Poset Homology and the Cohomology of Real
DeConcini-Procesi Models

Anthony Henderson
University of Sydney

August 4, 2006

o & =] B A
Anthony Henderson Poset Homology and Real Models



Outline

0 Poset Homology
@ Definitions and examples
© Real Subspace Arrangements

@ Definitions and examples

@ Goresky-MacPherson's Theorem

© DeConcini-Procesi Models

@ Definitions and examples
@ Rains' Theorem

=} =) A
Anthony Henderson Poset Homology and Real Models



Poset Homology
Definitions and examples

Let P be a finite poset and x < y in P. For i >0, let Ci(x,y) be
the Q-v. space with basis the chains x = xg < x1 < --- < x; = y.
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Definitions and examples
Let P be a finite poset and x < y in P. For i > 0, let Ci(x,y) be

the Q-v. space with basis the chains x = xg < x1 < --- < x; = y.
We have a complex

- Cip1(x,y) A Gi(x,y) 2 i—1(x,y) 2

~
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o i CO(X,}/) —0
where 9(xp < -+ < x;) = Z};i(—l)j(xo < X< < XG).



Poset Homology
Definitions and examples

Let P be a finite poset and x < y in P. For i > 0, let Ci(x,y) be
the Q-v. space with basis the chains x = xg < x1 < --- < x; = y.
We have a complex

0 0 0 0
- Cip1(x,y) = Gix,y) = Goilx,y) = -+ = Go(x,y) — 0
where 9(xp < -+ < x;) = Z};i(—l)j(xo < X< < XG).
Definition

Let Hi(x, y) be the homology of (Ce(x,y),d) at position i. We
write hi(x,y) for dimg H;(x, y).
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Poset Homology
Definitions and examples

Let P be a finite poset and x < y in P. For i > 0, let Ci(x,y) be
the Q-v. space with basis the chains x = xg < x1 < --- < x; = y.
We have a complex

0 0 0 0
- Gir(x,y) = Gi(x,y) = Gii(x,y) = -+ = Go(x,y) — 0
where 9(xp < -+ < x;) = Z};i(—l)j(xo < X< < XG).

Definition

Let Hi(x, y) be the homology of (Ce(x,y),d) at position i. We
write hi(x,y) for dimg H;(x, y).

Lemma
We have Y (—1)"hi(x,y) = u(x,y) (the Mobius function of P).

Recall that >, (X, 2) = Ox,y-
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Poset Homology
Definitions and examples
Examples

o If x =y, the only chain has length 0, so h;(x,x) = Jj 0.
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Poset Homology
Definitions and examples
Examples

@ If x =y, the only chain has length 0, so hi(x,x) = dio

o If y covers x, the only chain has length 1, so hj(x,y) = J; 1.
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Poset Homology
Definitions and examples
Examples

@ If x =y, the only chain has length 0, so hi(x,x) = dio

o If y covers x, the only chain has length 1, so hj(x,y) = Ji1
@ The following poset has hy(x,y) = h3(x,y) = 1:

Anthony Henderson
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Poset Homology
Definitions and examples
Definition

@ P is bounded if it has a minimum 0 and a maximum 1

~
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Poset Homology
Definitions and examples
Definition

@ P is bounded if it has a minimum 0 and a maximum 1

~

@ P is pure if all maximal chains have the same length.
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Poset Homology
Definitions and examples

Definition
@ P is bounded if it has a minimum 0 and a maximum 1

@ P is pure if all maximal chains have the same length.

@ For x in a pure bounded poset, the rank rk(x) is the length of
a maximal chain from 0 to x.
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Poset Homology
Definitions and examples

Definition
@ P is bounded if it has a minimum 0 and a maximum 1.
@ P is pure if all maximal chains have the same length.

@ For x in a pure bounded poset, the rank rk(x) is the length of
a maximal chain from 0 to x.

@ A pure bounded poset P is Cohen-Macaulay if for all x < y,
hi(x,y) = 0 for i < rk(y) — rk(x).

It follows that Ayy(y)_rk(x)(X;¥) = (—1)kO)=rk() y(x, ).

o F = = DA
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Poset Homology
Definitions and examples

Definition
@ P is bounded if it has a minimum 0 and a maximum 1.
@ P is pure if all maximal chains have the same length.

