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Nilpotent orbits of the linear quiver

Let V=Vi®d---®dV, be a graded vector space,
d=dmYV, d,=dimV;.
Consider
Nv ={p € End(V) [ (Vi) C Vita},

and the orbits of Gy = {g € GL(V) | g(V;) = V;}, acting
on Ny by conjugation.

These are in bijection with multisegments

m= > mylijl

1<i<j<n

where | > . i~ mij; = di for all k.| Let

e O be the orbit corresponding to m,

o [Cwmm be . dimH2IC(Ow) ¢,

° (ICEI;Q,) be the inverse matrix to (/Cmm).



Representation-theoretic significance

Let » > n, and let Uv(gﬂ) be quantum affine sl,., spe-
cialized at v which is not a root of 1.

To each multisegment m we attach a Uv(s/[\r)—module
My, = ® (/\j—i-l-l C?")?mi,j-
i<j
These have simple constituents {L,}, with multiplicities
[Mm . Lm/] — ICm7m/(1),

SO
(L] =Y 1CH (1) [Mun]

in the Grothendieck group of Uv(gt\r)—modules.

Similar things hold for the affine Hecke algebra 7/{;.



Zelevinsky’'s theorem

To a multisegment m attach a permutation wm € Sy by:
1. Split {1,---,d} into blocks of sizes di, - ,dn.

2. The k; segments starting with ¢ determine the im-
ages of the first k; elements of the ith block (highest
values not yet used).

3. The rest of the 7th block gets mapped into the
(7 — 1)th block (reversed order).

Thm 1 (Zelevinsky 1985) We have

ICmm = Pu s chh = Z e(@wm) P, 4 @

!/
m,m TWy , WmWy
LUGS(di)wm/ S(di)

where P_ _ means Kazhdan-Lusztig polynomial for Sy.

The idea of the proof is to embed the nilpotent orbits
in Schubert varieties.



Applying a result of Billey and Warrington
Prop 1 (BW 2003) Lety<weEe Sy, i€ {1, ---,d} s.t.

y(i) = w(@), {j <ily() >y} = s <ilw() >w@)}|

Then the i — y(i) string can be cancelled from both y
and w without changing P, ,,.

My observation:

Prop 2 Let m,m’ be such that Om C Ow. In the defn
of wm, all Step 3 strings are cancellable for wy, and wn.

Let £ be the number of segments of m, and define
wr(ff),wr(r]f,) € S, by cancelling these strings from wpy, wyy .

Cor 1 (Zelevinsky simplified) We have

ICm,m’ =P w w® IC<_1> == Z 6(:171012]:)) P (k)wék)7

W' W m,m’ TW, W

zeSe wl) S

where P_ _ means Kazhdan-Lusztig polynomial for Sj.

The g = 1 specialization of this result was already known
(Suzuki 1998, Arakawa 1999).



A special case

Suppose we have integers

§1 < s2 <o s,y b1 <to < --- <,
and w,w’ € S such that tw(i), tw) = si — 1. Let

k k
m =) [situpl, m' =) [situe)-
1=1 1 =1
(Note that no segments start or end the same.) Then

ICwmm = Pow, ICSY = c(ww) P, o .

i !
m,m ww, ,Wwwg

In particular: if m has no inclusions of segments,

ICm,m’ — Pl,w’7 IO<_1> — 5(w,)7

and so
[Lm] — Z €(w,) [M[Sl,tw/(l)]+"'+[S;€,tw/(k)]]'

w’ESk
tw/(i) 281'— 1

Such L,, are called tame (Yangian context) or cali-
brated (affine Hecke algebra context).



The case of cyclic quivers

Much of the above still works for the cyclic quiver with
n vertices, relevant for Uc(sl.) where (" = 1.

Suppose we have integers

e <80 <81 <82 <, Sk = 8+ N,
e <to<t1 <t <, tigr =t + 1,

and w,w’ € SNk such that ¢, twu) = si — 1. Let

k k
m =) [sitym], m' =) [sitwe)-
=1 i=1

Then
ICI’II,I’I’I' — fw,fw’, Iclgn_,l’]l-’fl — €(wwl) Qw’w’.
In particular: if m has no inclusions of segments,

IOm,m’ — Pl,w’a IO<_1> — 8(’LU,),

m,m’

and so
[Lm] - Z g(w’) [M[Slatw’u)]+"'+[Skatw’(k)]]'

w' eSSy
tw’(i) 287‘,— 1



