxs €Us} then does it mean that the two actions are isomorphic? That
is, does there exist a bijection ¢ : X; — X5 such that ¢(gx) = gé(z) for all g € G and x € X7 Does there

exist one mapping 1 to xo?

Using the language of [1] and [5] such group actions satisfying the trivial setwise stabilizer hypothesis are
called 2-distinguishable. This question is already interesting for G finite. In fact, we can simplify this to the
following interesting question, which again is already interesting for finite sets (we will show this equivalence

in Section 6).

Definition 1.13. Let G be a group acting on a set X. We say that U C X is simple (for this action)
if whenever 7 : X — X' is a factor (i.e., X' is a G-set and 7 : X — X' is a surjective map such that
7(gz) = gn(x) for all g € G, z € X) such that U = 7~ }(U’) for some U’ C X', then 7 is a bijection
(isomorphism of G-sets). In other words, U is simple if it can not be realised as a preimage of a factor in a

non-trivial way (i.e., the factor is not an isomorphism).

Question 1.14. Let G be a group acting transitively on a set X and suppose that U C X has trivial setwise
stabilizer, i.e., {g € G | gU = U} consists of only 1 € G. Then is it true that U is simple for this G-action?
In other words, is it true that if B C 2% is a G-invariant partition of X such that U is a union of elements

in B, then B consists of only singletons?
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2. BoHR SET RETURN TIMES OF MINIMAL SYSTEMS (PROOF OF THEOREM 1.4)

Proof of Theorem 1.4. Consider the product system (Z,S) where Z = X x K and S : Z — Z is given by
S(x, k) = (Tx, k + o).

Let © = S%z, be the orbit closure of 29 = (z9,0) € Z. Let nx : © - X and g : © — K denote the
projection maps, which are surjective by the minimality of (X,T) and (K,k — k + «). Let

H={he K| (x9,h) € O}

Claim: H is a closed subgroup of K.
Note that (z¢,0) = z0 € ©® so 0 € H. Now if h, A’ € H then that means (z¢, h), (zg,h’) € © and thus there

exists a sequence ni,na, ... € Z such that
S"izg = (T x0,n50) — (z0, h)

as i — oo and another sequence n/,n}... € Z such that (T™izo,nja) — (20, h'). Now fix € > 0. We may
choose J = J(€) € N such that! nja ~, h and choose § > 0 such that

d(T™ x,x0) < € whenever d(z,zg) < 0.

Now take I large enough so that d(T”,Ixo,:zro) < ¢ and nfa ~. h'. Thus d(T"'1+”,Ixo,z0) < eand (ny+
nh)a moc h+ . As € > 0 is arbitrary, this means (zg,h + h') € SZzp = O, thus h + b’ € H. Finally, notice
that H is closed (as it is mx(© N ({zo} x K))) and so it is a closed non-empty sub-semigroup and thus a

closed subgroup as K is compact.
Now for x € X let H, = {k € K | (z,k) € O}, thus H = H,,.

Claim: For each x € X, we have that H, is a coset of H, i.e., H, and H,  are translates of each other for
all z,2' € X.

To see this note that by minimality of (X,T), there exists a sequence ni,na,... € Z such that Tz — o’
and by compactness we suppose that n;a — a .+ € K. It follows that H; + a; ,» C Hys. In particular this

means that o, + az0 € H, so
H+ Qo x = H — (aO,w + am,O) + Q= H — Qg0 D) Hx
and thus Hy = H + ag, is a coset of H as desired.

Claim: H C Stabg (U7).

To see this suppose that h € H and u’ € U’. Then by the surjectivity of mx : © — K there exists v € X
such that (z,u") € ©. Now we may find a sequence ny,ns,... € Z such that n;a — v and T™zg — x. So
for large enough i, we have n;a € U’ and thus by the assumption of the equality of return times (1) we have
T™xy € U. Since (T™ixg,n;a) € © we must have that (T zg, n,a+h) € © as Hrpn, 5, is a coset of H. This
means that, for each fixed 4, we may find a sequence my, ma, ... € Z such that S™izg — (T z,n;a + h).
So for large enough j we have that T™ix is so close to T"ixg € U that T™xy € U and so again by the
equality of return times we have mja € U’. But as mja — n;a+h, we must have that n;a+h € U’. Finally,
as n;a — v’ we must have that u’ +h € U’. Thus as v’ € U’ is arbitrary we must have that h + U’ C U’
and by continuity of translation h + U’ C U’. Thus h € Stabg (U’) as claimed.