@ For x in a pure bounded poset, the rank rk(x) is the length of
a maximal chain from 0 to x.

@ A pure bounded poset P is Cohen-Macaulay if for all x <y,
hi(x,y) = 0 for i < rk(y) — rk(x).

It follows that Ayy(y)_rk(x)(X;¥) = (—1)kO)=rk() y(x, ).

Example
The partition lattice N, whose elements are the partitions of the
set {1,---,n} ordered by refinement, is Cohen-Macaulay.
=] F = = E DA
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Poset Homology

Definitions and examples

The diagram of [ly:

123/4

1243 134[2 2341 1234 13|24 _14J23
12347 13[2]47 14[2)37 23|1]4 24|13 3412
1|2/3]4
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Real Subspace Arrangements

Definition

Definitions and examples
Gores| y

acPherson’s Theorem

A subspace arrangement A in a real vector space V is a finite
collection of linear subspaces.
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Real Subspace Arrangements Disfiiieis e @ampts

Goresky-MacPherson's Theorem

Definition

A subspace arrangement A in a real vector space V is a finite
collection of linear subspaces.

Definition
The complement M4 is the open subset V' \ Uy c4q W.
Its Poincaré polynomial P(M, t):= ", dim H'(M4; Q) (—t)".

o & =] B A
Anthony Henderson Poset Homology and Real Models



Real Subspace Arrangements Disfiiieis e @ampts

Goresky-MacPherson's Theorem

Definition
A subspace arrangement A in a real vector space V is a finite
collection of linear subspaces.

Definition

The complement M4 is the open subset V' \ Uy c4q W.

Its Poincaré polynomial P(M, t):= ", dim H'(M4; Q) (—t)".
Definition

The intersection lattice L4 is the poset of all intersections of
elements of A, ordered by reverse inclusion.

L4 is bounded (0 = V, 1=[ycq W), but not always pure.

o F = = DA
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Definitions and examples

Real Subspace Arrangements Goresky-MacPherson's Theorem

Definition
A subspace arrangement A in a real vector space V is a finite
collection of linear subspaces.

Definition
The complement M4 is the open subset V' \ Uy c4q W.
Its Poincaré polynomial P(M, t):= ", dim H'(M4; Q) (—t)".

Definition

The intersection lattice L4 is the poset of all intersections of
elements of A, ordered by reverse inclusion.

L4 is bounded (0 = V, 1=[ycq W), but not always pure.
Aim
To express P(M, t) in terms of the combinatorics of L 4.
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Real Subspace Arrangements

Definitions and examples
Example

Goresky-MacPherson’s Theorem

For n > 2, the arrangement A],If_l consists of the hyperplanes
{(le o

Xn) €ER" [ x; = x;} for 1 < i< j<n.
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Real Subspace Arrangements

Definitions and examples
Example

Goresky-MacPherson’s Theorem

For n > 2, the arrangement A],If_l consists of the hyperplanes
{(le o

Xn) €ER" [ x; = x;} for 1 < i< j<n.

X2 = X3
e.g. A5 X1 = X2
X1 = X3

Anthony Henderson
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Real Subspace Arrangements

Definitions and examples
Example

Goresky-MacPherson’s Theorem

For n > 2, the arrangement A],If_l consists of the hyperplanes
{(le o

Xn) €ER" [ x; = x;} for 1 < i< j<n.

X2 = X3

e.g. A5 X1 = X2
X1 = X3

The complement Myz = {(x1,

,Xn) € R™| x;'s distinct}
consists of n! chambers (open cones), one for each possible order
of the coordinates. Thus it is homotopy equivalent to n! points.

Anthony Henderson
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Real Subspace Arrangements Disfiiieis e @ampts
Example

Goresky-MacPherson’s Theorem

The arrangement AC | is defined similarly in C" (viewed as a real
arrangement, it consists of subspaces of codimension 2).
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Real Subspace Arrangements Disfiiieis e @ampts
P g Goresky-MacPherson’s Theorem

Example

The arrangement AC | is defined similarly in C" (viewed as a real
arrangement, it consists of subspaces of codimension 2).

