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Kazhdan-Lusztig polys: algebra/combinatorics

Let (W,S) be a Coxeter group, H its Iwahori-Hecke al-
gebra with basis {T,, |w € W}. The Kazhdan-Lusztig
polynomials P, ., € Z[q] satisfy:

(1) Pyjw =0 unless y < w (Bruhat order).
(2) Puw=1, deg(Py.) < 4221 for y < w.

(3) Cuw =2, PyuTy. If sw<w, Cp—(Ts+ 1)Csy is a
linear combination of {C, |z < w} with coefficients
which are stable under ¢ — gt(w)—t=z)—i,

Given C, for x < w, (3) specifies C, , since by (1),(2),

(w) — U(z)

+ Za g(az) < 5

r<w

In particular, if (Ts + 1)Cs, also has this form, it must
equal Cy, €.9. Cs=Ts+ 1, Coo =Tso +T5s + Ty + 1.



E.g. W = S;. In subscripts, write s; as . Having calcu-
lated Ci1320 = (11 + 1)(T3+ 1)(T> + 1), we get
(T2 + 1)C132 = T5132 + T121 + T132 + 1213 + To32
+ 121 + T12 + T13 + T32 + 123
+T1+(@+1)T>2+ T3+ (¢ + 1)1
= T2132 + C121 + C132 + C213 + Cos2
— C21 — C12 — C13 — C32 — (23
+Ci1+(@+1)C+C5 -1,

so this equals Cs132. Next we find that

(T1 + 1)C2132 = T12132 + 12132 + T1213 + Th232 + - - -
= T12132 + C2132 + C1213 + C1232
+ (¢ —1)C121 + (¢ — 1)Ci32
— C213 — C232 — (123
+ C21 + C12 + C13 + Cz2 + C23
—C1-(¢g+1)C2 - C3+ 1,

SO Ci12132 = (11 + 1)C2132 — qC121 — q¢C132. Final result:
g+ 1, if w=so0s1s8352 and y < so

Py w= Or w = 81583828183 and y < s1s3,
1, otherwise.



Kazhdan-Lusztig polys: geometry/topology

Now suppose W is the Weyl group of a reductive group
G over C. The flag variety B = G/B is the union of
B-orbits B, = BwB/B for w € W, whose closures are

the Schubert varieties B, = Uy<w By

Kazhdan-Lusztig: in terms of local intersection coho-
mology, | Pyw =Y., dim IH%/B(B_IU) q'.

Now yU~B/B N B, is an open neighbourhood of yB/B
in B, isomorphic to C*®) x U, ,, where

Uyw ={9 €U NU" |gyB/B € Bu}.

So also | Py = >, dim IH?(Uy.w) q".




If W =55, Uyw is the set of (g;;)}',—; such that:
(1) gii =1;

(2) gij=01ifi<jory (@) <y (),

(3) rk(giy))izaj<e < {7 < blw(j) > a}.

E.g. W =S5, y= 14325, w = 45312. (1) and (2) give

1 0 0 O O
g21 1 0 O O
g31 O 1 O 0],
gs1 O 0 1 O

1

g5,1 G52 g53 Jg54

then (3) says gs1 = ¢2,195.2 + 93,1953 + 94,1954 = O.

Since this Uy, iS a cone over a nonsingular variety,

, H? (U, \ {1}), if 2i <dimU
2Z . y,w s Y, W
THT' (Uyw) = { 0, otherwise,

which leads to P,, = ¢°> + 1.



Kazhdan-Lusztig polys: representation theory

Let ﬁd be the affine Hecke algebra over C associated
to GLg4, with generators Tu,--- ,Ty 1, X7, -+, X771, and
generic param t. (Relations include T;X;T; = tX;41.)

Let \,u € Z™ be such that \; > p;, Vi, and d =) . \i — p;.
Let H,y be the corresponding parabolic subalgebra of
H,4, and define the standard module

M)x/,u = ﬁd ®7/_ZA/M CC/\//m

where (CA/M is the one-dimensional representation on which

—_ — 1 — A1
Xy =th Xo =ttt ..o X, =thL
X = th! X = N7
Ai—pu+1 — " T A—pit+Ao—ps — )
— p3—2 — A3
X>\1—M1+/\2—M2+1 =1 y 7X)\1—M1+>\2—M2+/\3—M3 =1 ’

Zelevinsky: M,,, has a unique simple quotient L,/,.



Let W = S,,, which acts on Z" by the dot action:
(w-A)i = Ay — w1 (5) + 4.
A fundamental domain is
Dp,={ANeZ" | M1 —12>X—2> - >\, —n}.
For \,u € D,, let

SnlX, 1] = {w € Sn|Xi > (w - p)i, Vi},
S, 1]° = {w € Sp[\ p] |w max length in WywW,},

where W) and W, are the stabilizers.

Suzuki: For y € S,[\, p]°,
[(Mypyd = D Prw(1) [Lau]
weS, [\, p]°

in the Grothendieck group of ﬁd—modules. A refinement
using a Jantzen-like filtration involves P, itself.