Now by the assumption that this stabilizer is trivial, we get that H is trivial and thus 7x : ® — X is

injective and hence a homeomorphism. Thus our desired factor is mx o w)_(l X - K. ]

1By this we mean that we have fixed an invariant metric dx on K and we write k =~ k' if di (k, k') < € for k, k' € K.



3. POLYNOMIAL RETURN TIMES (PROOF OF THEOREM 1.7)

3.1. The case of compact connected abelian Lie groups. We now embark on proving Theorem 1.7.
We first prove this for the case where K7 and K> are compact connected abelian Lie groups, i.e., subgroups

of a finite dimensional torus. We leave the more subtle case of non-Lie groups to the next subsection.

Proposition 3.1. Let K be a compact abelian Lie group with @ € K such that Z« is dense in K. Let Ky
be the connected component of the identity, thus d = |K/Ky| is finite (as K is a compact Lie group). Let
P(z) € Z[z] be a non-constant polynomial with P(0) = 0. Then

and

for some finite set A C K.

Proof. Note that dk € K for all k € K. In particular Zda C Ky. Let K{) = Zda. Note that K| C Ky and

it is of finite index in K since

d—1 d—1
K =7a = U (dZ + m)a = U (K{ + ma).
m=0 m=0

Thus K, is of finite index in K, as well. But as Ky is connected, we must have that K = Ky. Now let
Q(z) = 1 P(dz) € Z[z] (as P(0) = 0). From Weyl equidistribution and connectedness of K, we see that the
sequence Q(1)da, Q(2)da, Q(3)de . .. equidistributes in Ky. As Q(n)(da) = P(dn)a this implies the first

claim that

P(dZ)a = Ky
Now for the second claim, we write
d—1 d—1
P(Z)a= ) P(dZ+m)a= ] Pn(dZ)a+ an
m=0 m=0

for some non-constant P, (z) € Z[x] with P,,(0) = 0 and a,, € K. Thus applying the previous claim to the
P, we get that P,,,(dZ)a + a,, is a coset of Ky, as required. O

Proposition 3.2. Let K; and K5 be compact connected abelian Lie groups and suppose that a; € K; with
Za; = K;. Let P(z) € Z[z] be a polynomial with P(0) = 0 such that P(Z) is not contained in any proper
subgroup of Z. Let U; C K; be non-empty open sets and let R; = {n € Z | P(n)ay; € U;}. If Ry = Ry and
Stabg, (U7) = {0} and Stabg, (Us) = {0} then there exists an isomorphism K; — K» (of topological groups,

so continuous) mapping a; to as.

Proof. Let a = (a1, a2) € K1 x Ko and let K = Za C K; x Ko. Let © = P(Z)a. We know that
0= U (Ko +a)
acA
for some finite A C K where K is the identity connected component of K. Let m; : K — K; be the
projection maps. We know that 7; is surjective by the assumption that Za; = K;. In fact, since Ky is
finite index in K, we have that 7;(Ky) of finite index in K; and thus 7;(Ky) = K; by the assumption that
K; is connected. We now wish to show that m; is injective on ©. To see this, suppose that 6,6’ € © are
such that m1(0) = 71(0"). We know that § € Ko+ a and ' € Ky + o' for some a,a’ € A. We now wish
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to show that mo(f — ') € Stabg, (Uz). To do this, suppose that us € Us. From my(Ky) = Ko we get that
ma (Ko + a’) = Ka, thus there exists € K such that (z,us) € Ko+ a’. Now