The complement MAE—I is connected; it is an Eilenberg-MacLane
space for the pure braid group.

pi

Anthony Henderson
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Real Subspace Arrangements Disfiiieis e @ampts
P g Goresky-MacPherson’s Theorem

Example

The arrangement AC | is defined similarly in C" (viewed as a real
arrangement, it consists of subspaces of codimension 2).

The complement MA(E—I is connected; it is an Eilenberg-MacLane
space for the pure braid group.

i g (] 1 ;
Despite the difference in topology, L4z and L,c are both
isomorphic to IM,. Clearly we need more than just the poset.
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Real Subspace Arrangements

Definitions and examples

Goresky-MacPherson's Theorem
Note that if A = {W}, P(My,t) =1+ (—t)cdimW-1,
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Real Subspace Arrangements

Definitions and examples

Goresky-MacPherson's Theorem
Note that if A = {W}, P(My,t) =1+ (—t)edimW-1
Theorem (Goresky-MacPherson, 1988)

For any A, the Poincaré polynomial P(M 4, t) equals

WelLyq j

Z Z hj(@, W) (_t)codim W—j

=} =) A
Anthony Henderson Poset Homology and Real Models



Real Subspace Arrangements

Definitions and examples

Goresky-MacPherson's Theorem
Note that if A = {W}, P(My,t) =1+ (—t)ccdimW=1,
Theorem (Goresky-MacPherson, 1988)

For any A, the Poincaré polynomial P(M 4, t) equals

WelLyq j

Z Z hj(@, W) (_t)codim W—j

Example
If A is a real hyperplane arrangement, then:
@ L4 is Cohen-Macaulay;

o for W e L4, rk(W) = codim W.

=} =) A
Anthony Henderson Poset Homology and Real Models



Real Subspace Arrangements

Definitions and examples
Goresky-MacPherson's Theorem

Note that if A = {W}, P(My,t) =1+ (—t)cdimW-1,
Theorem (Goresky-MacPherson, 1988)

For any A, the Poincaré polynomial P(M 4, t) equals

WelLyq j

Z Z hj(@, W) (_t)codim W—j

Example

If A is a real hyperplane arrangement, then:
@ L4 is Cohen-Macaulay;

o for W e L4, rk(W) = codim W.

So the Theorem becomes the result of Zaslavsky:

# of regions of M4 = Z (1)) (0, W).

WelL s
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Real Subspace Arrangements

Definitions and examples

Goresky-MacPherson's Theorem

Example

If Ais a complex hyperplane arrangement, then:
o L4 is Cohen-Macaulay;

o for W € Ly, tk(W) = 3codim W.
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Real Subspace Arrangements

Definitions and examples

Goresky-MacPherson's Theorem

Example

If Ais a complex hyperplane arrangement, then:
o L4 is Cohen-Macaulay;

o for W € Ly, tk(W) = 3codim W.

So the Theorem becomes the result of Orlik-Solomon:

P(Ma,t) = > (0, W) ™).

Wel 4
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Real Subspace Arrangements

Definitions and examples

Goresky-MacPherson's Theorem

Example

If Ais a complex hyperplane arrangement, then:
o L4 is Cohen-Macaulay;

o for W € Ly, tk(W) = 3codim W.

So the Theorem becomes the result of Orlik-Solomon:

P(Ma,t) = > (0, W) ™).

Wel 4

For instance, this is one way to prove the famous fact:

P(MA&I, )=(1-t)(1—-2t)---(1—(n—1)2).
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

Let A be a real subspace arrangement in V.
Definition
We say W € L\ {V} is reducible if there exist
Wi, -, Ws € La\ {V}, s > 2, such that:
o W= W;n---N Ws, adirect intersection;
o every W’ € L4 such that W' D W is of the form
Wi n---n W, for some W/ € L with W/ D> W,.
Let F 4 be the set of irreducible elements in L4 \ {V}
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

Let A be a real subspace arrangement in V.
Definition
We say W € L\ {V} is reducible if there exist
Wi, -, Ws € La\ {V}, s > 2, such that:

o W= W;n---N Ws, adirect intersection;

o every W’ € L4 such that W' D W is of the form

Wi n---n W, for some W/ € L with W/ D> W,.