Suzuki’s result is deduced from the analogous statement
for Verma modules of gl, (K-L Conjecture): for u € D,

[(M(y-m)] = > Pyuw(l) [L(w- ).

weS, [p]°
For A € D,, he defines an exact functor F\, from O(gl,)

to {ﬁgege”—mod} with the following properties.
(1) For all p ez,
_ ) My, N>, Vi d =)0 —
FA(M(p)) = { 0, otherwise.
(2) For all such pu € D, and w € S,[u]°,

. L)\/w-,ua if w e Sn[>\nu']o
FX(L(w - p)) = { 0, otherwise.

As a vector space, | FA\(V) = Homg (M (), V ® (C™)®?).

Orellana-Ram: similar Fy : O(U(gl,)) — {Hs-mod}.




Cancellation for the symmetric group
Still W =5,,. For any 1 <1 <n, define

inv,(w) = {i' <i|w(@") > w()}.
If y <w, we say i is cancellable for [y, w] if

y(z) = w(z) and invi(y) = invi(w).

Billey-Warrington: If so, then | P, ., = P, ,: | where

i, w' € S,_1 are obtained by ‘deleting the ith string’.

E.Jg. In S, take y = 154326, w = 456312. Then
y(2) = w(2) =5, inva(y) = inva(w) = 0,

so 2 is cancellable for [y, w] (whereas 4 isn't). Hence

_ _ 2
P154326.456312 = P1432545312 = q¢° + 1.




Geometrically: if i is cancellable for [y,w], then all
matrices in Uy, have w(i)th row and column zero except
for the 1 in the (w(2),w(7))-position. Deleting this row

and column gives an isomorphism U, = Uy i

E.Jd. Uis4326.456312 IS the set of matrices

1 0 0 0 0 O\
@1 1 0 0 0 0
931 O 1 0 O O
ga1 O 0 1 O O
g1 O O 0 1 0
96,1 962 963 9ge4s 65 1)

such that rk (gz) =0, rk(ge1 g65) = 0, and

g21 1 0 0 0
931 O 1 0 0

rk | gax O 0 1 0 | <4
gs1 O 0 0 1

g6,1 96,2 g63 9ge6,4 ge6,5

Deleting the fifth row and column, these become the
conditions for Ui432s 45312 Seen before.
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Representation-theoretically: it is cancellation that
makes Suzuki’'s equations consistent.

E.g. Let W = Sg, and set
A=(3,3,4,5,5,5),0=1(2,2,2,3,4,4) € Deg,
y = 154326 € Se[\, u]°.
The elements of Sg[\, 1]° which are > y are:
wi = 156432, wo = 453216, w3 = 456312, wqs = 456321.
So [Myy.,] = [Lajyu) + S Puw(1) (L2 jw,opa] -

But note that y-u = (2,1,2,3,5,4) has a common com-
ponent with A\, which does not contribute. So MA/W can
also be written as Mf;/;; where

X — (373747574)7ﬁ — (27 1727373) S D57
J = 14325 € Ss[\, f1]°.

The equation derived from this is the same, because 2
is cancellable for [y,ws], ¥ = y?, and the elements of

Ss[\, 1]° which are > y2 are exactly w?, w2, w2, w=.
y [ Yy 1, Wy, W3, Wy
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Cancellation for the affine symmetric group

Let é\n be the group of permutations w of Z such that
w(t+n) = w() + n. Its subgroup

Sn={w € S,| Y (w(i) —i) =0}
=1

has Coxeter generators sg,s1,---,sp—1, Where

j4+1, ifj=4¢modn
si(j)=<X j5—1, ifj=i4+1 modn
7 otherwise.

—~

Sp = (1) X §; where 7 :i+— i+ 1. For y,w &€ @; define

p _ ) Pyw, ifa=b
Ty T 0, otherwise.

If 4 is cancellable for [y,w], Billey-Warrington's argu-
ment still applies, so | Py, = i (To get w' from w,
remove the jth string whenever 57 =1 mod n,; this gives
an element of S,_1, defined up to left/right mult by 7.)

The geometric proof generalizes also.
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Let (ﬁd)g be the specialization of ﬁd at a primitive eth
root of unity (. For \,u € Z™ such that \; > u,, Vi, and

d= >N\ — p; define an (ﬁd)g-module M,,, as before.
It has a quotient LA/M which is either simple or zero.

Extend the dot action to :S'vn by

Am—m+14e ife=1,
(s0-A)i = i if2<i:<n-1,
M—1+n—e, ifs=n.
A fundamental domain for :qvn on Zm™ is
Dp:={N€Z"|[A1—1>X—2>-->Xp—n> A\ —e—1}.
For A\, u € m define

:S’vn[)\,,u] = {’w c 3\7/1 ‘ Ai > (w ' M)ia \V/’L},
Sy, pu]° = {w € Sy, ] |w max length in %w%},

where W, and V[/ZL are the stabilizers in S,,.
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Theorem: For y € S,[\, u]°,
[M)\/y-,u] — Z Py,w(l) [L)\/w-u]
we:sz[)\,u]"

in the Grothendieck group of (ﬁd)g-modules. (Some of
the terms on the RHS are zero.)

T his was previously known for one particular way of writ-
ing each standard module as My /y.., DY WOrk of Lusztig
and Ginzburg. Cancellation shows it in general.

This formulation suggests the quest|on is there an ex-

act functor F), : O(Ut(g[ ) — {(Hd)c—mod} with similar
properties to Suzuki’'s?
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