(z,ug +m2(0 —0") = (z,u2) + 0 — 0" € (Ko +d’') + (Ko +a—d') = Ko + a,

that is (x, us+m2(0—6')) € ©. Now since (z,us) € O this means there exists a sequence ny, no, ... of integers
such that P(n;)a — (x,u2). In particular, P(n;)as — ug so P(n;)as € U, for sufficiently large j. But since
R1 = Ry this means that P(n;)a; € Uy. Now since (z,u2) € Ko+a' and Ky+a' is open in K, we must have
that P(n;)a € Ko+d for sufficiently large j. Thus P(n;)a+ (6 —6') € Ko+a C © for sufficiently large j. In
particular, this means that we may choose an integer n; so that P(n/;)a is so close to P(n;)a+ (6 —0') so that
P(n})ay is sufficiently close to P(n;)a1 € Uy so that P(n)a; € Uy and so that P(n))a — (z,uz+m2(0—0")).
But as Ry = R, this means that P(n;-)ozg € U,. But P(n;-)ozg — ug + me(6 — "), thus showing that
ug + me(6 — 0") € Us. So we have shown that if ug € Uy then ug + m(0 — ') € Us, and by continuity
of addition this holds more generally for us € Us, thus ma(6 — ¢’) € Stabg, (Us). But by the assumption
that Stabg,(Uz) = {0} we get that my(0) = mo(0’), which means that § = ¢’. Thus we have shown that
m @ © — Kj is injective, and thus a homeomorphism. As K is connected this means that © is connected
and so in fact © = Ky (as P(0)a = (0,0)). So m : Ko — K is in fact an isomorphism of topological
groups. By symmetry (using now the assumption that Stabg, (U;) = {0}) we get that 7 : Ko — Ko is an
isomorphism of topological groups. Thus we have an isomorphism K; — K» mapping P(n)a; to P(n)as for
all n € Z. Finally, from the assumption that P(Z) is not contained in any proper subgroup, we have that
1 =>,a;P(n;) for some integers a; and n;. Thus oy = ), a;P(n;)o; is mapped to ). a;P(n;)as = as

under this isomorphism. O

3.2. Infinite dimensional polynomial orbit. We now remove the assumption that our groups K; and
K, are Lie groups (i.e., embedded in a finite dimensional torus). Thus let K; and K5 be compact metrizable
connected abelian groups. Note that this means they are closed subgroups of the countable dimensional

torus TN and thus we may approximate them by compact Lie groups as follows.

Definition 3.3. Let (X,dx) and (Y,dy) be metric spaces. For § > 0, we say that amap ¢: X - YV isa

d-almost isometry if for all z1,z5 € X we have that
ldx (z1,72) — dy (¢(21), d(w2))| < 4.

Thus we have a decreasing sequence d; > do > ... of positive real numbers converging to 0 and, for each
positive integer D, surjective continuous group homomorphisms ¢, : K1 — FL and ¢% : Ky — F3 where
F} and F3 are closed subgroups of TP and ¢}, and ¢% are dp almost isometries (we have fixed an invariant
metric on each compact metrizable abelian group K, which we shall call dx or d if clear from the context).

For concreteness, we construct these maps conveniently as follows. Equip T? with the metric
D
d(x,y) = > 27 |z — yill,
i=1
where [|v] is the shortest distance from v € T to 0 € T, and TV with the metric
oo
d(z,y) =) 27 e = yill,
i=1

that way ¢}, and ¢%, are (restrictions to K; and K> respectively) the projections onto the first D co-ordinates,
which are clearly O(2~P)-almost isometries. The F}, and F3 are then defined to be the images of these,
thus ¢k : K1 — FJ, and ¢% : Ko — F3 are surjective.



Now let P(z) € Z[x] be a non-constant polynomial such that P(0) = 0. We now let

@:P(Z)QCK1XK2

where o = (a1, a2) € K; x Ky are such that Zo; = K; for i =1,2. We let ¢p : K1 x Ky — F}) X F% be
the map ¢p = ¢h x ¢%. We also let Op = ¢p(©) C Fp x F3. We equip K; x K2 and F}, x F3 with
the metrics d((z1,y1), (v2,92)) = max{d(z1,72),d(y1,y2)}, that way ¢p is also a O(27P)-almost isometry.
Observe that
©p = P(Z)¢p(e)

and thus we may apply Proposition 3.1 to obtain that
(2) Op = U ('p +a)

a€Ap
for some finite Ap C Fé X F% and closed connected subgroup I'p < Fé X F%. Note that I'p C ©p as
0 € ©p since P(0) = 0.