Let F 4 be the set of irreducible elements in L4 \ {V}.

Definition

The DeConcini-Procesi model M 4 is the closure of the image of
the obvious map:

Ma— [ P(v/w).
WeFa
=] F = E DAy
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DeConcini-Procesi Models

Definitions and examples
Rains’ Theorem

Theorem (DeC-P 1995, Gaiffi 2004)

M 4 is a smooth compact real variety; the image of M4 is an open
subvariety whose complement is a normal-crossings divisor.
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

Theorem (DeC-P 1995, Gaiffi 2004)

M 4 is a smooth compact real variety; the image of M4 is an open
subvariety whose complement is a normal-crossings divisor.

In the complex version (not a special case of this) DeC-P used M 4
to describe the cohomology ring of M 4.
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

Theorem (DeC-P 1995, Gaiffi 2004)

M 4 is a smooth compact real variety; the image of M4 is an open
subvariety whose complement is a normal-crossings divisor.

In the complex version (not a special case of this) DeC-P used M 4
to describe the cohomology ring of M 4.

Example

We have Fyr = {Wi |1 C{1,---,n}, || > 2}, where

Wi ={(x1, - ,xn) € R"|x; = x;, Vi,j € I}.

o F = = DA
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

Theorem (DeC-P 1995, Gaiffi 2004)

M 4 is a smooth compact real variety; the image of M4 is an open
subvariety whose complement is a normal-crossings divisor.

In the complex version (not a special case of this) DeC-P used M 4
to describe the cohomology ring of M 4.

Example
We have Fyr = {Wi |1 C{1,---,n}, || > 2}, where

Wi ={(x1, - ,xn) € R"|x; = x;, Vi,j € I}.

When n = 2: WA]%Q = P(R?/R928) is a point.
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

Theorem (DeC-P 1995, Gaiffi 2004)

M 4 is a smooth compact real variety; the image of M4 is an open
subvariety whose complement is a normal-crossings divisor.

In the complex version (not a special case of this) DeC-P used M 4
to describe the cohomology ring of M 4.

Example
We have Fyr = {Wi |1 C{1,---,n}, || > 2}, where
Wi ={(x1, - ,xn) € R"|x; = x;, Vi,j € I}.

When n = 2: WA]%Q = P(R?/R928) is a point.
When n = 3: WA§ = P(R3/R9128) is a circle.
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

When n = 4: the map involved is
Mpz — P(R*/RY%8) x PY(R) x P!(R) x P'(R) x PX(R),

where the P1's record the 3-element subsets of coordinates.

u [=1] = = DAy
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

When n = 4: the map involved is
Mpz — P(R*/RY%8) x PY(R) x P!(R) x P'(R) x PX(R),

where the P!'s record the 3-element subsets of coordinates.
The closure of each chamber in P(R*/R%28) is a triangle, but the
extra information blows up two of the vertices:

X1=X2<X3=X4

X1=X2=x3<X4 X1<X2=X3=X4

u [=1] = = DAy
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

When n = 4: the map involved is

Mpz — P(R*/RY%8) x PY(R) x P!(R) x P'(R) x PX(R),

where the P!'s record the 3-element subsets of coordinates.
The closure of each chamber in P(R*/R%28) is a triangle, but the
extra information blows up two of the vertices:

X1=X2<X3=X4

X1=X2=x3<X4

X1<X2=X3=X4

So VAn; is tiled by 12 pentagons; it turns out to be P?(R)#>
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Definitions and examples

L : Rains’ Theorem
DeConcini-Procesi Models

When n = 4: the map involved is

Mpz — P(R*/RY%8) x PY(R) x P!(R) x P'(R) x PX(R),

where the P!'s record the 3-element subsets of coordinates.
The closure of each chamber in P(R*/R%28) is a triangle, but the
extra information blows up two of the vertices:

X1=X2<X3=X4

X1=X2=x3<X4

X1<X2=X3=X4

So VAn; is tiled by 12 pentagons; it turns out to be P?(R)#>
In general WAR_I is the moduli space Mo p11(R).
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DeConcini-Procesi Models

Definitions and examples
Rains' Theorem

Note that when A = {W},

P(My,t) = {

14+ (_t)codim w-1

if codim W is even,
1,

if codim W is odd.
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DeConcini-Procesi Models

Definitions and examples
Rains' Theorem

Note that when A = {W},

P(My,t) = {

14+ (_t)codim w-1

1,

if codim W is even,
Definition

if codim W is odd.

