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Nilpotent orbits of the linear quiver

Let V = V1 ⊕ · · · ⊕ Vn be a graded vector space,

d = dimV, di = dimVi.

Consider

NV = {ϕ ∈ End(V ) |ϕ(Vi) ⊆ Vi+1},
and the orbits of GV = {g ∈ GL(V ) | g(Vi) = Vi}, acting
on NV by conjugation.

These are in bijection with multisegments

m =
∑

1≤i≤j≤n

mi,j [i, j],

where
∑

i≤k,j≥k mi,j = dk for all k. Let

• Om be the orbit corresponding to m,

• ICm,m′ be
∑

i dimH2i
mIC(Om′) qi,

• (IC
〈−1〉
m,m′) be the inverse matrix to (ICm,m′).
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Representation-theoretic significance

Let r ≥ n, and let Uv(ŝlr) be quantum affine slr, spe-
cialized at v which is not a root of 1.

To each multisegment m we attach a Uv(ŝlr)-module

Mm :=
⊗
i≤j

(∧j−i+1 Cr)⊗mi,j

i .

These have simple constituents {Lm}, with multiplicities

[Mm : Lm′] = ICm,m′(1),

so

[Lm] =
∑
m′

IC
〈−1〉
m,m′(1) [Mm′]

in the Grothendieck group of Uv(ŝlr)-modules.

Similar things hold for the affine Hecke algebra Ĥd.
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Zelevinsky’s theorem

To a multisegment m attach a permutation wm ∈ Sd by:

1. Split {1, · · · , d} into blocks of sizes d1, · · · , dn.

2. The ki segments starting with i determine the im-
ages of the first ki elements of the ith block (highest
values not yet used).

3. The rest of the ith block gets mapped into the
(i− 1)th block (reversed order).

Thm 1 (Zelevinsky 1985) We have

ICm,m′ = Pwm,wm′ , IC
〈−1〉
m,m′ =

∑
x∈S(di)wm′S(di)

ε(xwm)Pxw(d)
0 ,wmw(d)

0
,

where P−,− means Kazhdan-Lusztig polynomial for Sd.

The idea of the proof is to embed the nilpotent orbits
in Schubert varieties.
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Applying a result of Billey and Warrington

Prop 1 (BW 2003) Let y ≤ w ∈ Sd, i ∈ {1, · · · , d} s.t.

y(i) = w(i), |{j < i | y(j) > y(i)}| = |{j < i |w(j) > w(i)}| .
Then the i 7→ y(i) string can be cancelled from both y
and w without changing Py,w.

My observation:

Prop 2 Let m,m′ be such that Om ⊆ Om′. In the defn
of wm, all Step 3 strings are cancellable for wm and wm′.

Let k be the number of segments of m, and define
w(k)

m , w(k)
m′ ∈ Sk by cancelling these strings from wm, wm′.

Cor 1 (Zelevinsky simplified) We have

ICm,m′ = Pw(k)
m ,w(k)

m′
, IC

〈−1〉
m,m′ =

∑
x∈S(··· )w

(k)

m′S(··· )

ε(xw(k)
m )Pxw(k)

0 ,w(k)
m w(k)

0
,

where P−,− means Kazhdan-Lusztig polynomial for Sk.

The q = 1 specialization of this result was already known
(Suzuki 1998, Arakawa 1999).
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A special case

Suppose we have integers

s1 < s2 < · · · < sk, t1 < t2 < · · · < tk,

and w, w′ ∈ Sk such that tw(i), tw′(i) ≥ si − 1. Let

m =
k∑

i=1

[si, tw(i)], m′ =
k∑

i=1

[si, tw′(i)].

(Note that no segments start or end the same.) Then

ICm,m′ = Pw,w′, IC
〈−1〉
m,m′ = ε(ww′)Pw′w(k)

0 ,ww(k)
0

.

In particular: if m has no inclusions of segments,

ICm,m′ = P1,w′, IC
〈−1〉
m,m′ = ε(w′),

and so

[Lm] =
∑
w′∈Sk

tw′(i)≥si−1

ε(w′) [M[s1,tw′(1)]+···+[sk,tw′(k)]].

Such Lm are called tame (Yangian context) or cali-
brated (affine Hecke algebra context).
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The case of cyclic quivers

Much of the above still works for the cyclic quiver with
n vertices, relevant for Uζ(ŝlr) where ζn = 1.

Suppose we have integers

· · · < s0 < s1 < s2 < · · · , si+k = si + n,

· · · < t0 < t1 < t2 < · · · , ti+k = ti + n,

and w, w′ ∈ S̃k such that tw(i), tw′(i) ≥ si − 1. Let

m =
k∑

i=1

[si, tw(i)], m′ =
k∑

i=1

[si, tw′(i)].

Then

ICm,m′ = Pw,w′, IC
〈−1〉
m,m′ = ε(ww′)Qw,w′.

In particular: if m has no inclusions of segments,

ICm,m′ = P1,w′, IC
〈−1〉
m,m′ = ε(w′),

and so

[Lm] =
∑
w′∈S̃k

tw′(i)≥si−1

ε(w′) [M[s1,tw′(1)]+···+[sk,tw′(k)]].
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