Let -
I'= ()¢5 (Tp)

D=1
and notice that this is a closed subgroup.

Lemma 3.4. We have I' C ©.

Proof. Since ¢p is a O(27P)-almost isometry, we have that if p € qSBl(I‘D) then ¢p(p) € I'p C ¢p(O) and
so d(p,0) < O(2~P). But O is closed, so the proof is complete by letting D — oo. O

Lemma 3.5. We have that ¢,'(I'p) D ¢p' 1 (Tp1)-

Proof. The natural projection F}, | x Fp,; — F}, x F}, maps ©py1 to ©p, so in particular maps the

connected component I'p 1 to the connected component I'p. O
We let m; : Ky X Ky — K; and m; p - Fb X F,% — F,ij denote the projections.
Lemma 3.6. For i = 1,2 we have that m;(T') = K;.

Proof. Fix i € {1,2}. We first show that m; p(I'p) = F},. First notice that
7.0(Op) = P(Z)¢p(a;) = F},
where the last equality follows from Weyl equdisitribution, connectendess of F}, and Z¢p(a;) = Fi. But
m.0(0p) = |J (m.0(Tp) +min(a))
a€Ap

is a disjoint union of closed sets, thus by connectedness they must all be the same and equal to m; p(I'p),
so indeed m; p(I'p) = Fj,. Now let k € K;. Then by our first claim we have that ¢, (k) = m p(yp) for
some yp € I'p. Now by surjectivity of ¢, we may take Sp € ngBl(FD) such that ¢p(Bp) = vp. By
compactness, we may pass to a subsequence such that Sp, — 3 for some 3 € K; x K. But it now follows
from Lemma 3.5 that 8 € T'. The proof will be complete if we can show that m;(8) = k. To see this, note
that ¢ (mi(8)) = mi,p(¢p(B)) but ¢p(B) can be made arbitrarily close to ¢p(8p) = vp for large enough
D. So ¢%,(m;(B)) can be made arbitrarily close to m; p(vp) = ¢% (k). It now follows that 7;(3) is arbitrarily
close to k for large enough D (as ¢, is a O(27P)-almost isometry), thus they are equal. ([l



10 KAMIL BULINSKI AND ALEXANDER FISH

Proposition 3.7. There exists A C Ky x Ky, with 0 € A, such that

O = U (T +a).
acA
Proof. We already know that I' C © by Lemma 3.4. Thus it remains to show that if vo + a € © for some
Y9 € I' and a € K; x Ky then for every v € I' we have that v+ a € ©. Let D be a positive integer, we
thus have that ¢p(yo +a) € Op and so (2) and the fact that I' € ¢~1(I'p) (by definition) implies that
I'p + ¢p(a) C Op. In particular, this means that ¢p(y + a) € Op. Thus there exists a Sp € O such that
ép(y+a) = ¢p(Bp). But since ¢p is a O(2~P)-almost isometry, we have that d(vy + a, 8p) < O(27P).
Thus Sp — v + a and since © is closed we must have v+ a € ©. ]

Now let Uy C K7 and Uy C K5 be open sets. Let
Ri={neZ| P(n)a,; € U;}.

Proposition 3.8. If Ry = Ry and 0,0’ € © are such that 7 (6;) = 71 (62), then m2(6 — ') € Stabg., (Uz).

