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Let A be a finite set of hyperplanes in Cn, and define the
hyperplane complement

M = Cn \
⋃

H∈A

H = {(zi) ∈ Cn | `H(zi) 6= 0}.

We consider regular functions and differential forms on M :

O(M) = C[z1, · · · , zn][`−1
H |H ∈ A],

Ωp(M) =
⊕

i1<···<ip

O(M) dzi1 ∧ · · · ∧ dzip .

Then Hp(M, C) =
ker(d : Ωp(M) → Ωp+1(M))

im (d : Ωp−1(M) → Ωp(M))
.
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Let A•(M) be the C-subalgebra of Ω•(M) generated by

ωH =
d`H

`H

∈ Ω1(M), for H ∈ A.

Since dωH = 0, dα = 0 for all α ∈ A•(M).

Theorem. (Brieskorn) (A•(M), 0)
q-iso
↪→ (Ω•(M), d), i.e.

Ap(M)
∼
→ Hp(M, C).

Orlik and Solomon found defining relations and a basis for
A•(M), which is now called the Orlik-Solomon algebra.
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Example. Take A = {{zi = 0}, {zi = zj}}, so that

M = {(zi) ∈ Cn | zi nonzero and distinct}.

The Orlik-Solomon presentation of A•(M) is:

〈ωi =
dzi

zi
, ωij =

dzi − dzj

zi − zj
|

ωi ∧ ωj = ωi ∧ ωij − ωj ∧ ωij ,

ωij ∧ ωjk + ωik ∧ ωij + ωjk ∧ ωik = 0〉.

(This case was actually done by Arnol’d.)
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The basis is given by rectified forests on {1, · · · , n}, with
some of the roots marked. For instance:
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For ω =
∑

aHωH ∈ A1(M), let Lω be the local system on M
whose sections are functions f satisfying df + fω = 0.

Up to isomorphism, Lω depends only on ω +
∑

Z ωH , and

Hp(M,Lω) =
ker(d + ω ∧ − : Ωp(M) → Ωp+1(M))

im (d + ω ∧ − : Ωp−1(M) → Ωp(M))
.

Theorem. (Esnault, Schechtman, Viehweg)

(A•(M), ω ∧ −)
q-iso
↪→ (Ω•(M), d + ω ∧ −), i.e.

ker(ω ∧ − : Ap(M) → Ap+1(M))

im (ω ∧ − : Ap−1(M) → Ap(M))

∼
→ Hp(M,Lω),

unless ω satisfies a certain resonance condition.
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Example continued. Take ω =
∑

aiωi. This is resonant if:
∑

i∈J

ai ∈ Z+ for some J ⊆ {1, · · · , n} or
∑

i

ai ∈ Z−.

It may happen that all elements of ω +
∑

Z ωH are resonant.
E.g. if ai = d

n
for all i, where d > 1 is a proper divisor of n.

Theorem. Suppose all ai ∈ Q. Then H•(M,Lω) has a basis
given by marked rectified forests on {1, · · · , n} which satisfy

∑

i∈T

ai ∈ Z, for all trees T . (∗)

The differential form associated to a forest is usually not in
A•(M), because there are two changes to the definition.
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1. If an edge i—j is unbreakable (deleting it violates (∗)), it
contributes ω̃ij = zjdzi−zidzj

zizj(zi−zj)
rather than ωij.

2. Each tree T carries the coefficient
∏

j∈T z
bj,T

j , where

bj,T = −
∑

i∈T

ai +
∑

k∈T
k—j

d
∑

i∈T
i···k—j

aie.

E.g. if ai = 1
2 ,
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j6
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1

−→ z6

×(ω̃12 ∧ ω23 ∧ ω̃36 ∧ ω̃46 ∧ ω̃56 ∧ ω6)
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Proof. Let r ∈ Z+ be such that rai ∈ Z for all i. Define

M̃ = {(zi) ∈ Cn | zi nonzero and zr
i distinct}.

The group (Z/rZ)n acts by (ci).(zi) = (exp(2πi
ci

r
)zi). The

quotient map is M̃ → M : (zi) 7→ (zr
i ).

Since the pull-back of Lω to M̃ is trivial,

Hp(M,Lω)
∼
→ {x ∈ Hp(M̃, C) | (ci).x = exp(−2πi

∑
ciai)x}.

Moreover, M̃ is the hyperplane complement for
A = {{zi = 0}, {zi = ζzj}}. The result follows easily using

the Orlik-Solomon basis of A•(M̃).
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