Let L be the sub-poset of L4 consisting of intersections of
elements of F 4 of even codimension.
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Definitions and examples

DeConcini-Procesi Models IRefins” Tlacernm

Note that when A = {W},

Vi 14 (—t)eedim W10 if codim W s even,
P(Ma ) = { 1, if codim W is odd.
Definition

Let L be the sub-poset of L4 consisting of intersections of
elements of F 4 of even codimension.

Theorem (Rains, 2006)
For any A, the Poincaré polynomial P(M 4, t) equals

Z Z hJ-Li‘{(ﬁ, W) (_t)codim W—j

weLy |

o F = = DA
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Definitions and examples

DeConcini-Procesi Models Rainsiihecien

Note that when A = {W},

Vi 14 (—t)eedim W10 if codim W s even,
P(Ma ) = { 1, if codim W is odd.
Definition

Let L be the sub-poset of L4 consisting of intersections of
elements of F 4 of even codimension.

Theorem (Rains, 2006)
For any A, the Poincaré polynomial P(M 4, t) equals
L&Y A im _
>0 B0, W) (—)odm W,
WeLs |

Even for hyperplane arrangements, L% need not be
Cohen-Macaulay. However ...
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Definitions and examples
DeConcini-Procesi Models Ral=pibecien)
Proposition

If A is of Coxeter type, L% is Cohen-Macaulay.
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Definitions and examples

DeConcini-Procesi Models Rainsiihecien

Proposition
If A is of Coxeter type, L% is Cohen-Macaulay.
Example

Take A = A |. Then L% 22 1199, the poset of partitions of
{1,--- , n} into blocks of odd size.

o & =] B A
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Definitions and examples

Rains’ Theorem

DeConcini-Procesi Models

Proposition

If A is of Coxeter type, L% is Cohen-Macaulay.

Example

Take A = A |. Then L% 22 1199, the poset of partitions of
{1,--- , n} into blocks of odd size.

P(Myz )= D pngua(0,m) ¢ togee ()
wengdd
_ (1—t)(1—-9t)---(L—(n—13)%t), ifniseven,
Tl (L—4t)(1—16t)--- (1 — (n—3)%t), if nis odd.

The second equality is due to Calderbank-Hanlon-Robinson, 1986.
This example was in Etingof-Henriques-Kamnitzer-Rains, 2005;
Rains also found the character of S, on HI(MAR_I; Q).

o S = = Do
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Definitions and examples

DeConcini-Procesi Models Rainsiihecien

Example

Take A = BE, the reflecting hyperplanes of the Weyl gp W/(B,)).
Then L% is the poset of parabolic subgroups of W(B,) all of
whose components have even rank.

(=] = = =
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Definitions and examples

DeConcini-Procesi Models Rainsiihecien

Example

Take A = BE, the reflecting hyperplanes of the Weyl gp W/(B,)).
Then L% is the poset of parabolic subgroups of W(B,) all of
whose components have even rank.

Theorem (Rains-H., 2006)

In this case we have the generating function:

#—1/2

1
= sech(iarcsinh( t1/2x)) exp( arcsinh(t'/%x)),

and an analogue giving the characters of W(B,) on H"(WBEQ; Q).

o F = = DA
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Definitions and examples

DeConcini-Procesi Models Rainsiihecien

Example

Take A = BE, the reflecting hyperplanes of the Weyl gp W/(B,)).
Then L% is the poset of parabolic subgroups of W(B,) all of
whose components have even rank.

Theorem (Rains-H., 2006)

In this case we have the generating function:

-1/2

1 t
= sech(iarcsinh( t1/2x)) exp( arcsinh(t'/%x)),

and an analogue giving the characters of W(B,) on H"(WBEQ; Q).

There is a similar formula for type D,,.
=] F = B DAy
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