Proof. We have ' — 0 = (0,v) for some v € K, so we wish to show v € Stabg, (Uz). By Lemma 3.7 We
have a,a’ € A such that € T +a and ¢ € T' + a’. Now let ug € Us. Since 71 (I") = Ky there exists x € K3
such that (z,us) € I'+a. Now fix € > 0 such that the ball of radius € centred at uy is contained in Us. Since
m|r : I' = Kj is a surjective homomorphism between compact groups, it is an open map and thus there
exists a § > 0 such that if g; € K7 with d(0, g1) < d then there exists a v € I" with d(0,7) < € and 71 () = ¢1.
Now since (z,u2) € I' + a C © there exists a positive integer n; such that d(P(n1)a, (z,u2)) < max{J, €}.
Writing P(n1)a = (x1,y1) with 21 € K;,y; € Ko we see that d(y;,us) < € and thus y; € Uy and thus since
ny € Ro = Rq1 we have 1 € U;. We set g1 = 21 — 2. Notice that d(0,¢1) < ¢ and so there exists a y € T
with d(0,7) < € such that m(y) = g1. Writing v = (g1, g2) for some go € Ko we get that

(z1,u2 + g2) = (z,u2) + v €T +a+vy=T+a.

Thus 0" := (z1,us + g2 +v) € T'+a’ C ©. This means that there exists ny € Z sucht that P(ng)a is so close
to 0" that m1(P(n2)a) is so close to x1 that m (P(ng)a) € Uy and d(ma(P(ng)a),us + g2 + v) < €. Thus
ng € R1 = Ro and so ma(P(ny)a) € Us. This means that

d(uz +v,U2) < d(uz + v+ g2,U2) + € < d(uz + v + g2, m2(P(n2)a)) + € < 2e.

As e > 0 was arbitrary and independent of v, we may take ¢ — 0 to get that d(us + v,Us) = 0, and thus
ug +v € Us. Thus Uy + v C U, and by continuity of addition we have that Us + v C Us. The reverse
inclusion holds by swapping the roles of § and ', thus v € Staby, (Us). a

Proposition 3.9. If R; = R, and Stabg, (U1) and Staby, (Us) are trivial, then there exists an isomorphism
of topological groups K71 — Ky mapping P(n)a; to P(n)as for all n € Z.

Proof. By Proposition 3.8 and the assumption Stabg, (Uz) = {0} we have that the mapping m|e : © — K;
is injective and thus a homeomorphism. But since m1(I") = K; by Lemma 3.6, we must have that © =T,
so mi|e : © — K is also a group homomorpishm. By symmetry (this time using Stabg, (U;) = {0}) we get
that 7)o : © — Ko is also an isomorphism of topological groups. Thus 73| © (7r1|@)71 : K; — Ko is the

desired isomorphism. O
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4. RETURN TIMES SETS FOR NILSYSTEMS

We now prove Theorem 1.9. As noted, Theorem 1.4 already defines the map ¢ : X — K and so it remains
to provide an inverse ¥ : K — X, which is established by the following result.

Proposition 4.1. Let X = G/T' be a nilmanifold, where G is a nilpotent Lie group and I' < G is a
cocompact discrete subgroup. Suppose that 7 € G is such that (X, T) is minimal, where T': X — X is given
by Tz = 72 for x € X. Suppose that U C X is open and satisfies that Stabg(U) := {g € G | gU = U}
consists of only those g € G such that gz = z for all z € X. Now suppose that (K, +) is a compact Lie
group and a € K is such that Za = K and V C K is open such that

{neZ|TrzyeUt={necZ|naeV}

for some z¢ € X. Then the pointed system (X, xg,T) is a factor of the pointed Kronecker system (K, 0, k
k + ), i.e., there is a continuous map ¢ : K — X with 1(0) = x satisfying

Y(a+ k) =Ty(x) for all k € K.

Proof. Let Z = K x X and zp = (0,2¢) € Z. Then Z = (K & G)/({0} @ T) is a nilmanifold and thus (Z, S)
is a nilsystem where S : Z — Z is given by T'(k,z) = (k+ o, Tx). Now let © = 5%z be the closure of the
S-orbit of zp. Then (see Theorem 9 in Chapter 11 of [3]) we have that

@:HZO

for some closed subgroup H of K & G. Now let 7 : © — K and wx : © — X denote the projection
maps. We wish to show that mx is injective as it would then be a homeomorphism and our desired factor
map would be wx o 7r;(1 : K — X. Thus suppose that 6;,0; € © are such that 7k (01) = wx(62). Thus
we can write 61 = hyzp and 63 = haozy for some hy,hy € H. For i = 1,2, we may write h; = (k;, g;) where
ki € K and ¢; € G, thus 0; = (k;,gizg). But k1 = ks and so we have hy := hghl_l = (O,gggfl) cH
and we have the relation hof; = 03. Now let u € U be arbitrary. By surjectivity of 7x : ©® — X we may
find a A’ € H such that h'2g = (k',u) € © for some ¥’ € K. Thus we may find a sequence of integers
n1,Mna,... such that S™izy — h'zy. In particular T" zy — u and thus T™zy € U for large enough n;. This
must mean that n;a € V. Now hgS™izg = (nia,gggflT"izo) € O and so, for each fixed i, we may find a
sequence of integers mq,mo, ... such that lim;_, ., S™i zy = (n;a, g2g;y 177 24). In particular this means that
mja — n;o € V oand so for large enough j we have m;ja € V and so T™ixzg € U. But T™ixg — gggl_lT"imo
and so QQQfIT”ixo € U. Finally taking the limit as i — oo and using 7™ x¢ — u we have that gggflu eU.
As u € U was arbitrary, this shows that gag; U ¢ U and thus 9291 U c U. The reverse inclusion follows
from swapping the roles of #; and 6, thus gog; ' € Stabg(U). Thus gogy ! stabilizes every 2 € X thus

gog = gggl_lglxo = g1xg, so in fact #2 = #;. Thus 7g is injective as desired. O
5. SPECTRAL CONSTRUCTION FOR JORDAN MEASURABLE SETS (PROOF OF THEOREM 5.2)

Let U C K be a Jordan measurable open subset of a compact abelian group K. Let o € K be an element

such that Zq is dense in K. Let A denote the set of unit complex numbers A such that

| XN
i Z A1y (na)
n=1

does not converge to 0 as N — oo.
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Lemma 5.1. We have A C {x(a) | x € K}. In fact, if
Ly =2 exx
X
is the Fourier decomposition in L?(K), then A is the set of those x(a) for which ¢, # 0.

Proof. Let U be the unit complex numbers. Suppose that A € U but A ¢ {x(a) | x € IA(} Note that for any

character x on K we have that

1 Y 1 Y
¥ Z A"x(na) = + Z(/\x(a))”

As any continuous function f : K — C can be uniformly approximated by a linear combination of characters,

we have that
1N
N Z A" f(na) =0
n=1
Now observe that there exist continuous functions f : K — [0, 1] such that
J AR 17, ase—0.
In particular we choose these functions so that

mi(supp "\ U) = mx(supp [\ U) < e
where my denotes the Haar measure on K and in the first equality we used that U and U are my almost
the same (as U is Jordan measurable). Now as supp f;" \ U is a closed set its indicator function can be
written as a pointwise decreasing limit of continuous functions, thus we have that

hmsupfl{n € [1,N] | nav € supp f" \ U}| < mg (supp [\ U) <

N—o00

This means that N

hmsup|—Z:)\”f+ nao) Z A"y (na)| < e.

N —oo

Thus

1N
i Z A1y (na) — 0
n=1

and hence we have shown the first claim that
AcC{x(a) | x €K}

Now suppose that A € {x(a) | x € K}. Thus A = x(a) for some unique (by density of Za) character y on
K. But }1y is Riemann—integrable thus we have that

Z)\"]IU na) ZxﬂU na) — /X]lUde =cy.

O

Now let E = {x(a) | x € IA(} Note that the mapping K — E mapping x to x() is injective (by density of
Z«) and thus bijective. Consequently, let T' C K be the set corresponding to A, i.e., A = {x(a) | x €T}.
Now observe that the mapping ¢ : K — Uk given by (k) = (X(k))xef( is injective and continuous, thus a

homeomorphism onto its image. Now let
m: K —U"
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be the projection given by
k= (X(F))yer -

Proposition 5.2. ker(w) C Stabg (U).

Proof. Suppose that k € ker w. Thus x(k) =1 for all x € I'. But since
Iy = Z ExX
x€er
we have that 1(x + k) = 1(z) for almost all z € K. As U and U are mg almost equal, this means that

the open set (U — k) \ U has zero measure and is thus empty. This means that « — k € U for all u € U and
k € ker(r). Thus ker(n) C Stabg (U). O

Proof of Theorem 1.10. The assumption that Staby (U) is trivial together with Proposition 5.2 implies that
7 is injective and thus an isomorphism onto its image. But the image of 7 is the closed subgroup of UT
generated by

() = (x(@))yer -
Finally, by applying the natural isomorphism U 22 U (i.e., the one induced by the bijection x +— x(c)
from T' to A) we get that K is isomorphic to the closed subgroup of U* generated by ()) AEA - |

6. EQUIVALENCE OF QUESTION 1.12 AND QUESTION 1.14

We now show that Question 1.12 and Question 1.14 are equivalent. Recall that a block system of a group
action G ~ X is a partition B C 2% of X (collection of non-empty disjoint sets whose union is X) that is
G-invariant (i.e., if g € G and B € B then gB € B). Let us define the block system generated by U C X (for
this action) to be the smallest (with respect to inclusion) block system such that U is a union of elements
of B. More concretely, the the block system generated by U consists of those minimal non-empty sets that

can be written as intersections of elements in {gU | g € G} U{X \ gU | g € G}.

Proposition 6.1. Let G be a group acting transitively on a finite set X; and also acting transitively on a
finite set Xo and suppose that Uy C X; and Us C Xo are simple for the respective actions. Suppose that
r1 € X7 and x9 € X9 are such that

{9€G|gr1 €U} ={g€G|gas € Us}.

Then there is an isomorphism ¢ : X; — X5 of G-sets mapping 1 to xz2, i.e., ¢(gz) = go(z) for all g € G
and r € X;.

Proof. Let B denote the block system generated by U;. Thus there is a well defined map 7 : X7 — B where
for x € X; we define 7(x) to be the unique element of B containing x € X;. Note that 7 is a morphism of
G-actions, i.e., gn(x) = w(gx) for all g € G and = € X;. Note that

U1 = 7'('_1 U A
{BeB | BCU,}

since by definition Uy is a union of elements of 5. Thus since U; is simple we must have that 7 is an

isomorphism. In particular this means {z} € B for all z € X;. Now let

RV)={geG|gr1 €V}
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for any V' C Xj. Notice the properties R(gV) = gR(V) and R([);cz Vi) = ;ez R(Vi) and R(X; \ V) =
G\ R(V). Now let B denote the block system generated by R(U;) for the action of G ~ G by left
multiplication. By the aforementioned properties we have that B consists of those sets of the form R(B)
for B € B and so we have that Bg consists of exactly the sets of the form R({z}) for z € X;. Note that
R({z1}) = {g € G | gx1 = x1} = Stab(x;) and any other R({x}) must be a coset of Stab(z1) (by transitivity
x = gx for some g € G and so R({z}) = gR({x1})). So in fact Stab(x;) may be desribed as member of
B¢ that contains 1 € G. Since X; 2 G/ Stab(x;), this means that we have an isomorphism of G-actions
X1 — Bg that maps x; to the unique element of B containing 1 € G (it maps « to R({z})). Notice that

Bg is the same if we replace X1, x1, Uy with Xo, 29, Us respectively by the assumption that
{9€G|gr1 €U} ={g€G|gas € Us}.

Thus indeed we have an isomorphism X; = X, of G-actions (they are both isomorphic to G acting on
Bg). O

This demonstrates the equivalence of the two questions as follows. If the answer to Question 1.14 is affir-
mative, then the two sets in Question 1.12 are simple and thus the Proposition 6.1 provides an affirmative
answer. Conversely, if U C X is a subset in a transitive finite G-set X with a trivial setwise stabilizer, then
we have a factor m : X — B, where B is the block system generated by U, mapping z € X to the unique
element of B containing x (as constructed in the proof of the Propostion 6.1). But n(U) also has a trivial
setwise stabilizer and {g € G | grg € U} = {g € G | gn(xp) € ©(U)} so if the answer to Question 1.12 is

affirmative, then 7 must be an isomorphism and so B consists of singletons.
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